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Abstract: The roughness of the rock joints has a significant influence on the mechanical properties 
and deformation behavior of the rock masses. Due to the significant heterogeneity of the surface 
roughness of rock joints, there may be considerable variabilities, which makes it difficult to 
accurately determine the roughness. The evaluation of the anisotropic characteristics of joint 
roughness based on classical probability and statistics cannot reflect the vague, incomplete, 
imprecise, and indeterminate information of the roughness in different orientations. In this original 
study, we first propose the generalized Dice similarity measures based on neutrosophic interval 
statistical number (NISN) for evaluating the similarity of the roughness in different orientations. 
This method was applied to determine the similarity between the roughness along the sliding 
direction and each measurement direction. The research results show that this method can 
effectively determine the similarity between the roughness in different orientations. It may help 
determine the roughness along the potential sliding direction based on the roughness obtained in 
the direction with better measurement conditions. 


Keywords: neutrosophic interval probability (NIP); neutrosophic interval statistical number (NISN); 
joint roughness coefficient (JRC); similarity measure 


1. Introduction 


The joint roughness coefficient (JRC) is one of the important parameters for evaluating the shear 
strength of rock joints and the stability of rock mass [1-5]. The effect of anisotropy on surface 
roughness has been proven to be an inherent characteristic of rock joints [6]. In addition, anisotropy 
can be seen everywhere in rock engineering, and the roughness of rock joints changes directionally, 
which is a crucial source of anisotropy behavior. Du et al. [7] measured 2180 joint profiles and 
statistically analyzed the roughness coefficients. The result indicates that the roughness coefficients 
of type I fractures (joints) and type III fractures (faults) are anisotropic. The anisotropy classification 
method proposed by Belen [8] showed that the roughness has a strong anisotropy. At present, many 
studies have been proposed for investigating the anisotropy of rock joints, and the anisotropy in 
roughness was proved to have a significant effect on the anisotropic shear strength of joints [9-13]. 

To describe the complex joint morphology, it is necessary to effectively quantify the anisotropic 
characteristics of the roughness of the joint surface. Chen et al. [14] proposed a geostatistical method 
to analyze the anisotropy and scale effect of rock joints. Ge et al. [15] believed that the roughness 
evaluation results in different directions of rock joints are very different, and it is recommended to 
select reasonable parameters in practice in combination with the sliding direction or the seepage 
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direction. The anisotropy of the joint roughness is an important subject in the field of geotechnical 
engineering. In many practical situations, because the rock joints are located in different positions of 
the rock mass, and the empirical estimates obtained by experts along a certain direction are usually 
inaccurate, the potential sliding directions are different. Therefore, it is always difficult to calculate 
or provide a definite JRC value. While the neutrosophic number originally proposed by Smarandache 
[16-18] can express the incomplete and indeterminate information. It can better express the JRC with 
incomplete and uncertain information under an anisotropy environment. Recently, Ye et al. [19] 
proposed an approach to study the JRC with incomplete and indeterminate information using 
neutrosophic functions. Chen et al. [20] introduced a neutrosophic statistical method of JRC 
neutrosophic numbers for effectively analyzing the scale effect and anisotropy of JRC values, which 
was also applied by Muhammad [21] for JRC investigation. Smarandache [22] provided the interval 
function and some basic definitions of neutrosophic probability. Then, the neutrosophic interval 
statistical number (NISN) and NIP proposed by Chen et al. [23] are made up of both neutrosophic 
numbers and interval probability. However, there are few studies on the anisotropy of JRC based on 
the neutrosophy theory. 

In the field, the situation of the rock joint surface is very complicated. Taking Laxiwa 
Hydropower Station as an example [24], there are many joints filled with calcite, but only a few 
countertops are exposed. Thus, it may be very difficult to measure the roughness of rock joints along 
some orientations under some conditions. It is a good remedy to calculate the properties of the 
unknown direction through the properties of rock joints obtained in the direction with better 
measurement conditions. The similarity measurement method is an important mathematical tool to 
determine the similarity between two objects [5,25-26]. The Dice similarity measure can be effectively 
used in the evaluation of the degree of similarity between the studied objects. But this similarity 
measure has not been applied to the JRC anisotropy assessment. Therefore, this paper extends the 
generalized Dice similarity measure by NIP, which can solve the problem of not being able to 
accurately obtain the roughness along the potential sliding direction. The main advantage of the 
similarity measure method is that it can effectively handle indeterminate information in anisotropic 
environments. 

This paper is formed by the following parts. First, we will introduce the generalized Dice 
similarity measures between NISNs. Second, insight will be gained into the statistical measurement 
results of the similarity of joint roughness coefficients in different orientations by the generalized 
Dice similarity methods. Lastly, it gives conclusions and future study of this paper. These findings 
are of great significance for solving the problem that the joint roughness along the potential sliding 
direction cannot be obtained accurately on site. 


2. Neutrosophic interval probability and Neutrosophic interval statistical number 


Chen et al. (2017) defined the NIP in an interesting range [x!, x¥] of all individuals in the sample. 
The form of a NIP was expressed as P = <[xt, x¥], (Pr, Pi, Pr)>, where Pr, Pi, Pr are the true, 
indeterminate, and false probabilities belonging to the determinate, indeterminate, and failure ranges, 
respectively. For each trial data, the neutrosophic interval probability by the following equations: 


P, =n, /n 
P=n,/n , (1) 
P. =n, /Nn 


where 1 is the total number of the individuals; nr is the number of samples that fall in the interval [xm — 
0, Xm + o]; mis the number of samples that fall in the interval [xm — 30, xm—o] and (xm + 0, Xm +30); nF is 
the number of the rest samples. Here, xm denotes the statistical mean value and o for standard deviation. 
The sum of true, indeterminate, and false probabilities is equal to 1. 

A NISN R, which is combined NN with the expected value of NIP (confidence level A), could be 
expressed as follows: 
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R=x,+(1-Ayl=x, +(1 


\I, for J [inf J,sup/] 


fa 
ae pea 
P 
A= E for 2 [0,1] 


[PP +P2 eR?’ 


where I denote the indeterminacy and it ranges in the robust interval [-o, o]. 


(2) 


The NISN is very suitable to express the interval value under indeterminate environments. 


3. Generalized Dice similarity measures between NISNs 


Definition 1. Let R,=a,+b,J and R,=a,+b,I be two neutrosophic numbers, where aa, ba, as, 


bs20. A generalized Dice similarity measure between Ra and Rz is defined as follows: 


2R,-R 
‘A B 


(a, +inf (b,1))(a, + inf (b,/)) + (a, + sup(b,l))(a, + sup(b,/)) 
(a, +inf(b,1)) +(a, +sup(b,/)) +(d, +inf (b,1)) +(d, +sup(b,/)) 
The generalized Dice similarity measure should satisfy the following properties (P1-P3): 
(P1) 0< D(R,,R,) <b 
(P2) D(R,,R,)=1 if R, = Ry: 
(P3) D(R,,R,)=D(R,,R,)- 
Definition 2. Let 4={R,,Ry.-)R,,} and B={R,,R,,--*,R,,} be two sets of neutrosophic 


numbers, where R, =a,+5,/ and Ry =a, +b,,J , and (k=1, 2, +, 1) aaj, baj, aj, bej20. Then, the 


(3) 
=2x 


generalized Dice similarity measure between A and B can be calculated by 
yo DR Re, 
D(4,B)= iw, 

= “1R,| +|R,| (4) 
n (ay, +inf (b, 1) )) (a5; +int ( (, 1) ))+(a, _+sup(b v!))(45 +sup(b,,7)) 
j=l ‘(ay +inf (b, J) +(a, +sup(b, 1) +(4, at, ayy +(a,, +sup(by1)) 

The generalized Dice similarity measure of two sets of neutrosophic numbers is satisfied the 
properties (P4-P5): 


(P4) 0<D(4,B)<1; 
(P5) D(4,B)=1 if A=B; 
(P6) D(4,B)=D(B,A). 
According to Definition 1, the generalized Dice similarity measure between two neutrosophic 
intervals statistical number Ra and Rs can be expressed as 


D(R R joa 
oe ARAL +R (5) 
ay (x Xn -o,(1- a Wile: are os ( (l Ay) )) (Xn 4 A,))(x hs + Oy ( (1 Ay) )) 
(i o,(1 a,)) +(Xya 4 o,(1 A a) eae 7 7a) +( Xa ome ’y)) 


4. Applications 


Anisotropy is one of the basic characteristics of rock joints. The degree of anisotropy of JRC 
depends on the contact condition between the upper and lower joint surfaces, which controls the 
shear strength of the rock joint in different directions and the internal hydraulic transmission 
mechanism. In this study, for the evaluation of the anisotropic characteristics of JRC, statistical 
analysis is carried out based on classical mathematical methods. In this section, we use the NISNs 
proposed by Chen et al. (2017) to express the indeterminacy of JRC and then adopt the generalized 
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Dice similarity measure method to illustrate the similarity of the statistical results of JRC in all 
directions. To verify the validity and rationality of the proposed statistical similarity analysis based 
on the NIP, we selected the calcareous slate rock joint collected from Changshan County, Zhejiang 
Province. The joint surface is hard and complete, the joint wall is dense and slightly weathered, and 
the joint surface is smooth to rough, fully meets the requirements of this statistical analysis. 

In this study, the generalized Dice similarity measure method is developed to estimate the 
similarity between the potential slip direction and the remaining directions of the structural plane, as 
described below. 

Step1. According to the NIP statistical method, NISNs are utilized to represent the JRC values 
in each direction. 


Table 1. Related value of JRC and NISNs. 


Orientation 0 (°) Xm 0 A R 
0 10.5425 2.2385 0.921 [10.3651,10.7199] 
15 10.0131 2.8392 0.857 [9.6084,10.4178] 
30 10.5944 2.3528 0.918 [10.4014,10.7874] 
45 9.9244 2.5120 0.884 [9.6321,10.2166] 
60 9.0253 2.4592 0.919 [8.8250,9.2255] 
75 7.9352 2.1063 0.901 [7.7260,8.1444] 
90 7.0467 2.4054 0.728 [6.3935,.6998] 
105 7.7766 2.4105 0.930 [7.6080,7.9452] 
120 9.1324 2.3250 0.937 [8.9858,9.2790] 
135 9.2258 1.9104 0.927 [9.0857,9.3659] 
150 10.4673 2.4365 0.866 [9.9325,10.6021] 
165 10.6035 2.2090 0.912 [9.9005,10.3066] 
180 9.8501 2.1439 0.906 [9.6486,10.0515] 
195 9.9383 2.2254 0.916 [9.7522,10.1245] 
210 9.5903 1.9444 0.896 [9.3872,9.7933] 
225 8.9167 1.9764 0.906 [8.7299,9.1034] 
240 7.8582 1.8456 0.921 [7.7130,8.0034] 
255 7.2166 1.9341 0.907 [7.0362,7.3970] 
270 6.8025 2.1165 0.671 [6.1059,7.4990] 
285 7.0061 1.5474 0.916 [6.8767,7.1355] 
300 8.4720 1.7448 0.923 [8.3373,8.6068] 
315 10.1428 2.4790 0.883 [9.9868,10.2988] 
330 9.8295 2.2844 0.910 [9.6230,10.0360] 
345 9.6831 2.0192 0.918 [9.5183,9.8479] 
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First, we conduct a statistical analysis of the JRC values, giving the mean value xm, the standard 
deviation o and the confidence level A of each orientation 6, and then using equations (1) and (2) to 
obtain the results of NISNs in each direction, which are shown in Table 1. 

Step 2. According to the generalized Dice similarity measure approach, determine the 
similarities between the potential slip direction and other directions, respectively. 

Here, we take an azimuth angle of 0° as the reference object and assume that it is the potential 
slip direction of this case. Based on the obtained NISNs data, we calculate the similarity between 0° 
orientation and other orientations by equation (5). 

Step 3. For determining the similarity between the potential slip direction and other directions, 
the range of the obtained similarity value is normalized from [0,1] to [-1,1]. 

To obtain the normalized correlation coefficient y,, the results of the similarity measure need 


to be changed as follows: 


24, -¢.,. — 
N= , Prin Prax (6) 
Prax — Prin 
where ¢,,, and ¢;, represent the maximum and minimum values of similarity measure results, 
respectively. 


If the correlation coefficient y, is negative 1, it means that this direction does not have the same 
JRC statistical characteristics as the potential slip direction. However, if the correlation coefficient y, 
of positive 1, the direction has the same JRC statistical characteristics as the potential slip direction. 

For example, taking the azimuth angle 9=0° and @=30° asaset of data to be measured, and 
the calculation process is as follows. 

First, according to Equation (5), the generalized Dice similarity measure value is calculated as 


(Xu4 4 (1-Ay)) (Kp Fg (1 Ay )) + (Hus +4 (1-4) (Kz +5 (14g) 
(X44 (1-Ay)) +( Su $04 (1-Ay)) +(Xp Op (1-Ay)) +( Xp -Op(1-Ap)) 


=1.0000 
Then, obtaining the normalized correlation coefficient by using equation (6): 
24, -¢.,. — 
Le = d; Pann Prax 
Prax = Prin 
= 0.9997 


For other orientations of the data, we also calculated according to the above steps, the results are 
shown in Table 2. 

It can be seen in Figure 1 that when the sample length is constant, as the orientation 0 changes, 
the generalized similarity measure of JRC changes but without any special rules to follow. When the 
measurement direction is 30°, the generalized Dice similarity measure value reaches the highest value. 
While, when the measurement direction is 270°, it shows the smallest similarity. By calculating the 
variation of similarity in different directions, it can be concluded that the generalized Dice similarity 
measure value varies due to different measurement directions. In this case, for the orientations range 
within 60° to 135° and 225°to 300°, the similarity of JRC is small. When the measurement orientations 
are in the ranges of 15° to 45° and 150° to 195°, the similarity is large. 

Through the above analysis, it can be seen that JRC has a significant anisotropy, and the 
evaluation results of similarity measures obtained in different directions are quite different. Therefore, 
in practice, according to the similarity measures of JRC, the roughness along the potential slip 
direction that is difficult to measure can be predicted based on the obtained roughness in the direction 
with better exposure conditions. 
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Table 2. Table of normalized values corresponding to each orientation 


Orientation (°) D(Ra, Rs) Xk 

0 1.0000 1.0000 
15 0.9984 0.9652 
30 1.0000 0.9997 
45 0.9981 0.9582 
60 0.9880 0.7352 
75 0.9610 0.1352 
90 0.9228 —0.7101 
105 0.9554 0.0128 
120 0.9898 0.7735 
135 0.9912 0.8042 
150 0.9999 0.9897 
165 0.9991 0.9799 
180 0.9977 0.9489 
195 0.9983 0.9615 
210 0.9955 0.9011 
225 0.9861 0.6929 
240 0.9583 0.0768 
255 0.9323 —0.5008 
270 0.9097 —1.0000 
285 0.9220 —0.7290 
300 0.9766 0.4807 
315 0.9992 0.9834 
330 0.9975 0.9457 
345 0.9964 0.9201 
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Figure 1. The relationship between orientation and normalized correlation coefficient value 


5. Conclusion 


In this study, the generalized Dice measures of NISNs are presented to estimate the similarity of 
the JRC values in different orientations. A quantitative evaluation of the similarity between the 
potential slip direction and other measurement directions was made. It could be applied to predict 
the properties of the potential slip direction based on the obtained roughness in the direction with 
better exposure conditions. Compared to classic statistical methods, for the processing of JRC data, 
not only are the average value and standard deviation considered, but also the confidence level is 
introduced, so that some uncertain information can be displayed more specifically. The JRC value of 
the potential slip direction is taken as the characteristic interval of the reference scale, and the JRC 
values in the remaining directions are used as the estimated characteristic intervals. Statistical 
similarity analysis based on neutrosophic interval probability overcomes the deficiency of the 
existing exposed rock joint area is small, and the required effectiveness information cannot be 
obtained on the potential slip surface, indicating its necessity in the JRC evaluation. 

For future work, we can do more research on the anisotropy of joint surface roughness. For 
instance, we can propose more statistical analysis models and can also apply the proposed method 
to different aspects, such as extending the similarity measure to the scale effect of rock joints. 
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Abstract. The neutrosophic mathematical linear programming in its duality fashion is 
originally exhibited in this manuscript. In accordance with this concept, the relationship of the 
duality between the neutrosophic objective functions and neutrosophic constraints is given, 
three versions of linear programming related to p(x), Op (x), and vp(x) have been originated 
respectively, some important propositions have been discussed, two numerical examples were 


considered in the economic interpretation and in the hybrid renewable energy production. 


Keyword: Neutrosophic Linear Programming Related to |ip(x) ; Neutrosophic Linear 


Programming Related to op(x) ; Neutrosophic Linear Programming Related to vp(x) ; 


Parametric Dual Neutrosophic Linear Programming. 
1. Introduction 


It is well known that, when the region of the feasible solution of any mathematical problem 
is convex, then the optimality will be traditionally performed. For many years the dominant 
distinction in applied mathematics between problem types has rested upon linearity, or lack 
thereof. Our assignment here is to serve more than a half-century of work in convex analysis 
that has played a fundamental role in the development of computational in every branch of 
application whether the problem is in economical fields, industrial fields, or agricultural fields 
.. etc. Supposing that the problem is a neutrosophic linear programming problem and the 


established problem is taken from the economical point of view. 
In any selling product, there are three assigned statuses: 


S1- Profit situations. 
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S2- Loss situations. 


S3- Indeterminate status which there are not clear criteria enables the decision maker to 


determine getting profit nor loss. 


There are many factors that affecting on the degree of accomplishment for the above 
S1, 52, and S3 such as the season of the year, quality of the competition in each product, the 


spread of public pandemic as COVID 19... etc. 


For a wise decision, the selling product should not mark with maximum profit often 
along time, since in such a case the competition, for instance, could obtain a profit of firm’s 
policy be reducing their prices for the same articles. Therefore, and by the authors’ opinion, it 
is very important to make an adaptation for the classical linear programming or the fuzzy linear 
programming into the neutrosophic linear programming with three versions related to their 
truth, indeterminate, and falsity membership functions, this kind of programming will 


parametric classical or fuzzy linear programming into three decision factors: - 


1- The neutrosophic linear programming related to the truth membership function. 


2- The neutrosophic linear programming related to the indeterminate membership function. 


3- The neutrosophic linear programming related to the falsity membership functions. 


Bellow two comparisons between Fuzzy Linear Programming and Neutrosophic Linear 


Programming: 


1- In Fuzzy Linear Programming Problems (FLP) [1,15], as the optimal solution has 
depended on a limited number of constraints, therefore, much of the information that 
should be collected and having a good impact on the solution are absent, this is exactly 
what Neutrosophic Linear Programming (NLP) provides. 

2- Given the power of LP, one could have expected even more applications. This might 
be because LP requires many well-defined and precise data which involves high 
information costs. In real-world applications certainty, reliability, and precision of data 
are often illusory. Being able to deal with vague and imprecise data may greatly 
contribute to the diffusion and application of LP. Neutrosophic Linear Programming 


problems have the ability to reformulate the soft linear programming problems 
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through three membership functions which are truth membership function, 
indeterminacy membership function, and falsity membership functions, while the 


Fuzzy Linear Programming deals with just one membership function. 


This essay aims to advance a new way for analyzing linear programming containing 
three different and related faces in which the same problem can be approached from three 
various corners, it is neutrosophic linear programming of three membership functions. This 
wide insight can be appeared depending upon the neutrosophic logic, this kind of problem has 
established firstly in 1995 by Florentin Smarandache [2,3], the neutrosophic logic and theory 
have widespread since the NSS journal has been released in 2013. Dozens of papers were 
issued, and new mathematical concepts have been originated, such as, neutrosophic geometric 
programming has been established and modified at 2015-2020 by Huda et al [9,10,12-14], also 
presented another concept of geometric programming with neutrosophic less than or equal 
[6,8], neutrosophic ( sleeves, Anti-sleeves, Neut-sleeves), and the neutrosophic convex set has 
been set up [11], the excluded middle law with the perspective of neutrosophic geometric 


programming [4,5,11]. 


The new type of linear programming that presented in this article will be defined in 
the triplet (x = [0,1], N(X),c) corresponding to the case in which the expert- mathematician 
exactly knows his objective function, but the constraints set is of type neutrosophic linear 
programming, the upcoming preliminaries are necessary to build the mathematical structure 


of such problems. 


Call the classical linear programming problems 


Max f=cx 
s.t. Ax <b (1) 
x20 


Which defined by the triplet (R”, X,c), the goal of this problem is to find the optimal solution 


x* €X CR” such that V x € X:cx* > cx with X = {x € R"|Ax < b:x = Of. 


The above classical linear programming can be redefined as a Neutrosophic Linear 
Programming (NLP) related to its truth, indeterminacy, and falsity membership functions. The 
following section contains some new definitions that coined and for the first time in this essay 


beside to some preliminaries which are necessary to build the mathematical formulas. 
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The upcoming sections of this paper have been organized as: section two contains three 
basic definitions that are necessary tools to follow up the mathematical requirements of this 
article, as well as, three new definitions were originally coined by the authors to extend the 
fuzzy linear programming to the neutrosophic linear programming. Section three was 
dedicated to two important propositions that regarded as the new mathematical vision for a 
new procedure that proves any neutrosophic linear programming related to its truth 
membership function can be regarded as the dual form for the neutrosophic linear 
programming related to its falsity membership function. In section four, two practical examples 
have been presented that assures the theoretical directions of the paper. Concluding section 


was the fifth section of this article. 
2. Basic Concepts 


2.1 Definition [16] 


A neutrosophic set DEN(X) is defined as D = {< p(X), op(X), Vp(X) >:x € X}_ where 
Lp (x), Op (X), Vp (x) represent the membership function, the indeterminacy function, the non- 


membership function respectively. 
2.2 Definition [11] 


Let D € N(X),V (@ y,B) € [0,1], written Diep) = {X: tp (X) 2 &% Op(X) 2 Y, Vp(X) S BL Daa py 
is said to be an (a,f,y)—cut set of a neutrosophic set D . Again, Dig, gy+ = {X! Up (X) > 
O, Op(X) > Y, Vp(x) < B}, Diey,g)+ is said to be a strong (a@,y,f) — cut set of a neutrosophic set 


D, (a,y, B) are confidence levels anda+y+f <3. 
2.3 Definition [7] 


A mapping D:X > [0,1], x > Up(x),x > op(x) ,x > vp(X) is called a collection of neutrosophic 
elements, where fp a membership x corresponding to a neutrosophic set D, op(x) an 
indeterminacy membership x corresponding to a neutrosophic set D, vp(x) a non-membership 


x corresponding to a neutrosophic set D. 


The upcoming definitions are essentially requirements for completing the duties of this article, 


so the authors originally coined them as follow: 
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2.4 Definition 
Max f=cx 
s.t. L(A(x);,b) 2a i=1,2,..,m (2) 


ae[01], x>0 


Here a@ € [0,1] is the respective a — cut of the neutrosophic constraint set related to the truth 


membership function p . 


The above problem has been defined in the neutrosophic triplet (X, N(X),c), here X = [0,1],c € 
N(X™),b © N(X™), Amn iS a matrix of neutrosophic values, where N(X) = {x € X";f:X" > 


N(X")}, W = {t, Ma, ») Um} is an m- vector of truth membership functions. 


2.5 Definition 


Depending upon the structure of the mathematical formula of neutrosophic linear 
programming (2), one can define a new concept named neutrosophic linear programming 


related to the falsity membership function as follow: - 


Min f =cx 
s.t.  V(A(x)i,b) <B (3) 
Be [0,1], x=0 


Here f£ € [0,1] is the respective 6 — cut of the neutrosophic constraint set in the case of 


neutrosophic linear programming regarded to its falsity membership function. 


One can base on the intuitive idea to conclude that the inequality V(A(x);,b) < B is equivalent 


to the inequality 


1— (A(x); b) < B (4) 


> 1-6 <u); b) 


So, the inequality (4) can be rewrite as 


u(A(x)i,b) 21-8 (5) 
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Comparing (2) & (5), we conclude that a = 1— 6 


Note that the difference between the two problems (2) & (3) is that the problem (2) gives the 
optimal solution for the neutrosophic linear programming with respect to the truth 
membership function, while the problem (3) gives the optimal solution for the neutrosophic 


linear programming with respect to the falsity membership function. 
2.6 Definition 


It is well known for any mathematical programmer who has the tools for reformulating any 
classical mathematical programming problems into neutrosophic programming problems, that 
the neutrosophic linear programming related to its indeterminacy membership function has 


well defined when it can be defined as: 


Max f=cx 
s.t. Op(x) =v (6) 
x20 


Here y € [0,1] is the respective y —cut of the neutrosophic constrain set in the case of 


neutrosophic linear programming with respect to its indeterminacy membership function. 
The problem (6) is equivalent to 


Max f=cx (7) 


s.t. L(A(x);,b) NV(A(x);, b) Sy 


3. The Duality Approach of Neutrosophic Linear Programming 
3. 1 Proposition 


Given a neutrosophic linear programming problem (2), there always exist a 
corresponding dual problem which is exactly the neutrosophic linear programming problem 


(3), and they have the same neutrosophic solution. 
Proof 


Consider the following neutrosophic linear programming 
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Max f=cx 
s.t. L(A(x);,b) 2a i=1,2,..,m (8) 
aeé[01J, x2=0 


Where the m-vector of membership functions pu = {ly, U2, ».., Um} such that 


1 x <b 
wx EX: w(x) = Ee bsxs by +d; (9) 
J 


Where the values of dj € X (j = 1,2,...,m) expressing the admissible violations of the 
economic-expert allows in the accomplishment of the neutrosophic linear constraints of (9), it 
is obvious that the neutrosophic solution of (9) is found by obtaining the optimal solution of 


the linear neutrosophic problem 


Max f=cx 
s.t. L(A(x),b) =a (10) 
aé[0i], x20 


Depending upon (9) we have 


re ae b+d-Ax>da = Ax—-b-—d<-da @Ax<b+d(1-a). 


Therefore, we have 


Max f=cx 
s.t. Ax <b+d(1-a) (11) 
aeé[01], x2=0 


As (11) is a classical parametric linear programming problem, its dual is given by 


Min[b+d1-a)]u 
s.t. uA’ >c (12) 
u>0, a€ [0,1] 


Let Y = {ue N(X™)|uA? >c, u = 0} 


So, we have 


Min au 
s.t. a=b+d(1-a) (13) 
u€Y, ae [0,1] 
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Consider a as m-variable vectors and taking 6 = 1 — a, this problem is equivalent to 


Min au 
s.t. asx b+dp (14) 
u€Y, B € [0,1] 


Understanding the equivalence in the sense that any optimal solution of (13) is also an optimal 


(bj 


solution of (14), but as ea) = a which implies that 
J 


(b + d;))-a, >dja @ -a, >-(b +d,)+dja ea, <b t+d,-daea <b,+d(1-a) 
eas b; +d)B for j =1,2,...,m 


So (14) may be rewritten as 


Min au 
s.t. pj(aj))=1-B (15) 
ueéY, B € [0,1] 


Which implies to the following formula 


Min au 
s.t. 1-pj(a)) <B (16) 
u€Y, BE [0,1] 


Consequently 


Min au 
s.t. Vj(aj)<B (17) 
u€Y, B € [0,1] 


With y;(.) is given by (9), V;(a;) is a non-membership function that stated in def. (2.3), 
programming (17) is exactly represented a neutrosophic linear programming with respect to 
its falsity membership function. Since, in the optimum, (11) and (12) have the same parametric 


solution, the problem (17) has the same neutrosophic solution as (8) by taking B = 1— a. 


If we had initially started from the neutrosophic linear programming (2), we would by 
the same development, in a parallel way, have come to a neutrosophic linear programming (3) 


with the same neutrosophic solution. 


3.2 Proposition 
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Given a neutrosophic linear programming (2) or a neutrosophic linear programming 
(3), with continues and strictly monotone membership function for the economic restrictions 
(costs or benefits), there exists a dual neutrosophic linear programming (3), or a dual 
neutrosophic linear programming (2) respectively of the former in such a way that both have 


the same neutrosophic solution. 
Proof 


Let pj:X — N(X),j =1,2,..,m be continuous and strictly increasing function for the 


neutrosophic linear programming problem (2). 


Given a classical linear programming with a neutrosophic inequality in its constraint 


Max cx 


s.t. Ax <b er (18) 


Where (< 8.) is the neutrosophic version of the (less than or equal) inequality. We shall find its 
neutrosophic solution with respect to u(.) , and for every a € [0,1] of the neutrosophic 


constraint set 


(Ax, b) =a a € [0,1] 


1 


But according to the hypotheses as yu is continuous and strictly monotone, ~~ exists, and 


U(Ax, b) > a & Ax < O(a) = yw" (a), and the proof follows as in proposition (3.1). 
4 Numerical Examples: 


4.1 Example 1 


Suppose we have a neutrosophic linear programming problem with neutrosophic less than or 


equal in its constraints and as follows: 


Max f (%1,X%2) =X, +X 
4x, —X2<N 10 
X, + 2x, <8 15 (19) 
5x, + 2x, <N 20 
x; 20 


With membership functions as follow: 
by (4x, = ADs 10) = a 
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Here b, = 10, if we take d, = 5 as an admissible violation of the first constraint. 

So, Hy (4x, — 2x2,10) = (AS~taata)” >a, 

(15 — 4x, +x)? > 25a (20) 
The optimal solution of the inequality (20) is equivalent to the optimal solution of 

15 — 4x, +x, =5Vva, 

—4x, +x, = 5Va—-15 (21) 
Also we have, 

M2 (x1, + 2x2,15) 2a 

Here bz = 15, if we take d, = 8 as an admissible violation of the second constraint. 


(23—x4—-2x2)? 


My (x4 + 2X2, 15) = = a 


23 — x, — 2x, = V64a, 

—x, — 2x, = 8Va — 23 

x, + 2x, = 23-8Va (22) 
Finally, the membership of the third constraint is 

H3(5x1, + 2x2,20) >a 


It is obviously that b; = 20, and if we take the admissible violation for the third constraint as 


dz = 10, so we have 

—5x1, — 2x, = 10Va — 30 > 5x, + 2x, = 30-10Va (23) 
From (23) we have, 

2x, = 30—10Va —5x, (24) 


Substitute (24) in (22), 
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x, + 30 —10Va —5x, = 23 -8Va 


_ 7-2Va 
~ 4 


" Xy (25) 


Substitute (25) in (23) we get, 


|: (7 — 2Va) + 2x, = 30-10Va], simplify this formula by multiplying it by 4 getting the 


following formula: 


35 — 10Va + 2x, = 120 — 40Va@ 


eee s5-sove (26) 
Consequently, a € [0,1], xj = rove a oF ane, 
Thus, 


(99 -34Ja) 65 99 
8 8’ 8 


f° (1, x2) = 
And the neutrosophic solution for (19) with respect to its membership function becomes the 
neutrosophic set 


65 99 


{Fed ued: Fo) €[F,2], u@ = =P} (27) 


8’ 8 


On the other hand, if we solve (19) by means of its dual (ie., the corresponding of its 


neutrosophic linear programming (3)), we should have 


Minw = (10+ 58)u, + (15 + 8B)u, + (20 + 10B)u; 
s.t. 4u, +uz+5u3 21 
—U, + 2u, + 2u3 21 
Be[0,1], u;,=0 


Which is equivalent to the following program 


Min w = (15 — 5a)u, + (23 — 8a)u, + (30 — 10a@)u; 
s.t. 4U, +u2 + 5u3 21 
—U, + 2u, + 2u3 21 
a@é[01], u,=0 
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Which, when solved in the same way as parametric neutrosophic linear programming problem 


(2), has an optimal solution u, = 0, uz = gus = 


Therefore, 


w* = (15 — Sa)u; + (23 - 8a)uz + (30 — 10a)u; = W * ¢ [=.= ,a € [0,1], 


And the corresponding neutrosophic solution with respect to its falsity membership function 


is the neutrosophic set 


{w, u(x): w € [=.=], u(x) = a} which coincides with (27). 


4.2 Case Study (Hybrid Renewable Energy Systems in View of Neutrosophic Linear 


Programming) 


As a result of the increasing demand for renewable energy, which is an inexhaustible and 
generally inexpensive source compared to traditional energy sources such as oil, natural gas, 
and coal...etc. Recently, an urgent need has emerged to integrate renewable energy sources in 
order to build up an economical hybrid energetic system in the case where each type of energy 
is only available as of specific units. The case study that we will shed the light on it was 
appeared in the essay [17] where the authors presented the capability of estimates of annual 
power production by combining photovoltaic panels with wind turbines (PV/Wind system) 
having specific capacities to meet energy demand in a specific site with the lowest cost. The 
purpose of this paper is different from the Zaatri and Allab [17] wherein they tried to estimate 
annual power production, also they formulated their problem as standard integer linear 
programming where the objective function to be minimized is the initial capital investment and 
where the decision variables are the numbers of units which should be pure integer numbers. 
Really, in this essay we aim to adapt the same problem in a different approach using 
neutrosophic linear programming (2), so our goal in this section is to show that the extension 
of the classical linear programming in uncertainty modeling gives more analytical information 
to be studied, the field of the power production of PV/Wind system with respect to 
uncertainties is unfathomable field and there are little discussions in the literature on it. It is 
well known that the intermittency is a part of Indeterminacy which is in between: interruption 
and non- interruption, so the neutrosophic theory will be a strong tool in getting and analyzing 


the optimal solutions. 


Huda E. Khalid, Ahmed K. Essa “The Duality Approach of the Neutrosophic Linear Programming’’ 


Neutrosophic Sets and Systems, Vol. 46, 2021 21 


Let c, = 130$ represents the unit cost of a photovoltaic panel, c, = 100$ is the reduced cost of 
the type of wind turbine. The investment for capital cost of the hybrid system which may 
involve the number of photovoltaic panels (N,), and the number of wind turbine (V2). This 
capital cost which is the objective function Z; has to be minimized, therefore: - 
MinZy = 130 n, + 100n, 
s.t. 667, + 84n, > 3000 


Nz = 6 
N,N, 20 


(28) 


The following solution depends on the neutrosophic linear programming (2), the membership 


functions related to the two constraints of the program (28) are: 

LM, ( 66 n, + 84n2,3000) =a 

H2( 2,6) 2a 

Where, d, = 1500 and d, = 3 are the admissible violations of these constraints, 


(4500-66n1-84n2)? _ 


M,( 66 n, + 84n2, 3000) = 2250000 


a, (29) 


H2( 2,6) = emy =a, (30) 
The formula (29) implies to 4500 — 66n, — 84n, = 1500Va, 

4500 — 1500Va = 66n, + 84n, (31) 
While the formula (30) implies to 

9-—n, =3Va > n, =9- 3Va, (32) 


Asa € [0,1] > nz € [6,9] 


Substituting (32) in (31), 4500 —1500Va = 66n, + 84 (9 — 3Va@), 4500 — 1500Va@ = 66n, + 
756 —252Va = 66n, = 3744 — 1248 Va, 


3744 1248 

n= a —, va, ae [0,1] (33) 
= 2496 3744 ~ [37.8,56.7] 

FL ees Gale ee 
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As n, and n, should be pure integer numbers, we will approximate the interval [37.8, 56.7] = 


(38, 57], n, € [38,57]. 


The optimal value for the objective function Zr 


3744 1248 
Zp = 130 orn errs va) + 100(9 — 3V@) = 8274.5 — 2758.18Va 


a € [0,1] > Z% € [5517$, 8275$]. 
5 Conclusion 


In this article, the classical linear programming has been redefined for the new type of 
neutrosophic linear programming with respect to its membership function, indeterminacy 
membership function, and non-membership function, with neutrosophic less than or equal in 
its constraint. Three new definitions have been posited, and two propositions were presented 
and proved. Two numerical examples were necessary to illustrate the theoretical direction 


practically. 
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Abstract: In this paper, the concept of Neutrosophic LA-rings is introduced. Furthermore, we 
investigate their algebraic structures. We discuss various types of ideals and establish a number of 
results to better understand the characteristic behavior of Neutrosophic LA-rings. In addition, we 
investigate the properties of the Neutrosophic M-system, Neutrosophic P-system, and 
Neutrosophic I-system in order to characterize the Neutrosophic LA-ring. 


Keywords: Neutrosophic Sets; Neutrosophic LA-rings; Neutrosophic ideals; Neutrosophic 
M-systems; Neutrosophic P-systems and Neutrosophic /-systems. 


1. Introduction 


Different researchers have defined algebraic structures which were based on the crisp set. But the 
real-life problems could not be solved by crisp set theory. The crisp set deals with yes or no only and 
it never tells about in between yes and no. In 1965, Zadeh [1] introduced a fuzzy set theory to 
address the vagueness of various real-life problems. The fuzzy sets deals with membership in 
between 0 and 1. Later, Atanassov [2] in 1986, initiated intuitionistic fuzzy set. However, these 
theories have remained unsuccessful in finding a solution to many real-life mathematical challenges. 


In 1999, Smarandache [3] gave the notion of Neutrosophic set. Nowadays, Neutrosophic set attains 
more attention of researchers due to its characteristic behavior to solve the indeterminate situations 
in the different fields of life. In 2006, Smarandache et al., [4] were the first ones who applied the 
concept of Neutrosophic sets on some algebraic structure and in their work, they introduced the 
Neutrosophic rings. Later, in 2011 Agboola et al., [5], discussed Neutrosophic rings-I. Neutrosophic 
groups and Neutrosophic sub-groups were introduced in 2012 by Agboola et al., [6]. Ali et al., [7-10] 
have used Neutrosophic set approach for different algebraic structures. In 2016, Khan et al.,[11] 
briefly discussed the characterization of Neutrosophic left almost semigroups. 


The tremendous application of Neutrosophic sets is the main motivator for us to work in this field. 
Intuitively, Neutrosophic sets are gaining popularity among researchers. To investigate the 
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application aspect of Neutrosophic sets, readers are directed to the most recent research work of 
Abdel Basset et al., [15-19], as well as [12-14]. 


LA-rings is generalized form of the commutative rings. LA-rings is non-commutative and 
non-associative algebraic structure. In recent times, a lot of research work has been done by different 
researches on this area of study. No doubt, LA-rings has a remarkable contribution in the 
development of non-associative theory in the current decade. Shah, Rehman, Asima and many 
other researchers have done noteworthy work in this ring structure. And they have published 
articles. The readers are referred to study [20-29] for comprehensive study of LA-rings. 


We used Neutrosophic set approach to give the notion of Neutrosophic LA-rings. This may be a 
useful contribution to the non-associative field of mathematics. It may provide a new direction for 
future researchers to extend the non-associative area of mathematics. We discussed characteristic 
properties of substructures of Neutrosophic LA-rings. We gave the concept of different type of 
Neutrosophic ideals. We defined Neutrosophic prime ideals, Neutrosophic quasi ideals and 
Neutrosophic bi-ideals and established some results. One of the main results is: If e the left 
identity in Neutrosophic LA-ring N(LR), then N(ZR) is fully Neutrosophic prime iff set 
ideal(N(LR)) becomes totally ordered under inclusion and every ideal becomes idempotent. In last 
section, we discussed the characterizations of neutrosophic LA-ring by exploring the Neutrosophic 
M-system, Neutrosophic P-system and Neutrosophic I-system. It is shown that: If e the left 
identity in N(ZR), then a neutrosophic left ideal NM(LI) is neutrosophic quasi-prime iff N(LR)\ 
N(LI) is neutrosophic M-system. Also, a relation is developed between neutrosophic M-system and 
neutrosophic P-system i.e., In a neutrosophic LA-ring N(LR), every neutrosophic M-system is a 
neutrosophic P-system. 


2. Neutrosophic LA-rings 


As preliminary, we recall the following definitions from refrences [3], [24] and [25]. 


Definition 2.1. [24] Let R bea set with at least two elements and two binary operations ‘+' and *:' 
defined on R. Suppose (R, +) isan LA-group and (R,.) is an LA-semigroup satisfying both left and 
right distributive laws: a(b +c) = ab +ac and (a+b)c =ac + be for all a,b,c € R. Then (R,+,.) 
is called an LA-ring. 

Definition 2.2. [24] Let (R,+,.) be an LA-ring. If S is a non-empty subset of R and S is itself an 
LA-ring under the binary operation induced by R, then S is called an LA-subring of R. 

Definition 2.3. [25] If A is an LA-subring of an LA-ring (R,+,.), then A is called a left ideal if RA € 
A. Right ideal and two sided ideal are defined in the usual manner. 

Definition 2.4. [25] A nonempty subset S of an LA-ring R is called an M-system if for a,b € S, 
there exists r in R suchthat a(rb) € S. 

Definition 2.5. [25] A nonempty subset Q of anLA-ring R with left identity e is called P-system if 
for all a € Q, there exists r € R suchthat a(ra) € Q. 

Definition 2.6. [25] A nonempty subset S of an LA-ring R with left identity e is called an J-system 
if for all a,b € S, (aN (b))NS # @. 

Definition 2.7. [3] A Neurosophics set is define as A = {(x,T(x),I(x), F(x)):x € X}, where X isa 
universe of discoveries and A is characterized by a truth-membership function T: X > jo-,1*/, an 
indeterminacy-membership function I: X > ]o-, 1 | and a falsity-membership function F:X > 


]o-,1*[ and 0 < T(x) +1(x) + F(x) $3. 
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We initaiate our work with the following definition. 

Definition 2.8. If R is a LA-ring, J is a neutrosophic element with the property 1?=1. Then a 
non-empty set (RUI) = {r+sI : r,s € R} under the “H{"and "[]"is a Neutrosophic LA- ring 
if: 


i) ((R UI), EH) is Left Almost group 
ii) ((R U1), E]) is Left Almost semigroup 
iii) LE] is distributive over | from both sides 


Throughout this paper we denote Neutrosophic Left Almost ring by N(LR). 


Example 2.9. Following are the Cayley tables (1 and 2) for an LA-ring R = {0,1,2,3,4,5,6,7} under 
the binary operations ‘+’ and ‘.’ 


Cayley Table 1 
+ 0 1 2 3 4 5 6 7 
0 0 1 2 3 4 5 6 =7 
1) BM), 23k a Be AY SS 
2 1 3 0 2 5 7 4 6 
3 3 2 1 0 7 6 5 4 
A the BF Ge HP, Ac a. De B 
5 6 4 7 5 2 0 3 #41 
6 5 7 4 6 1 3 0 2 
7 7 6 5 4 3 2 1 0 
Cayley Table 2 

0 1 2 3 4 5 6 7 

0 0 0 0 0 0 0 0 0 

1 0 4 4 0 0 4 4 0 

2 0 4 4 0 0 4 4 90 

3 0 0 0 0 0 0 0 0 

4 0 3 3 0 0 3 3 #40 

5 0 7 7 0 0 7 +7 +0 

6 0 7 7 0 0 7 7 O 

7 0 3 3 0 0 3 3 ~=0 


Then N(LR) = (R UI) = {0,1,2,3,4,5, 6, 7, OU, 1/, 21, 31, 41, 51, 61, 71} becomes neutrosophic LA-ring 
under “Hi"and "]" as defined in Cayley tables (3 and 4): 
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Cayley Table 3 
aa 0 1 2 3 4 5 6 7 Of i 2% 31 47 SI 6F) OZ 
0 0 1 2 3 4 5 6 7 Of i 2% 31 47 SI) U6 OZ 
1 2 0 3 1 6 4 7 5 22 Of 37 «lt 66 6A hI COSI 
2 1 3 0 2 5 7 4 6 VW 6370S OOF sa TASC 
3 3 2 1 0 7 6 5 4 37 2% i Of 7I 6f SI Al 
4 4 5 6 7 0 1 2 3 4 SI 6f 7 OF 1 Qt oO3I 
5 6 4 7 5 2 0 3 1 6 41 ZI SI 2! Of) 637) hI 
6 5 7 4 6 1 3 0 2 SI 7l 4F 6F 1 3f)06(Ol) hI 
7 7 6 5 4 3 2 1 0 7I 66f)06 6ST CAE BSC 
OF OF if 2% 31 4%°«€SI)6hlU6F)671)6€OFd) 61606 62706 68I6lh6U4TCl UST C6 TI 
5 ee) Ge 0) ec) Ge Gc) 7 Ge +) 9 0) Gs) © oY 7 6 | 
21 i 3% OF 2! oSIo6 6 67])6h64t)0ChlU6E) 6c1E O38T) hUOF OT OST 7 ATSC#SST 
31 37) 2F 61!) 6OOF)67T)S 6 SE AB OO ZC CAT 
41. 4% SI 6% ZI OF 1 2% 31 4106 ST) h66F)6 h67T)06h6UOOF) 6h OBI 
SI 6! 41 7I SI 2f)6 6 (OF)63f)6h1 66) COAT 7ST COO 8TH 
6. SI 7I 41 «6f «61f)063F)6h6UOF) 626 6ST) C7 ATCT 8s 
7I 7I 6 66f)606 65ST CO 48s COO ZC as 4 SCOOT 
Cayley Table 4 

fT} 0 1 2 3 4 5 6 7 OF IJ 27 37 4F SI 6F 7I 

0 0 0 0 0 0 0 0 0 OF Of OF OF OF OF OF OF 

1 0 4 4 0 0 4 4 0 OF 4! 4! OF OF 4! 4! +O! 

2 0 4 4 0 0 4 4 0 OF 4!) 4! OF OF 4! 4/1 #=OF 

3 0 0 0 0 0 0 0 0 OF Of OF OF OF OF OF OI 

4 0 3 3 0 0 3 3 0 OF 3 31 OF OF 31 31 Ol 

5 0 7 7 0 O 7 7 O OF ZVI 7I OF OF ZI 7I OL 

6 0 7 7 0 O 7 7 O OF FI 7! OF OF 7I 7I OF 

7 O 3 3 0 0 3 3 0 OF 3f 31 OF OF 3! 31 OF 

O! OF OF OF OF OF OF OF OF OF OF OF OF OF OF OF OF 

1] Of 47 47 «#OF OF 41 41 «#OF «€OF «€640647)6€OFd€OFd6AId h64T:SCOO 

21 Of 41 41 OF OF 41 47 OF OF 4! 47 OF OF 4! 41° «#OF 
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31 OF OF OF OF OF OF OF OF OF OF OF OF OF OF OF OF 
4. Of 3/1 3! OF OF 3/ 3/1 OF OF 31 #31 OF OF 31 31 Ol 
SI Of 7I 7! Of OF 7I 7I 6 6<O 60 )67)67T)6€Ol)6OF)67T) O77 OO 
6l OF 7I 71 Of OF 7I 71 OF OF ZI 7I 6«OF 6€=OF 6767 6UOF 
71 OF 37 31 OF OF 37 31 OF OF 3/2 37 OF OF 31 31 OF 


Definition 2.10. Let N(LR) be a neutrosophic LA-ring under the binary operations FH and []. A 
non-empty proper subset N(SLR) of N(LR) is said to be a neutrosophic subLA-ring if N(SLR) is 
itself a neutrosophic LA-ring under "EH" and "(]"defined in N(LR). 


Lemma 2.11. Let N(LR) be a Neutrosophic LA-ring. Then the proper subset N(SLR) of N(LR) isa 
Neutrosophic subLA-ring iff, every (r’ +s’I), (p'+q'l) © N(SLR) satisfies the following 
conditions: 

(i) (r' +s'l) B (p' +q'l) belongs N(SLR) 

(ii) (r' +s'I) FE) (’ +q'l) belongs N(SLR) 


Proof. If N(SLR) is neutrosophic subLA-ring, then it is clear from definition that (N(SLR),H )) 
becomes LA-group as well as (N(SLR),E]) becomes LA-semigroup. Consequently, the closure 
property holds for N(SLR). Hence (i) and (ii) hold. 


Conversely, suppose that (i) and (ii) is true for all (r’ +s'I), (p' + q'I) € N(SLR). Since the binary 
operations “FA" and "[]“are closed, so (N(SLR), H)) being the subset of N(LR) will be 
LA-group, likewise (N(SLR), E])) will be LA-semigroup. Moreover, inheritably [] is distributive 
over from both sides. Hence, N(SLR) is a neutrosophic subLA-ring. 


Lemma 2.12. If {(N(SLR))i,i € J} is the collection of neutrosophic subLA-rings of N(LR). Then the 
intersection of this collection is either empty or again a neutrosophic subLA-ring. 

Proof. Let {(N(SLR))i,i € J} be a collection of neutrosophic subLA-rings of N(LR). Assume that 
NM (N(SLR))i is not empty. Let (r’ +s’), (p'+q'l) EN(N(SLR)) i. This implies (r’ +s'I) € 
(N(SLR))i and (p' + q'I) € (N(SLR))i where i € J. Since (N(SLR))iis the collection of neutrosophic 
subLA-rings. Therefore, each (N(SLR))i, HA) will be LA-group, (N(SLR))i, E)) will be 
LA-semigroup. Also [] is distributive over 1 from both sides. Consequently, (r’ + s'I) Hi (p' + 
q'l) € (N(SLR))i for all i€J and likewise (r’ +s’'I) EJ (p'+q'lD € (N(SLR)):i for all ies. 
Therefore, (r’ + s'1) Hf (p'’+q'D and (r’ +s'l) GF (p’ + q@’'JD € N(N(SLR))i for all i € J. 


Definition 2.13. If e € N(LR), then e is left identity if e L] N(LR) = N(LR). 

Example 2.14. The following Cayley tables (5 and 6) form a neutrosophic LA-ring N(LR) = (RUI) = 
{0,1,2,3,4,5,6,7,8,0/, 11, 2/, 31, 41, 5/, 61,71, 81} and it can be easily observed that the element 7 € 
N(ZR) is the left identity. 


Cayley Table 5 
HAH O E 2 3 4 5 6 7 8 Of 1 2] 31 41 «SI 66% 0671) 668i 
0 3 4 6 8 7 2 5 1 0 31 4! 6 8I 7I 21 SI 6 i «(Ol 
1 2 3 th 6 8 4 1 0 5 2! 31 71 61 8! 47 #I «(Of OSI 
2 1 5 3 4 2 0 8 6 7 id SI 31 47 27) «(OF ) 68l)6U6l) 671 
3 0 dl 2 3 4 5 6 7 8 Of 1 2] 31 41 «SI 6% 0671) 668i 
4 5 0 4 2 3 1 7 8 6 SI Of 4! 21 37 #1! #671) 68) «(U6 
5 4 2 8 7 6 3 0 5 1 4! 21 8! 7] 6f #37 «=O ) 6ST)6hUMI 
6 7 6 0 1 5 8 3 2 4 71 6F OF 1! SI 8F 31 21 Al 
7 6 8 1 5 0 7. 4 3 2 61 8! i SI OF 71 64%) 37) 621 
8 8 7 5 0 1 6 2 4 3 8! 71 SI OF 1! 6% #21 Al OBI 
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Ol. 31 41 6F 8! 7I 621)6ST)61l) 6OF )63Y)6U4IChlhU6T:) SOB) S72 oSCOO 
5 7 es) eee p Gc) Ge) 9 Ge 0) to) 7 es) 6 ©) GO 3) 9 GY 
22 1% SI 37 4! 21 (OF 68!)66F)67T)6 61 OST BT Assisi sso 
31 OF iF 2!) 637 )64706hU€S6T)66F)6 67) 8T—sC*OOTss sds a8 SOTO 8 
4. SI Of 47 27 31 11 «67106 68l)66F)6S6T6h6€OF) 640 COT 08S 1s 7s 8s 
5I 4% 21 8! 7I 6% #37) «€<OF €6S6F61I)6 64006h6c2T) 68) C7 6 8s is STs 
6. 71 6f OF 1 SI 8f) 6 37)6 62106 64E0Clh6U7T)CU6TSCOOTss ST 88s AT 
71 6f 8F 1 6 6ST)6hUOF)67T) S437) Ts ss SCOOT 7 TOBY 
8. 8f 71 SI 6OOF 616 66706 627) 647) O87) 8 7ST OOF AE 6s ATSB 


Cayley Table 6 


rfl O 1 2 3 4 5 6 7 8 OF 1 27 3] 41 #SI 6% 7I 8! 
0 3 1 6 3 1 6 6 1 3 #37 I 6F 31 II 6F 6f II 3I 
1 0 3 0 3 8 8 3 0 8 OF 3/ OF 31 8 8 31 OF 8I 
2 8 1 5 3 7 2 6 4 O 8! 1 SI 31 71 21 61 4 OL 
3 3 3 3 3 3 3 3 3 3 #31 3! 31 31 31 31 31 31 3I 
4 0 6 7 3 5 4 1 2 8 OF 6 7I 31 SF 4% 1 21 8 
5 8 6 4 3 2 7 1 5 O 8! 6! 47 37 2! 71 IW SI Ol 
6 8 3 8 3 0 0 3 8 0 8 3! 8! 31 OF OF 3! 8! OI 
7 0 1 2 3 4 5 6 7 8 OF 1! 27 37 41 SI 6% 7! 8I 
8 3 6 1 3 6 1 1 6 3 #3 6F ITI 31 Of 1 I 6F 31 
O! 37 17 67 37 1! 6F 6F 1 37 37 1 6F 3Y 1! 6f «667 61 OBI 
1? Of 37 OF 37 8 8! 31 OF 8 OF 31 OF 31 8! 8! 31 OF 8I 
21 8! i SI 31 7I 27 66] 641¢6«€OF d€68)61T) 6SI06h63F 677) SOT) S66 SOTO 
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31 31 31 «#31 «631 «63106031 «(3S 
Ol 6! 7I 31 SI 47 iW 2: 8i 
8! 6f 47 37 21 71 i SF Ol 
8! 31 8 31 Of OF 31 81 Ol 
OJ 17 27 31] 41 #SI 61 7! «8i 
31 6! 12 37 Of 1! i 6F 3I 
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3. Neutrosophic Ideals 


Definition 3.1. A neutrosophic subLA-ring N(SLR) of N(LR) is known as a neutrosophic left ideal 
if N(LR) EJ N(SLR) & N(SLR). Likewise, the right ideal and two sided ideal of N(LR) can be easily 
defined. 

We denote neutrosophic left ideal by N(LI), neutrosophic right ideal by N(RI) and two sided 
neutrosophic ideal will be denoted by N(/). 

Lemma 3.2. If e is the left identity in neutrosophic LA-ring N(LR), then N(RI) will be 
neutrosophic left ideal. 

Proof. Suppose r’'+s'l€ N(LR), m'+n'le N(RI). Then r’+s'I OE) (m'4+n'I =(eH (r+ 
s'T)) OB (m' + n'D=((m' + n'T) E(r' + s'1D)) He € N(R). Therefore, N(RI) becomes a neutrosophic 
left ideal also. 

Remark 3.3. From Lemma 3.2, it is concluded a neutrosophic LA-rings having e the left identity, the 
neutrosophic ideal means the neutrosophic right ideal. 

Proposition 3.4. Let N(LR) aneutrosophic LA-ring having left identity. Then: 
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(i) N(LR) LE] N(LI) = NCL), N(LD) neutrosophic left ideal of N(LR). 
(ii) N(RD EI] N(LR) = N(RD, N(RI) neutrosophic right ideal of N(LR). 
Proof. (i) By definition, if N(LI) is neutrosophic left ideal of N(LR), then N(LR) E] N(LI) & N(LI). 
Let p’+q'l€ N(LI). Then p'+q’l =e) (p'+q'I € N(LR) EI N(LI). Consequently, N(LI) S 
N(LR) EF) N(LD and hence N(LR) EF) N(LD = N(LI). 
(ii) By definition, if N(RI) is neutrosophic right ideal of N(LR), then N(RI) LE] N(ZR) & N(RI). Let 
m' +n’'I € N(RI). Then 
m'+n'l =e) (m'4+n'l) 
=(eLle) Hi (m'+n'l) 
=((m'+n'l) De)Le 
€ (N(RI) FE N(LR)) © N(LR) 
© N(RI) GB N(LR). 
This implies N(RI) © N(RI) 1] N(LR). Thus, N(RD) FE) N(LR) = N(RD. 


Lemma 3.5. If e is aleft identity and N(RI) is the neutrosophic right ideal of N(LR), then (N(RI))? 
is a neutrosophic ideal of N(LR). 
Proof. If an element l’ + k'I € (N(RD) , then l'+ k’l = (m'+n'1I) FE) (:p' + q'I), where (m' +n’), 
(p' + q'l) € N(RI). Let (r' + s’I) be any element of N(LR). 
Nowconsider (l'+k’DO (r'+s'l) = ( (m'+n'1T) EF) (—p' + q'1)) EF) (r’ +s'l) 
=((r'+s'DO('+q')) Om +n'D €N(RD ON(RD 
= (N(RD) . 
This means (N (RI) is neutrosophic right ideal. Therefore, from Lemma 3.2, (N (RI)) becomes 
neutrosophic left ideal. Thus (N (RI ))’ is neutrosophic ideal. 
Remark 3.6. It is interesting to note that in a neutrosophic LA-ring N(LR) having left identity, 
(N(LI )) becomes neutrosophic ideal, where N(LI) is neutrosophic ideal. 
Lemma 3.7. If N(LR) is a neutrosophic LA-rings having left identity. Let N(I’) is proper 
neutrosophic ideal of N(LR). Then the left identity e does not belong to N(J’). 
Proof. Contrarily, let e € NU’) and r’ +s'I € N(LR). Now consider 
r'+s'T=eL)(r' +s'I 
€ N(I') & N(LR) 
CNC’). 
This implies N(LR) SNC’). But NCU’) S N(LR). This means NCU’) = N(LR). Hence a 
contradiction. Thus e ¢ N(I’). 
Definition 3.8. N(PI) is neutrosophic ideal of N(LR). N(PI) is called neutrosophic prime ideal iff 
for any neutrosophic ideals N(AJ) and N(BI), N(AI) EJ N(BI) S N(PI) then either N(AI) S N(PI) 
or N(BI) © N(PI). N(P) is called neutrosophic semi-prime if N(/‘)? © N(PI) implies that N(I’‘) © 
N(PI), where N(I’) is any neutrosophic ideal of N(LR). 
If each neutrosophic ideal of N(LR) is neutrosophic prime ideal, then N(LR) is called fully 
neutrosophic prime and if all the neutrosophic ideals are neutrosophic semi-prime ideals than 
N(LR) is called fully neutrosophic semi-prime. 
Definition 3.9. If for all neutrosophic ideals N(AI), N(BI), either N(AI) © N(BI) or N(BI)S 


N(AI), then N(LR) is called totally ordered under inclusion. It is symbolized by a set ideal(N(LR)). 


Theorem 3.10. If e left identity in neutrosophic LA-rings N(LR), then N(LR) is fully neutrosophic 
prime iff set ideal(N(LR)) becomes totally ordered under inclusion and every ideal becomes 


idempotent. 


Proof. Suppose N(LR) is fully neutrosophic prime and N(AI), N(BI) be any neutrosophic ideals in 
N(LR). Since N(AI) EJ] N(BI) © N(AI) and N(AI) EI N(BI) © N(BI), therefore N(AI) EJ N(BI) & 
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N(AI) NN(BI). Since the intersection of neutrosophic prime ideals is prime. This implies that 
N(AI) MN N(BI) is prime and hence by definition, N(AI) S N(AI)N N(BI) or N(BI) S N(ADI 
N(BI). This further implies that either N(AI) S N(BI) or N(BI) & N(AI). Thus set ideal(N(LR)) is 
totally ordered under the inclusion. Assume N (I) a neutrosophic ideal of N(LR), where N(LR) is 
fully neutrosophic prime. Then from Lemma 3.5, it is proved that (N(/))? is neutrosophic ideal in 
N(LR), therefore (N(I‘))? © NU’). Also, NU‘) S (NU'))*. Consequently, (N(J'))? = NU’) this 
implies N(I') is idempotent. Conversely, assume that set ideal(V(LR)) is totally ordered under the 
inclusion and each ideal becomes idempotent. Consider N(UI), N(VI) and N(WI) be neutrosophic 
ideals in N(LR). Let N(UI) EJ N(WVI) & N(WI) where N(UI) S N(VI). As N(UI) is an idempotent 
neutrosophic ideal in N(LR), so N(UI) = (N(WUD)2=N(UD FN) © NUD ENV) CNW. 
Hence N(VI) & N(WI). This N(WI) is neutrosophic prime ideal. Similarly, on the same lines it can 
be proved that N(UI) and N(VI) are prime ideals in N(LR). Hence N(LR) is fully neutrosophic 


prime. 


Definition 3.11. Let N(LR) be a neutrosophic LA-ring. N(QI) a non-empty subset is called 
neutrosophic quasi ideal if N(QI) E] N(LR) NN(LR) LI N(QD & N(QI). 
Lemma 3.12. If N(LR) is neutrosophic LA-ring. Let N(RI), N(LI) be the neutrosophic right and 
left ideal respectively. Then the intersection of N(RI) and N(LI) is a neutrosophic quasi ideal in 
N(LR). 
Proof. From the properties of neutrosophic right and left ideals it can be written that N(LI) 
N(RI) & N(RI) and N(LI)N N(RI) S N(LI). Also N(LR) EI N(LD) & N(LI) and N(R) EF) N(LR) © 
N(RI). Now consider, 
(N(LI) N N(RI)) FE] N(LR) ON N(LR) © (N(LI) 9 N(RI)) 

© N(RI) FE N(LR) NN(LR) NLD 

© N(RI) A N(LI 

= N(LI) NN(RI). 
Result proved. 


Definition 3.13. Let N(LR) be neutrosophic LA-rings. N(BI) is neutrosophic generalized bi-ideal, 
if (N(BI) LE) N(LR)) EJ N(BD & N(BI). It is important to note that if the non-empty subset of N(LR) 
is aneutrosophic subLA-ring then N(B) is called neutrosophic bi-ideal of N(LR). 


Proposition 3.14. Let e be left identity in N(LR). Then each idempotent neutrosophic quasi ideal 
N(QI) becomes a neutrosophic bi-ideal in N(LR). 
Proof. N(QI) being a neutrosophic quasi ideal is a neutrosophic subLA-ring. Consider, 
(N(Q1) EI N(LR)) EI N(QI) & (N(QD) EI) N(LR)) EI) N(LR) 
= (N(LR) FE) M(LR)) I N(Q/) 
= N(LR) EI N(QI) 
Again consider, 
(N(Q)) FI N(@R)) EIN(QD & (N(R) EI NCLR)) EL N(QD) 
= (N(LR) FI N(@R)) Fl (N(QD FI N(QD) 
= (N(Q1) F N(QD) Fl (NCR) FE] N(QLR)) 
= N(QI) EJ NCLR). 
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Therefore, (N(QI) EI N(LR)) FE. N(QD & (N(QI) GI N(LR)) 9 (N(LR) G1 (QD) & N(QI). Hence 
proved. 
Theorem 3.15. N(QI), N(QI_) be neutrosophic quasi ideals in neutrosophic LA-rings N(LR). Then 
the intersection of N(Q)NN(Q ) is empty or neutrosophic quasi ideal of N(LR). 
Proof. Consider N(LR) EI [N(Q1) NN(QI’)] 9 [N(Ql) ON N(QI')] NCR) 
= [N(LR) FA N(Ql-) NN(LR) A N(QI IN [N(QI) ENGR) N(QI) GI N(LR)] 
= [N(LR) Bl N(QI’) 9 N(QI’) G N(LR)] 9 [N(LR) FE. N(QI")  N(QI’) EL NCLB] 
CN(QI)N N(QI ). 
This complete the result. 
Remark 3.16. It can be concluded from Theorem 3.15, that the intersection of neutrosophic quasi 


ideals in N(LR) is empty or neutrosophic quasi ideal. 


4. Neutrosophic Systems in Neutrosophic LA-ring 


In this section of paper, we explore Neutrosophic M -system, Neutrosophic P -system and 
Neutrosophic /-system in neutrosophic LA-rings. 

Definition 4.1. For m’+n'I,p’+q’I€M’, an element r’'+s'ITEN(LR) and if m'+n'I J 
(r'+s'lE\p'+q'l) SM’, then M’ is called a Neutrosophic M-system, where M' is non-empty 
subset of N(LR). 

Example 4.2. One can easily check that in a neutrosophic LA-rings having left identity, (N(LR),E]) 
being a neutrosophic LA-semigroup becomes a neutrosophic M-system. 

Definition 4.3. A neutrosophic left ideal N(LI) of neutrosophic LA-rings is neutrosophic 
quasi-prime if for any neutrosophic left ideals S(LI) and T(LI), SI) EJ TCLI & N(LI) gives either 
S(LI) & N(LI) or T(LI) S N(LI). While N(LI) is said to be a neutrosophic quasi-semiprime if for 
any neutrosophic left ideal S(LI), (S(LI))? © N(LI = S(LJ & N(LI). 

Proposition 4.4. In a neutrosophic LA-ring N(LR) having left identity, following claims are 


equivalent: 
(i) N(LI) is aneutrosophic quasi-prime. 
(ii) S(LD HTL) = (SLD ET(LD) & N(LI) means either S(L.SN(LI) or TIL S 
N(LI). 


(iii) If SLD € N(LI) and T(LI ¢ N(LD, then S(LD EIT(LD £ N(LD. 
(iv) If r’'+s'l, U+m'TEN(LR) but rts’, U'+mI€é€NCLI) then (r’+s'1I) 
{l' + m'l) € N(LD, then either r' + s'I € N(LI) or l'+m'I € N(LI). 
(v) If r’+s'l, l'+m'I€ N(R) such that r’+s'I1 CG) (N(LR) EJl’+m'l) S NCL), then 
either r’ + s’I € N(LI) or l'+m'I € N(LI). 
Proof. (i)<(ii) Suppose N(LI) is a neutrosophic quasi-prime. Then it is quite clear from definition 
that if S(LI) EIT(LD = (S(LI EI T(LD) & N(LD, then either S(LI) © N(LIor T(LD S N(LI). 
Converse can be proved directly. 
(ii)=(iii) obvious from given information. 
(i) = (iv) Assume (r’+s'I) EE) (l'+m'l) © N(LD, this means (r'+s'I) SG N(LI) or (l'+m'l) 
N(LI), which further means r' + s'] € N(LI) or l' + m'l € N(LI). 
(iv)=>(ii) Assume S(LI) EI T(LD & N(LI). If r’ +s'1 € S(LD and I’ +m'l €T(LD, then (r’ +s'1) 
(l’+m'l) S N(LI). Thus from hypothesis r'+s’l€ N(LI) or l'+m'I € N(LI). Hence either 
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S(LI © N(LI or T(LD € N(LD. 
(i)>(iv) Assume r+ s’1H (N(LR) EU’ +m"1) & N(LD, then N(LR) Gl [r’ +5'1 (N(LR) I’ + 
m'I)| S N(LR) EJ N(LD) & N(LI). Now applying medial law and paramedical law, we conclude that 
N(LR) Bi [r’ +s‘ (N(R) +: m'2D] = (NVR) Or’ +s‘) (NLR) +m) S NLD. As 
N(ZR) EE] r’+s'I and N(LR) El’ +m'l are neutrosophic left ideals, this means r’ + s'I € N(LI) or 
l’+m'I € N(LI. Converse is trivial. 
Theorem 4.5. If e is a left identity in N(LR), then a neutrosophic left ideal N(LI) is neutrosophic 
quasi-prime iff N(LR)\N(LI) is neutrosophic M-system. 
Proof. Suppose N(LI) is neutrosophic quasi-prime. Assume r’+s’J, l'+m'I € N(LR)\N(LI). 
Which means r’+s'I € N(LI) and l'+m'I € N(LI). Therefore by Proposition 4.4, r’+s'I E) 
(N(LR) EJ) l’+m'l) € N(LI). It means there is some element (p’ + q’I) € N(LR) such that r’ + 
STO @’+qIEl+m'l) €N(LI) which further implies r’+sTO@'’+qIOl+mI)S 
N(ZR)\N(LI). Therefore N(LR)\N(LI) is a neutrosophic M -system. Conversely assume that 
N(ZR)\N(LI) is a neutrosophic M-system. Let r’+s’I1 FE] (N(LR) EIJI’ +m'l) © NCD and r'+ 
STE€NCLI and l'+m'I€N(LI). This means r’+s'l, l'+m'le€ N(LR)\N(LI). As by 
hypothesis N(LR)\N(LI) is a neutrosophic M -system, so (p’+q'l)€N(LR) and r'+s'1 5) 
(p' + q'I EJ U' +m'l) S N(ER)\N(LD. This implies r’ + s'1E) (p' + q’I EU + m'D) € N(LI), which is 
a contradiction. Thus r’+s’le€N(LI) or l'+m'I€N(LI). Hence N(LI) is neutrosophic 
quasi-prime. 
Definition 4.6. A subset P’of N(LR) is a neutrosophic P-system, if for any p’+q’'l € P’, there is 
r’+s'l€ N(LR) such that p'+qIO(r'+s'TE p’+q'I cP’. 
Proposition 4.7. In a neutrosophic LA-ring N(LR) having left identity, given claims are equivalent: 

(i) N(LI) is neutrosophic quasi-semiprime. 

(ii) (S(LD)? = ((S(LD)) © N(LI. implies that S(LI) © N(LI, where S(LI) is a 

neutrosophic left ideal. 

(iii) For any neutrosophic left ideal S(LI, if SCL ¢ N(LD, then (S(LI))? ¢ N(LI). 

(iv) For any element r’ + s'J € N(LR), if (r' +.s'1)* © N(LI), then r' + s'I € N(LI). 

(v) For any element r'+s’1€ N(LR), pb’ +qIO@'+s'IOp'+qDENL) = r'ts'le 

N(LI). 

Proof. (i)}(ii) (iii) obviously by definition true. 
(i)=(iv). Let (r' + s'1)? & N(LI). From hypothesis as N(LI) is quasi-semiprime, so r’ + s'I © N(LI) 
and it means r’ + s'IJ € N(LI). 
(i)= (iv). Assume (S(LI))* = ((S(LI))?) © N(LI). Let r’+s'l € N(LI). Then by given condition 
(r’ +s'I)* © N(LI) and it means r’ + s’I € N(LI). Hence S(LI) € N(LI). 
(i)(v) Obvious. 
Theorem 4.8. If e is a left identity in N(LR), then a neutrosophic left ideal N(LI) is neutrosophic 
quasi-semiprime iff N(LR)\N(LI) is neutrosophic P-system. 
Proof. Suppose N(LI) is neutrosophic quasi-semiprime. Let p’ + q'I € N(LR)\N(LI). On contrary, 
assume that r'+ s'I € N(LR) and p’+ qT U(r’ +s’I Ep’ +q'I) © N(LR)\N(LI). This means p’ + 
qiQi@'+s'IEp'+q'I) & NCI). But as N(LI) is neutrosophic quasi-semiprime, so from 
Proposition 4.4, p’ + q'I € N(LI) a contradiction arise. Therefore, r’ + s'] € N(LR) and p’+q'IE) 
(r’+s'I Ep’ +q'l) S N(LR)\N(LD. Thus N(LR)\N(LI) is a neutrosophic P-system. Now let for 
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any element p’+q'l€ N(LR)\N(LD, there is r'+s’I1e€N(LR) and p’+qIO(r'+s'I Op’ + 
q'I) © N(LR)\N(LI). Suppose p' + q’I E] (N(LR) LE) p' + q'l) S N(LD. This means r' + s’I € N(LR) 
and p'+q'I EL (r’+s'l Ep’ +q'l) © NCLR)\NCLI). This further means that p' + q’I € N(LI). Thus 
by Proposition 4.7 N(LI) is aneutrosophic quasi-semiprime. 
Lemma 4.9. In a neutrosophic LA-ring N(LR), every neutrosophic M-system is a neutrosophic 
P-system. 
Proof. Obvious from definition. 
Definition 4.10. In a neutrosophic LA-ring N(LR), a neutrosophic ideal N(/’) is called strongly 
irreducible iff for any neutrosophic ideals S(/’) and T(/’), if SU')NTU') S NU’) implies that either 
Sd’) © NC’) or TU') © NC’). 
Definition 4.11. For m'+7'l, p’+q'leEl'’, if (m+nlI)N(p'+q'l))Nl' #@, then I’ is called a 
neutrosophic I-system, where I’ is a subset of N(LR). 
Proposition 4.12. For neutrosophic ideal NU’) of neutrosophic LA-ring N(LR), the below 
statements are equivalent: 

(i) N(J') is strongly irreducible. 

(ii) For any elements m'+n’'I, p'’+q'l € N(LR) such that (m'+n'I)N(p' + q'T) & NU’) 

implies that either m’ + n'I € N(I') or p'+q’I1 ENC’). 

(iii) N(LR)\N(’) is aneutrosophic I-system. 
Proof. (i)=(ii). Clear from definition. 
(ii) => (iii). Assume that m'+n'l, p'’+q'l € N(LR)\NU(') and let (m'+4+n'I)N(p' + q'I))NNCLR)\ 
NU') =@. This means (m'+n'l)M(p' +q'I) © NU’), hence either m'’+n’I € N(I') or p'’+q’I€ 
NU") which is a contradiction. Thus ((m’ + n'l)N{p’ + q'I))NN(LR)\NC’') # @. 
(iii)—=(i). Let SUZ’) and TU’) be neutrosophic ideals such that S(I’)NT(I’) S NU’). Assume that 
Let SCI’) and TU’) do not contained in N(J/’). This means there will be elements m'+n’I € 
SU')\NC') and p’+q'T €TU')\NU’). This further implies that m’+n'l, p’ + q'l © N(LR)\N(’). 
Hence by hypothesis ((m’ + n'I)M(p' + q'T))NN(LR)\NU(') # 9, which implies that there will be an 
element r’+s'I €(m'+n'I)M(p'+q’'I) such that r'+s'1 € N(LR)\NU’). It means r’+s'Ié 
(m' +n'I)Np' + q'T) S SUNT") © NU’). Which further means S(I‘)NTU') ¢ NU’). Here arise 
a contradiction, hence either SU‘) © NU’) or TU’) & NU’). Thus N(/’) is strongly irreducible. 


5. Conclusions 


We initiated Neutrosophic LA-rings in this research work. Which will be a first attempt to enhance 
and develop non-associative area of mathematical sciences. It will open a new gateway for the 
upcoming researchers to extend this non-associative field of mathematics. In order to look at the 
algebraic characteristics of Neutrosophic LA-rings, we studied their ideals (Neutrosophic prime 
ideals, Neutrosophic semi-prime, Neutrosophic quasi ideals and Neutrosophic bi-ideals). We 
established number of results to study the characteristic properties of Neutrosophic LA-rings. We 
explored the characterizations of Neutrosophic LA-ring by the properties of Neutrosophic 
M-system, Neutrosophic P-system and Neutrosophic I-system and established number of results. 


Also, a relation is developed between neutrosophic M-system and neutrosophic P-system. In the 
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light of our findings, we may conclude that our work is going to be a good and helpful contribution 


to the study of algebraic structures based on Neutrosophic sets. Further, we are planning to work 


out the structural study of Neutrosophic LA-rings by extending it to some theoretical applications 


in Neutrosophic fuzzy algebraic structures. Particularly, Neutrosophic soft LA-rings, Neutrosophic 


LA-semirings, Neutrosophic soft LA-semirings and related structures. 
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Abstract. This paper presents a simplified form of dual simplex algorithm for solving linear 
programming problems with fuzzy and neutrosophic numbers which supplies some great benefits 
over phase 1 of traditional dual simplex algorithm. For instance, it could start with any infeasible basis 
of linear programming problems; it doesn't need any kind of artificial variables or artificial constraints, 
so the number of variables of the proposed method is less than the number of variables in the 
traditional dual simplex algorithm, therefore; the run time for the proposed algorithm is also faster 
than the phase 1 of traditional dual simplex algorithm, and the proposed method overcomes the 
traditional dual simplex algorithm for both the fuzzy approach and the neutrosophic approach 
according to the iterations number. We also use numerical examples to compare between the fuzzy 
and the neutrosophic approaches, the results show that the neutrosophic approach is more accurate 
than the fuzzy approach. Furthermore, the proposed algorithm overcomes the phase 1 of traditional 
dual simplex algorithm for both the fuzzy and neutrosophic approach. 


Keywords: Fuzzy Number; Neutrosophic Number; Rank Function; Dual Artificial Variable Free 
version of Simplex Method. 


1. Introduction 


Linear programming is the most frequently applied operations research technique. A linear 
programming model represents real world situations with some sets of parameters determined by 
experts and decision makers while in real world applications certainty, reliability and precision are 
often illusory concepts, therefore experts and decision makers cannot determine the exact value of 
parameters, or they may not be in a position to specify the objective functions or constraints precisely. 
By implying fuzzy and neutrosophic set theory to linear programming, which leads to fuzzy and 
neutrosophic linear programming, the so-called problems are being overcome. All of this causes us to 
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resort to fuzzy and neutrosophic numbers that deal with uncertain information. Neutrosophic Set (NS) [26] is a 
generalization of the fuzzy set [27] and intuitionistic fuzzy set [3]; each element of set had a truth, 
indeterminacy and falsity membership functions. So, neutrosophic set can assimilate inaccurate, vague and 
maladjusted information efficiently and effectively. 

After the pioneering work on fuzzy linear programming by Tanaka et al. [17,18] and Zimmermann [19], 


several kinds of fuzzy linear programming problems have appeared in the literatures and different methods have 
been proposed to solve such problems [16,23,29]. One important class of these methods that has been high-lighted 
by many researches is based on comparing of fuzzy numbers using ranking functions. Based on this idea, Maleki 
et al. [23] proposed a simple method for solving fuzzy number linear programming (FNLP) problems. After that, 
many various approaches appeared that deal with the vague and imprecise information such as intuitionistic 
fuzzy set and neutrosophic set. 

Arsham [5] introduced the simplex method without using artificial variables. First, the basic feasible variable 
set (BVS) is determined to be the empty set. Then, the non-basic variable is chosen to be the basic variable one by 
one until the BVS is full. After the problem has the complete BVS, the simplex method is performed. However, 
this method has the mistake as shown by Enge and Huhn [21] in 1998. 


Pan [24] presented the simplex algorithm by avoiding artificial variables. The algorithm starts when the 
initial basis gives primal and dual infeasible solutions by adjusting negative reduced costs to a single positive 
value. Then, the dual solution is feasible and the dual simplex method is performed. After the optimal solution 
is found in this step, the original reduced costs are restored and the simplex method is performed. 

Abdel-Basset et.al [1] proposed the neutrosophic simplex algorithm that solves the neutrosophic linear 
programming (NLP). They introduced a comparison between fuzzy approach and neutrosophic approach by 
using numerical examples. On the other hand, their manuscript has some incorrect assumptions. 

Akanksha Singh et.al [25] spotted some incorrect assumptions in Abdel-Basset's manuscript [1]. They 
suggested the required modifications in Abdel-Basset’s method. On the other hand, [21] used different rank 
functions to compare between fuzzy approach and neutrosophic approach, which makes this comparison not 
fair. Therefore, in this essay, the authors emphasis use the same rank function. 

Elsayed Badr et.al [2] proposed a novel method that deal with initial non basic solution. This method is 
called neutrosophic two-phase method and it solves the linear programming problems with neutrosophic 
numbers. They used the same rank function when they compared between fuzzy approach and neutrosophic 
approach, which makes the comparison is fair. 

For more details about the linear programming, the reader can refer to [6,7,11-13,15]. On the other hand, for 
more details about the fuzzy linear programming, the reader is referred to [2,9,10,20]. Finally, for more details 
about the neutrosophic linear programming, the reader may refer to [8]. 

In this paper, we apply dual artificial variable-free simplex algorithm for solving linear programming 
problems with fuzzy and neutrosophic numbers, which has several advantages, for instance, it could start 
with any infeasible basis of linear programming problem. This algorithm follows the same pivoting sequence 
as of dual simplex phase 1 without showing any explicit description of artificial variables which also makes it 
space efficient. The proposed algorithm reduces the size of the problem and reduces the execution time to 
solve the problem. Then the CPU time for the proposed method is also faster than the phase 1 of traditional 
dual simplex method. So, the proposed method can reduce the computational time. We also compare between 
the neutrosophic approach and the fuzzy approach using numerical examples. 
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The remaining parts of this work are organized as follows: In sec. 2, the fundament concepts of fuzzy and 
neutrosophic sets have been presented, and a new technique which converts the fuzzy representation to the 
neutrosophic representation has been proposed. Akanksha Singh et al.'s modifications [25] and a new 
neutrosophic dual artificial variable-free simplex algorithm (NDAVFSA) are proposed in Sec. 3. In Sec. 4, a 
numerical example that shows the importance of the proposed modification for primal neutrosophic simplex 
method has been introduced, and the superiority of the proposed algorithm (NDAVFSA) on the primal 
neutrosophic simplex algorithm has been shown. Finally, we introduce conclusions and the future work in Sec. 
5 


2. Preliminaries 

In this section, three subsections have been introduced. First one is representation of the fuzzy numbers. 
Second, the representation of the neutrosophic numbers. Finally, we show that how do to convert the fuzzy 
numbers and neutrosophic numbers to crisp number. 


2.1. Fuzzy Representation 
We review the fundamental notions of fuzzy set theory, initiated by Bellman and Zadeh [22]. 
2.1.1. Definition 
A convex fuzzy set A on R is a fuzzy number if the following conditions hold: 
(a) Its membership function is piecewise continuous. 


(b) There exist three intervals [a, b], [b, c], [c, d] such that ug is increasing on [a, b], equal to 1 on 
[b,c], decreasing on [c,d] and equal to 0 elsewhere. 


2.1.2. Definition 
Let 4 = (a",a¥, a,B) denote the trapezoidal fuzzy number, where 
(at — a,a¥ + B) is the support of Gand [a",a¥] its core. 


Remark 1: We denote the set of all trapezoidal fuzzy numbers by F (IR) as shown as in figure 1. 


MM, 


a a a a” a"+, x 


Figure 1: Truth membership function of trapezoidal fuzzy number 
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2.1.3. Definition 


Let = (a",a¥,a,8) and b = (b",b", y,8) be two trapezoidal fuzzy numbers, the arithmetic operation on the 
trapezoidal fuzzy number are defined as: 


xa = (xal,xa¥,xa,xB); x >0, xER. 
xa = (xa, xa’, —xB, -xa); x <0, xER. 
a+b=(a", a, a, B)+ (b", bY, y, 0)= [a" + b!, a’ + bY, a + y, B+ 6] 
2.2. Neutrosophic Representation 
In this subsection, some basic definitions in the neutrosophic set theory are introduced: 


2.2.1. Definition [1] 
the trapezoidal neutrosophic number A is a neutrosophic set in R with the following truth (T), 


indeterminacy (I) and falsity (F) membership functions as shown in figure 2: 


ufeucnl 
aq (xX-a1) | _ (ag—x+03(x-a4) | al, 


<x< 
aay 2 ay <x< a2 ap—al, XS a2 
Ta) = 4% SES Gy = 18 os 
_ 7 ¥7a3y , = Ox(al— 
Oa) 18s SX Say eT sag <2 <2 4) 
0 otherwise 1 otherwise 
(az —x + Ba(k — a;)) 
7 >a, 5xSa, 
az— a, 
is : <x< 
Fa(x) = hie az + Bx(a, — X)) — 
and oa a =e =a, 
a, — a3 
1 otherwise 


where aq, 8, and Bq represent the maximum degree of truthiness, minimum degree of indeterminacy and 
minimum degree of falsity, respectively, aq, 8x andBg € [0,1] 


Tz (8).1G 08). FG OD) 


A 
, ’ 
ay Ya ay 4, Aya, a, ¥ 


Figure 2: Truth, indeterminacy and falsity membership functions of trapezoidal neutrosophic number A 
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2.2.2. Definition [1] 
the mathematical operations on two trapezoidal neutrosophic numbers. A =< a4, ap, 43,44; Ax, Ox, Bx > 
and B= <by,,b,,b3,b4; ag, 0%, Bg > are as follows: 


Pt 


+B= < (a, + by, a2 + bz,a3 + b3,a4 + by); ag A OK, 0x V 03, Bx V Bx > 


A-B= < (a, — by, a2 — b3,a3 — bz, a, — by); aq A ag, Ox V Ox, Ba V Bx > 


Ata=e (es ae *); ax, 0x,Bx > where A # 0) 


) ne) 
aq ag az ay 


ce {s Aay, Aaz, Aaz, Aag; 1%, 0%,Bq >: A> 0 
< hay, Aa3z,Aaz,Aaz; aq, 0%, Bq >: A <0 


< (a,b, agbz,a3b3,a,b4); aq A ax, 8% V 93, Ba V Ba > 
if (a, > 0,b, > 0) 
< (a,by, azbz, azbz, a,b,); ax A Ox, 0x Vv 0x, Bx Vv Bx > 
if (a, < 0,b, > 0) 
< (a,b,, azbz, azbo, a,b,); AK A Qh, 0x V 0x, Bx V Bx > 
if (a, < 0,b, <0) 


AB = 


a, a2 a3 = 
— = *) ax Nag, Ox V On, Ba V Ba > 
G b;’b,’D, AA ag, 0% V Ox, Bx V Bx 


if (a, > 0,b, > 0) 


<(= a =) Aax, 0xV0 V Bx > 
ae EDS Se ae 7 AK AK, A Ae AK A 
by b3 bz b, A A: A A Bx Bx 


if (a, < 0,b, > 0) 


TR et 


<( oe ae =) A ax, 0x V Ox, Bx V Bx > 
ee ime Dome ode 1» AK OX, A Ay A A 
b, by bs by A A’ VA A’ PA A 


if (a, < 0,b, < 0) 


2.3. Transfer from Fuzzy Representation to Neutrosophic Representation [25] 

The goal of this section is to explain how to convert fuzzy numbers representation into neutrosophic 
numbers representation. This transformation is used for simplicity and to make the comparison fair. There are 
many types of techniques to transfer from fuzzy to neutrosophic representation such as, ranking functions 
and «-cut technique. 


2.3.1. Definition. 
Ranking function is a viable approach for ordering fuzzy numbers and neutrosophic numbers. It is known 
that there are many ranking functions for ordering the fuzzy numbers and neutrosophic numbers. 

In this subsection, we explain how to apply technique to convert from fuzzy number to neutrosophic 
number: 
From Figure 1 and Figure 2 we can illustrate the following relations between the two representations: 


a, = a,—-@,a, = a’,a, =a" anda, = a, +B (1) 
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Assuming that the ranking function is used for ordering the fuzzy numbers as follows: 


at+a¥ B-a 


R@ = +F4 (2) 


B — a=a, — a3 — (@, —a@,) =a, —a3;—a, + a, 


w\ _ A2+A3 , Gq4—A3—A2+a, __ azta3+a4+a, 
R(@) = ge ee 


From the relations (1) & (2) we can express the rank function is used for ordering the neutrosophic numbers as 
follows: 


R@) = 70h G + (Tala — Fa) (3) 


From (1), we can convert fuzzy numbers representation into neutrosophic numbers representation. On the 
other hand from (2) and (3), we can use the same function for both fuzzy numbers and neutrosophic numbers 
to obtain a fair comparison between them. 


(i) Assuming _ that Tz =1, i,=0, F,=0, then the TrNN @ =< a,,0@2,03,a,;T413,Fi> 
equal to number @ =< ay, 2,43, a4; 1,0,0 > and hence, in this case, 


The expression R(@) = hal a; + (Tq — 1g — Fg) is equivalent to the expression 
ae ek ei 
R@ =2Yh1 a+ 1 
(ii) Furthermore, it is well known the fact that if a, = a, = a3 = a, then the trapezoidal neutrosophic 
number A =< a4, 42, 43,44; 1,0,0 > will be transformed into a real number A = (a, a, a, a; 1, 0, 0) and 
hence, in this case, the expression R(@) = ooh a; + (Tq — Ig — Fg) is equivalent to the expression 
R(A)=a+1#a 


The following table represents the fuzzy ranking function, and the corresponding neutrosophic 
ranking function and the corresponding real ranking function. 


Table 1: fuzzy ranking function into it’s corresponding neutrosophic ranking function 


Fizzy Rank Function Corresponding Neutrosophic Corresponding Real Rank 
Rank Function function of constraints 


4 


1 
R@ =Z) a+ (Tala - a) R(a)=at+1 


j=1 


3. Algorithms 


In this section; firstly, we present Akanksha Singh et al.'s modifications [25] and the proposed 
modification about the mathematical incorrect assumptions, considered by Abdel-Basset et al. [1] in their 
proposed method to convert from neutrosophic numbers into real numbers. Secondly, we propose a new 
fuzzy dual artificial variable free simplex algorithm. Finally, we develop this algorithm in order to solve linear 
programming with neutrosophic numbers (neutrosophic dual artificial variable free simplex algorithm). 
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3.1. Akanksha Singh et al.'s modifications [25] 


42 


The following table presents Akanksha Singh et al.'s modifications to convert from neutrosophic number to 


crisp number. 


Table 2: Akanksha Singh et al.'s modifications. 


hand side are 
represented by 
trapezoidal 
neutrosophic 
numbers 


No | NLPP- (Type) NLPP- (Form) Exact Crisp LPP 
yp Pp 
Max /Min [X"_, R(€;x;) — 0 Te.%) + WL Le + 
The coefficients of the | Max\Min ey = Gx; a ? Rei (45) ieee aa te 
objective function are | s.t jai Foxy + even {Taj } a eyee {I 2x} = 
1 represented by ai Wy See By i= eee {Fe,x)}] 
i “y¥. > 1sjsn 
; eatin . cae ibe 20, S.t. i=1 ajxj S,2,=b, t=1,2,..... ,m; 
aca lee ce (ame Xj 20, fH12Z crue M 
The coefficients of ete 
constraints variables adi (= | Max / Min Yih 1 GX; 
and right hand side ee eed S.C. be R(@jXj) — Liar Tay + DjHr 1a, Xj + 
2 are represented b ie eels. OR : 
P : y St Qj jXj <$,2,= bj , yet Fa, + a {T3,,x;} — max {13,%;} = 
trapezoidal mele eso 1sjsn 1sjsn 
neutrosophic ped 3 ’ a a ie max {F.,%}| <,>,= R(b;) 
ee Do , sjsn l 
pune x20, fHU2peey 
All parameters are Max /Min [i241 R(Ejxj) — Liar TejXj + Dijana Ley Xj + 
represented by Max\Min [Dr = Ex;] Yij=i Fe,Xj + min {T2,x;} — max ye, 5 — 
trapezoidal s.t. 1sjsn 1sjsn 
3 neutrosophic ye ayX} S2,=5;, qeyeh {F Xi] 
numbers, except PS: V2 eat Rice geal LB s.t. 7 
variables are P= G2, catee yn (jar R (4y)x)) +1 S,2,= RO), 1=1,2,...... ,m; 
exemplified only by xj 20,j=12,.... n. 
real values 
The coefficients of 
objective function Max\Min [YPLy = ¢x;| 
and constraints s.t. 
~ Max / Min 1, cx; 
variables are dja aki S,2,=b;, : djar GX) 
represented by real i= 1,2,....,mj;%; 20, ne 
4 numbers and right j=1,2,...... n 


R[DL1(ayxX})] < =, = RO) 
xj 20, J =1,2,..... yn. 
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Remark 2: 
- If R(a) =a+1 and the coefficients of the objective function & constraints variables are real, then the 
fuzzy linear programming problem is equivalent to the neutrosophic linear programming problem. 
- ~:represents the presence of neutrosophic numbers within the matrices or vectors. 
- NLPP: neutrosophic linear programming problem. 


3.2. A novel Neutrosophic Dual Artificial Variable Free Simplex Algorithm. 
Nayatullah et al [22] proposed a streamlined artificial variable free version of simplex algorithm 


(AVFSA) for solving the linear programming problems with real numbers. In this section, we propose a new 
algorithm which solves linear programming with neutrosophic numbers (Neutrosophic Dual Artificial 
Variable-Free Simplex Algorithm NDAVFSA). The proposed algorithm overcame traditional neutrosophic 
dual simplex algorithms. 


Algorithm 1: Neutrosophic Dual Artificial variable -Free Simplex Algorithm (NDAVFSA) 


Step 0: (Initialization) 
. Converting fuzzy numbers into neutrosophic numbers according to Section 2.3.1 [25] 
7 Apply Akanksha Singh et al.'s modifications according to Section 3.1 
Step 1: Let K be a maximal subset of B such that B = {j: do; < 0,jeN}. If K =@ then D(B) is dual feasible. 
Exit. 
Step 2: Denote the basic variables y, by —y, and compute dual infeasibility objective vector W’'(B)e R® such 
that w’; = Vjex dij, 1 € B . Place w’ to the right of the dictionary D(B). 
Step 3: Let L © BsuchthatL = {i:w/ < 0, ie B}.IfL = @ then D(B) is dual inconsistent. Exit. 
Step 4: (Choice of entering variable) 
Choose r € L such that w.<w; Vi € L (Ties are broken arbitrarily) 
Step 5: (Choice of leaving variable) 
Choose k, € K and k, € N \ K such that: 


k= arg max {{ oa (do; < 0,d,; > 0)},j EK} 


k= arg max {{ al (do; = 0,d,; <0)},j EN\K} Set K: = arg max rm on, 
T, TRA TK2 


Step 6: Make a pivot on (r,k) (= Set B := (B u {k})\{r}, N:= (NW U {r})\{k} and update D(B) 
along with the appended w’(B)). 
Step 7: If k € K, set K: = K \ {k} and wi: = w,+ 1, replace notation of —y; by yz 
Step 8: Pivot operation 
Forr € B,k € Nand (r,k) being the position of the pivot element d,;, ( 0) of D, then one can obtain 
an updated equivalent short table D(B’) with a new basis B’ : = (B U {k})\{r} and the new non-basis 
N':= (N U {r})\{k} by performing the following operations on D(B). 
1 


a'r arm 
c 
is a 
d',j = +>, € M\U3 
rk 
a. 
saa dec 
TT 
; dx ._ = ae 
d'i; = dij —d,; xa € B\{r},j © N\{k} 
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The above replacement is known as a pivot operation on (r, k). 
Step 9: If K = y, then D(B) is dual feasible. Exit. 
Otherwise, go to step 3. 
Step 10: If phase 1 ends with an objective value equal to zero, it implies that all artificial variables have 
attained a value zero (means all infeasibilities have been removed) and our current basis is feasible to 
the original problem, then we return to the original objective and proceed with simplex phase 2. 
Otherwise, we conclude that the problem has no solution. 


4. Numerical Examples and Results Analysis 


In this study, we solve well-known fuzzy and neutrosophic linear programming problem that 
presented in [28] with the traditional and proposed method. 


Max Z = (1,5,2,4)x, + (10,12,2,6)x 
S.t. 
3x, + 10x2 < 10 
Xy—-X, 22 


P. 
. X4,X, 20 


In the upcoming two subsections, problem P: will be solved using fuzzy & neutrosophic dual artificial 
variable-free simplex method respectively, uses the same rank function and compare between the results. 


4.1. Solving (P;) using Fuzzy Dual Artificial Variable-Free Simplex Method 
Putting P, in the standard dual form, we have: 


Min Z = (—5, —-1,4,2)x, + (—12, —10,6,2)x, 
S.t. 
3x, + 10x, + x3 = 10 D1 
—X, + x2 +X,=—-2 
X4,X2,X3,Xq_ = 0 


By adding non-negative slack variablesx3,x,, the associated short table of D1 can be constructed as shown 
below. The dual variables y3,y, have been demonstrated explicitly as it is required to observe dual variables 


too. 

Here y is the dual objective variable. Objective coefficients (z) of primal non basic variables are the values 
of dual basic variables, and values of primal basic variables are coefficients of dual non-basic variables in dual 
objective. 
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z 70 (-5,-1,4,2)  (—12,-10,6,2) 


x3 | 10 3 10 y3 
x, |—2 =f 1 V4 
-yi -Y2 


Here k= {1, 2}, replace —y,7 > Vx 


T 


b X41 X2 Ww 
Z 0 (—5, —1,4,2) (—12, —10,6,2) (11,17,4,10) 
X3 10 3 * 10 —13 Y3 
X4 —2 -1 1 0 4 


Yi —Y2 


Initial table: 
Here B = {3, 4} and N = {1, 2}, according to most negative dual coefficient rule k = 1, so leaving dual basic 
variable is y, and according to artificial variable free dual minimum ratio test r = 3, the entering dual basic 


variable is Y3". Perform the pivot operation on (3, 1). 
Replace —y,~—y,, k = {1, 2}\ {1} = {2}, wy =w’, +1. 


¥ 


b X3 X2 Ww 
z [(5,4,6,104/3) (—3, —5,6,80/3) (-1, —3,4,32/3) (-1, -3,4,32/3) 
X41 10/3 1/3 10/3 —10/3 Yi 
X4 4/3 1/3 13/3 * —13/3 V4 


Ys -Y2 
Iteration 2: 
Here, k = 2 and r = 4perform pivot operation on (4, 2). 
Since k € k, replace—y,~ > y2; k = {2}\ {2} = {}, w'2 = w’2 +1. 


b X3 X4 Ww 
z [(4,16, —3,53/13) (7,9,20, —94/13) (1/5,1/3, -1/3, -71/65) 0 
X4 30/13 1/13 —10/13 0 ly, 
X2 4/13 1/13 3/13 0 ly. 
Y3 Ya 
Dual feasibility is achieved; the complementary dual feasible solution is 


(x1, Xp) = (30/13, 4/13). 


Resolve (P,) using neutrosophic dual artificial variable-free simplex method uses the same rank function and 


we will compare between them. 


4.2. Solving (P,) using Neutrosophic Dual Artificial Variable-Free Simplex method 
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First: We will convert the fuzzy numbers into neutrosophic numbers. Then, using the following rank function: 
4 
1 
R(a) = z), &; + (Tq — la — Fa) 
i=1 
Min z = R[(-1,1,5,9)]x, + R[8,10,12,18]x, 
S.t. 
3x, + 10x, < 10 D1 
X,—-X2 22 
X4,X2 20 
Min z = 9/2x,+13x,-1 
S.t. 
3x, + 10x, < 10 D2 
Xy—-X2 22 


X4,X2 20 


Putting (D2) in the standard form: 
Min z =9/2x, +13x2-1 
S.t. 
3x, + 10x. + x3 = 10 
—X, + X2 +X4 = —2 
X4,X, 20 


x3 | 10 3 10 |y, 
x4 |—2 -1 1 ly, 


Here k= {1, 2}, replace —y,7 > Vx 


Xy 
Z 0 -9/2 -—13 35/2 


a ae: 
Initial table: 
Here B = {3, 4} and N = {1, 2}, according to most negative dual coefficient rule k = 2, so leaving dual basic 
variable is yz and according to artificial variable-free dual minimum ratio test r = 3, the entering dual basic 


variable is Y3'. Perform the pivot operation on (3, 1). 
Replace —y2~ > y2, k = {1, 2}\ {2} ={1}, w'2 :=w’, +1. 


b x X3 Ww 


z [13 3/5 13/10 3/5 

x, | 1 3/10 * 1/10  -3/10ly, 

x, |—3 —13/10 -1/10 13/10]y, 
-Yi Y3 
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Iteration 2: 
Here, k = 1 and r=2 perform pivot operation on (2, 1). Since k € k, replace—x,~ >x,; k = {1}\ {1} = {}w’, = w’, + 
1. 


b X1 X3 w 
zy15 2 3/2 0 
x, |10/3 10/3. 1/3 Oly, 
X4 | 4/3 13/3 1/3 Oly4 
V1 Y3 
Dual feasibility is achieved; the complementary dual feasible solution is 


(X1,X2)= (10/73, 0). 
Max z=9/2x, +13x,-1= 15-1=14 


Table 3: A comparison between two-phase algorithm, Fuzzy and Neutrosophic DAVFSA 


Two-Phase Simplex Fuzzy Dual Art Neutrosophic Dual Art 
Algorithm Simplex Algorithm Simplex Algorithm 


no 
(iteration) 


In table 3, a good comparisons have been made between two-phase simplex algorithm, fuzzy dual 
artificial variable-free simplex algorithm and neutrosophic dual artificial variable-free simplex 
algorithm; we noticed that the neutrosophic approach is more accurate than the fuzzy approach. On the 
other hand, the proposed algorithm overcomes the traditional two phase simplex algorithm for both 
the fuzzy approach and the neutrosophic approach according to the iterations number. 


Conclusion 

In this work, a new algorithm (Dual Artificial Variable-Free Simplex Algorithm) has been proposed, 
which solves linear programming problems with fuzzy and neutrosophic numbers. In this algorithm, the 
artificial variables are virtually present but their presence is not revealed to the user in the form of extra 
columns in the simplex table. It also follows the same pivoting sequence as of simplex phase 1 without 
showing any explicit description of artificial variables or artificial constraints but it could be easily seen that 
numbers of computations are noticeably reduced and the proposed algorithm overcame the traditional 
simplex algorithm for both the neutrosophic approach and the fuzzy approach according to the iterations 
number. We also compared between the neutrosophic approach and the fuzzy approach using numerical 
examples. Finally, the numerical examples show that the neutrosophic approach is more accurate than the 
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fuzzy approach. In future work, we propose new hybrid methods such as using the cosine simplex method for 
phase 2 or using a traditional simplex algorithm for phase 2 while phase 1 uses the proposed method was 
proposed in this paper. We expect that these hybrid methods may overcome the traditional method. 
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Abstract: Supply Chain is a multi-objective decision-making problem with multiple conflicting 
objective functions related to each supply chain operation and its corresponding sub-criteria. The 
main focus of this paper is the development of a model that takes into account some important 
components of real-world supply chain planning. To do so, we proposed a supply chain model that 
involves multiple suppliers, multiple plants, multiple warehouses, and multiple distributors firms. 
This approach is designed to tackle a complex multi-site composite supply chain issue under 
uncertainty as a fuzzy multi-objective model with the primary objective to optimize the 
transportation cost and delivery time simultaneously. We have used neutrosophical set theory to 
tackle the ambiguity related to supply chain by using truth, indeterminacy and falsity membership 
functions and, finally neutrosophical compromise programming approach has been used for 
obtaining the desired solution. In order to demonstrate the efficiency of the developed models, an 
industrial design problems has been given. The findings reported is compared to other well-known 
approaches. 


Keywords: Supply Chain; Multi-objective Optimization; Neutrosophic Set. 


1. Introduction 


Supply Chain (SC) network optimization plays a crucial role in assessing the performance of the 
whole SC. The challenge with the SC layout consists of determining when and how to distribute 
equipment (plants, factories, distribution centres) and how to transfer material (raw materials, 
components, finished products) through the network of organizations (suppliers, producers, sellers, 
retailers and customers) to maximize overall efficiency (Nurjanni et al. [1]). SC is a network of 
factories processing raw materials, converting them into intermediate products and then finished 
products, and supplying the products via a delivery chain to customers. SC’s fundamental goal is to 
“optimize chain efficiency and provide as much benefit as possible with as little expense as 
possible”. In other words, it seeks to unite all the representatives in the SC to work together within 
the organization as a way to optimize efficiency in the SC and provide the maximum value to all 
relevant parties. If a company buys raw materials for use in the manufacture of a product, it then 
sells them to customers, which means that the organization has an SC, which it must manage 
afterwards. Companies face difficulties in seeking solutions to satisfy ever-increasing consumer 
demands and stay successful in the markets while maintaining expenses controlled. SC includes 
handling of a number of tasks related to the arranging, scheduling and monitoring of the flow of 
supplies, components and products; maintaining inventories of acquired components and 
packaging issues; reasonable and cost-effective storage of products; and, ultimately, delivering them 
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to the consumer (Khan et al. [2]). Effective governance of SC needs continuous enhancement at both 
the level at customer support and the internal operational efficiencies of the SC firms. In the most 
simplistic point, customer support involves reliably adequate order fill levels, strong on-time 
fulfilment levels and a relatively small number of goods returned by consumers for whatever 
reason. Internal productivity for SC companies ensures that such entities get an acceptable rate of 
return for their product and other resource expenditures (Hugos [3]). Mathematical programming 
frameworks have been commonly used to evaluate and improve SC efficiency, and it could play a 
significant role in the creation of alternatives to complex SC design. 

The neutrosophic set is considered as a generalization of the intuitionistic fuzzy set. While 
fuzzy sets use true and false for express relationship, neutrosophic sets uses three different types of 
membership functions (Smarandache [4]). The neutrosophical set has three membership functions, 
i.e, maximizing truth (belonging), indeterminacy (partly belonging) and reducing falsity 
(nonbelonging) effectively. The neutrosophical programming approach was developed and widely 
utilized in real-life applications based on the neutrosophical set. Gamal et al. [5] used neutrosophic 
set theory in supplier selection to overcome the situation when the decision makers might have 
restricted knowledge or different opinions, and to specify deterministic valuation values to 
comparison judgments. Later on, Abdel-Baset et al. [6] proposed an advanced type of neutrosophic 
technique, called type 2 neutrosophic numbers for the supplier selection problem. 

Motivated by different studies in supply chain and neutrosophic programming, which is being 
a new research area with the potential to capture the decision-makers truth, indeterminacy and 
falsity goals, we have formulated the mathematical model of supply chain under neutrosophic 
environment. The objective of this study is to offer SC with a more realistic context for achieving 
better results in the context of uncertainty. In addition, the neutrosophical compromise 
programming approach does not just focus on maximizing and minimizing the satisfaction and 
dissatisfaction of the decision makers, but also on optimizing the degree of satisfaction related to 
indeterminacy. Moreover, the developed approach is also compared with simple additive, weighted 
additive and pre-emptive goal programming approaches, to show the efficacy of the proposed 
methodology. 

This paper consists of six sections: the current segment presenting an introduction to the study 
problem. Section 2 describes relevant work on this topic. Section 3 explains the structure of the SC 
model. The technique of the solution to solving the problem is discussed in Section 4. Section 5 
describes the implementation of the theoretical model to a case study, and Section 6 concludes with 
the analysis and future directions of research in this area. 


2. Literature Review 


The literature review undertaken in the framework of this study allowed us to find out a gap in 
SC optimization. To the extent of our understanding, there is a limited number of research work 
discussing neutrosophicity utilizing a multiobjective optimization to tackle trade-offs between 
overall transportation cost and total delivery time in SC. The literature review discussing the issues 
of transportation and distribution planning constructed as a single and multiobjective model and 
solved using a complicated approach to optimization. 

Badhotiya et al. [7] tackle the issue of distribution, manufacturing and delivery planning for a 
two-echelon SC, composed of several producers that supplying to different sales locations and 
formulated it as a multi-objective model. Further ambiguity and imprecision were regarded in the 
problem, and a fuzzy multi-objective optimization technique was applied that simultaneously 
optimizes three objectives; total cost, total delivery time, and backorder amount. Rabbani et al. [8] 
considered a closed-loop SC that involved a logistics supplier for a producer, a dealer and a third 
party. Three tri-level leader-follower Stackelberg game models have been introduced to explore how 
a producer can do remanufacturing or pay a product license charge for retailers and partner with 
them in remanufacturing. Modak and Kelle [9] identified the double-channel SC with contingent 
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stochastic consumer demand under price and distribution period, and the findings indicated that 
market volatility influences the optimal price and lead time. Sharahi et al. [10] dealt with the issue of 
location-allocation and delivery of output in an SC of three echelons. Type-II fuzzy sets theory were 
used to model uncertainty in supply, operation, and demand. Gholamian et al. [11] proposed a 
mathematical model for production planning by considering the majority of SC expenses 
parameters, such as cost of shipping, cost of inventory holding, cost of shortage, cost of processing 
and associated human costs under uncertainty of demand, and formulated it using a complex 
multi-objective model of optimization. Kristianto et al. [12] suggested a two-stage model with the 
goal of improving product distribution and transportation when adjustments have disrupted the SC 
network as a consequence of a catastrophe or market shift. They implemented the methodology of 
decomposition to transform the problem into the shortest problem of the fuzzy path. Bilgen [13] 
tackled the problem of fuzzy centralized manufacturing and delivery plans underneath a packaged 
products company’s SC network. Vagueness in the objective function and capacity restrictions is 
replicated by Zimmermann’s [14] linear membership function approach. Three separate aggregation 
operators were introduced to transform the Fuzzy model into a crisp one. 

Current neutrosophic literature shows that a limited number of authors have taken an interest 
in this framework, and this is expected to be a significant new area of research in the future. Kar et al. 
[15] proposed a neutrosophic optimization technique for a shortage-free inventory model where the 
cost of output is inversely proportional to the set-up costs and the volume of supply. A 
neutrosophical fuzzy programming method (NFPA) focused on the neutrosophic decision was 
suggested by Ahmad et al. [16] to solve the proposed SC design problem. The developed SC 
network has been built for various multi-product raw materials/parts, and multi-echelons together 
with single time horizons. To identify the activities contributing to improving the economic and 
environmental performance, Abdel-Baset et al. [17] tested green SC activities using the robust rating 
with neutrosophic set theory. The feasibility of the new approach is measured using the two 
different types of case studies, i.e., Egypt’s petroleum sector and China’s manufacturing company. 
As a technique to solve multi-criteria decision-making in green supplier selection problems, Liang et 
al. [18] suggested single-valued trapezoidal neutrosophic choice relations. In the neutrosophical 
framework, Thamaraiselvi and Santhi [19] developed the mathematical representation of a 
transportation problem. Abdel-Baset et al. [20] addressed the complexities of the issue, increasing 
awareness among healthcare sector experts, and assessing smart medical devices according to 
specific assessment requirements. In the decisionmaking process, neutrosophics with TOPSIS 
methodology was implemented to cope with the vagueness, and ambiguity, by taking into 
consideration the decision conditions in the evidence gathered by the decision-makers. Liang et al. 
[21] established a novel fuzzy-based method for assessing B2C e-commerce websites and defined 
interrelationships and prioritized orders within parameters through integrating single-valued 
neutrosophic trapezoidal numbers with DEMATEL methodology. Some recent works related to the 
use neutrosophic includes , Abdel-Basset et al. [22] suggested a novel hybrid methodology for the 
selection of the offshore wind power plant location integrating the two distinct forms of MCDM 
approaches in the neutrosophic environment. Also, by use of MCDM model, Abdel-Basset et al. [23] 
has conducted a comprehensive sustainability assessment of the hydrogen generation possibilities. 

Practical alignment of transportation and distribution planning in SC frequently requires 
trade-offs with multiple conflicting priorities that need to be balanced by the decision-maker at the 
same time. Owing to many reasons such as variability in human behavior, shifting environmental 
circumstances, and unavailability or inappropriate knowledge, these objective roles are sometimes 
fuzzy or uncertain. This study introduces a complex multi-objective programming framework to 
address the SC problem including multiple locations and different time periods, then illustrates the 
same on a real-life manufacturing problem to validate the accuracy of the developed model. The 
benefit of implementing fuzzy set theory is that it helps the decision-maker to calculate an imprecise 
expectation. 
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3. Mathematical Model 

According to Nurjanni et al. [1], SCM is “A set of approaches utilized to efficiently integrate 
suppliers, manufacturers, warehouses, and stores, so that merchandise is produced and distributed 
at the right quantities, to the right locations, and at the right time, in order to minimize system-wide 
costs while satisfying service level requirements.” Charles et al. [24] presented the 
demand-and-supply-rooted concept of ambiguity with the constrained multiobjective optimization 
framework and established a fuzzy goal programming approach to solve it. To achieve the desired 
solution, the proposed model was solved through three separate approaches, including simple 
additive goal programming, weighted goal programming, and pre-emptive goal programming 
approaches respectively. Gupta et al. [25] presented an effective goal programming methodology to 
solve the SC problem in order to concurrently reduce overall shipping costs and total production 
period related to inventory volumes, initial stock available at each source, as well as customer 
demand and usable storage capacity at each destination, and restrictions on total expenditure in an 
uncertain environment. Gupta et al. [26] presented the problem of the SC network as a bi-level 
programming problem in which the primary goal is to decide the optimum order allocation of goods 
where the requirements of the consumer and the availability for the items are elastic. Motivated by 
such studies in SC, we have formulated the multi-objective SC model and the following notations 
have been used for the model formulation which are listed below: 

The nomenclature for the notations and terms used in the design of the model is as follows: 
Indices 

i— Multiple suppliers indices, (i=1, 2, ...,D); 

J— Multiple plants indices, (j=1, 2, ...,J); 

k— Multiple warehouses indices, (k=1, 2, ...,K); 

l1— Multiple distributors indices, (I=1, 2, ...,L); 

t— Objective function indices, (t=1, 2, ...,T); 
Parameters 

SCS, — Supply capacity of the i suppliers (in ’000), 

PCP, — Potential capacity of the j* plants (in’000), 

PCW, — Potential capacity of the k" warehouses (in ’000), 

ADR, — Annual demand from the /*” distributors (in 000), 

CSP, — Cost of shipping one unit from the supply suppliers i to the plant j, (in 000), 

CPW ,, — Cost of producing and shipping one unit from the plant j to the warehouse k, (in 000), 

CPR ,, — Cost of producing and shipping one unit from the plant j to the distributors I, (in 000), 

CWR,, — Cost of shipping one unit from the warehouse k to the distributors |, (in ’000), 

TPW , — Delivery time of shipping one unit from the plant j to the warehouse k (in Hrs), 

TPR ,, — Delivery time of shipping one unit from the plant j to the distributors / (in Hrs), 


TWR,, — Delivery time of shipping one unit from the warehouse k to the distributors / (in Hrs), 
Decision variables 


W,, — Quantity shipped from the supply suppliers i to the plant j 
X ,, — Quantity shipped from the plant j to the warehouse k 
Y,, — Quantity shipped from the plant j to the distributors i 
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Z,, — Quantity shipped from the warehouse k to the distributors i 


The mathematical model of multi-objective SC problem formulated in the case of a 
deterministic situation by using the notations mentioned above as: 


The 1st objective function, which helps in the optimization of the SC shipping costs, is given by: 


Minimize 
I J J K J L K L 
f= De ae CSEW; is Des se CPW) X jx - pan De CPRAY * Deer Date © WR Zu 
(1) 
The 2°¢ objective function, which helps in the optimization of the SC delivery time, is given by: 
Minimize 
Ss K J L K E 
F, < oe Des TPW/ Xt 5 Ds oe TPR Yi . as I=1 TWR,Z;, (2) 
Subject to 
Constraint I is related to the overall volume of the product to be delivered from the supplier to 
the plant. 
J 
PPLE < SCS, (3) 
Constraint IT is concerned with the quantity produced at the plant, which cannot surpass its 
efficiency. 
L K 
ret LH - wet > He < PCP, (4) 


Constraint III is concerned with the volume to be delivered via the various warehouses that 
cannot surpass its efficiency. 


L 
Ze PCOW, (5) 


Constraint IV is concerned about the volume to be delivered to the distributors, which will meet 
the demand of the consumer. 


K J 
Za t ae Y, < ADR, (6) 


Constraint V is concerned with the total quantity delivered to the warehouse and distributors 
from the plant, which cannot surpass the quantity of the obtained materials. 


~ 2 ams + ari (7) 


Constraint VI is concerned with the volume delivered to the distributors from the warehouse, 
which cannot surpass their capacity. 


J L 
j=l X it 2 I= Ly (8) 
with non-negative restriction: 


W, =O, V1, 7 

xX jk >0,Vj,k 

Y il 20, Vj, l 

Zy 0, Vk,1 

The multi-objective optimization model of SC can be mathematically formulated as follows by 


combining all the objective functions and constraints, are combined: 
Model 1 
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5 belts tt I J J K J L K L 
Minimize F, 7 ae Des CSE W; a Ee Dies CPW; X ip = D3 De CPR iY i = pee ae CWRYZ 1 
BF 08 8 J K J L K L 
Minimize Fy = D7 Duper tPWaX jet Do pet ar EPR + Doses Dore WR eZ 
Subject to 
’ W. <SCS. 
j=l 4 u 


L K 
be Vis x eS PCr 


=| jl 


L 
2p = PCW, 
K J 
ae ae Y, < ADR, 


1 K E 
Dee et os 
J E 
jaX ik = l=1 Zy 
W, >0,Vi,] 
X , 20,VI,k 
Y, 20, Vj,l 
Zi ZONK A. 
3.1 Uncertain Model 
The model formulated above has been developed when the decision-maker knows the exact 
value of each parameter being considered. Due to sudden increases in prices of raw materials, higher 
gasoline costs, higher deployment sites, fluctuating consumer behavior, rivalry amongst customer 
service policies of various firms, environmental factors, inability to supply requested goods in a 
timely manner, political and government decisions on specific taxes on purchase, development, 
delivery end-of-use stock management are the most influential factors creating uncertainty in SC. In 
the past many methods were suggested to cope with the environment of ambiguity. Zadeh’s [27] 
fuzzy sets (FS) just allow membership function and can’t accommodate certain vagueness 
parameters. In order to address this knowledge deficit, Atanassov [28] proposed an expansion to 
fuzzy sets called intuitionistic fuzzy sets (IFS). Though IFS theory can accommodate missing 
knowledge for specific real-world problems, it cannot solve all forms of ambiguity such as 
contradictory and indeterminate proof. Therefore, the neutrosophic set (NS) was developed by 
Smarandache [29] as a comprehensive composition that generalizes classical theory of all forms of 
FS. NS can handle indefinite, vague and conflicting information where the indeterminacy is 
explicitly quantified, and can separately identify the three forms of membership functions. 
Furthermore, with such assumptions of uncertainty, Model 1 with uncertain parameters could be 


reformulated as: 
Model 2 
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eee I J 7 J K Ei J L K L - 
Minimize F, = )° ae CSP; W, + ae CPW a X q+ ae Di CPR iY + Doody CWRu Zy 
i reid J K = J L me K L = 
Minimize F, =D), Dogel PW it X et Doig Do TPRIY Gy + Dogs a WRe Zy 
Subject to 
ya & SCS; 


L K 
Y¥,+>._,X, <PCP 


l= Jl j 


E 

PCW, 

K J 2 AL 
yee Zu ate Yi, < ADR: 


I K L 
Da My 2 Do X it +>: Yi 
J L 
jaa ik 2 I=1 Zi 
W, 20, Vi, j 
X ,, 20,Vj,k 
Y, 20,Vj,l 
Z,, 20, Vk,1 
where, the uncertain parameters CSP,CPW,CPR,CWR,TPW ,TPR,TWR,SCS and ADR are 
assumed to hold the neutrosophic sets assumptions (detail see Liang et al. [18] ). Let us assumed that 


5.9 €[0,1] and CSP,CSP,,CSP,eR such that CSP <CSP,<CSP,. Then a 
CSP 


a ae 

CSP CSP’ CSP 

single-value triangular neutrosophic number CSP = ((CSR.CSP,,CSP,):6 LEO 257: is a 
CSP." CSP.’ CSP 


special neutrosophic set on the real line set SR , whose  truth-membership, 
indeterminacy-membership, and falsity-membership functions are given as follows: 


P —CSP 
_ KCSPT CSE) | CSP < CSP < CSP, 
csp (CSP, — CSP.) 
Ors CSP =CSP, 
He. (CSP)=5 “P (9) 
CSP ‘P= 'P 
_ (CSE CSP) CSP. < CSP < CSP, 
csP (CSP, —CSP,) 
0, otherwise 


(CSP, -CSP+@ . (CSP—CSF)) 
CSP 


, CSP <CSP<CSP, 
(CSP, ~CSP) 


Q_, CSP = CSP, 
GS (ESP) 2° oS? (10) 
ce (CSP —CSP,+@ . (CSP, —CSP)) 
cP , CSP, < CSP < CSP, 
(CSP, -CSP,) 
0, otherwise 


Ahteshamul Haq, Srikant Gupta and Aquil Ahmed, A multi-criteria fuzzy neutrosophic decision-making model for solving 
the supply chain network problem 


Neutrosophic Sets and Systems, Vol. 46, 2021 57 


(CSP, -CSP+y . (CSP—CSP)) 
CSP. 


s , CSP <CSP<CSP, 
(CSP, — CSB) 
Fes CSP = CSP, 
y . (CSP)=5 “P (11) 
Or (CSP—CSP,+y . (CSP,—CSP)) 
oP , CSP, < CSP <CSP, 
(CSP, -CSP,) 
0, otherwise 
where O.,Q@.,Y. denote the maximum truth-membership degree, minimum 
CSP CSP ° CSP 


indeterminacy-membership degree and minimum falsity-membership degree, respectively. A 


single-valued triangular neutrosophic number CSP = ((CSR.CSP,,CSR):5 Owl ) may 


CSP” CSP 
express an ill-defined quantity about CSP, which is approximately equal to CSP. Then, the score 
function for the CSP is obtained by using the equation (12), which is given below: 

S(CSP) = -L (CSP +CSP, +CSP,)x(2+6- =P. —¥ —) (12) 
16 CSP CSP CSP 
The same holds for other uncertain parameters. 
3.2 Neutrosophic Compromise Programming 
An approach to solving the multi-optimization problem has been implemented based on the NS 
principle. The neutrosophical compromise goal programming solution is based on the principle of 
NS, which consists of optimization of three membership functions such as optimizing the degree of 
truth and indeterminacy and decreasing the extent of falsity membership. Firstly, the bounds for 


each objective function have been defined to construct the three different types of membership 


U,,Vt L,, Vt 


functions for the formulated multi-objective SC problem. The upper and lower 


values for the neutrosophical problem for case minimization have therefore been determined as: 
UP a0 ft Hh ve for truth membership 


U) =L) +q,U}) -L),L =L/, Vt — for Indeterminacy membership 
Us =U/, Lf =L, +q,U,/ -L/), Vt for falsity membership 
Where gq, and q, are sensitivity variables for falsity and indeterminacy membership functions 


shall be selected by the decision-maker, and based on these sensitivity variables, the three different 
types of membership function for the neutrosophical problem can be constructed as follows: 


1, ese 
U; -F, 
way, SFSU] 
t t 
0, jee Oi 
i F< 
I 
—F, 
as zi L, LAT. SU; 
Usk, 
0, F,>U; 
0, Vee oi 
F-L : 
vf = uF 7 Le SF-<U? 
t t 
1, F.>U! 
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Truth member step 
Tumcton 


Indetermenacy 
member shep 
fancies 


Falsity membership 
funchon 


Fig. 1. Neutrosophication Process 
Where, we trying to maximize the Truth (y/’ ) and Indeterminacy (c/ ) membership functions; 
and also trying to minimize the falsity (v,”) membership functions. Following the optimization 


process introduced by (Bellman and Zadeh, [30]; Rizk-Allah et al., [31]; Das et al. [32]; Khan et al. 
[33]), the multi-objective SCN neutrosophical optimization model can be formulated as follows: 


Model 2(a) 
Max min yu’ 
Max mino! 
Min max v* 


Subject to 
> W,. < SCS; 
j=l 9 


7 K 
PIs +) Xp < PCP, 


L 
Zu < PCW, 


K J = 
ya + ae Yi, < ADR: 


I K L 
Dia 2 Diwi® i oa Yi 
J L 
j=l X it 2 i=l Zi 
W,, 2 0, Vi, j 
X , 20, Vj,k 
Y, 20,Vj,l 
Z,, 20,Vk,1 
It is not easy to solve the above model (2a) with the presence of three objective functions, 
therefore with the help of auxiliary parameters, the model (2a) can be transformed into a single 


objective model, given below: 
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Model 2(b) 
ee 2 
Maximize D4 +9, -2) 
Subject to 

ms 

O26. Mt 

D, S04 Vt 

H,20,, Vt 

H,2v, Vt 

HU, +0,+v, $3, Vt 


constraints of model 2(a) 


The above Model 2(b) has been used to get the compromise solution of the formulated problem. 


4. Numerical Illustration 

In view of demonstrating the method established, we considered the fictional scenario of 
modeling and optimizing a SC network situation, with some imprecise data being considered on it, 
described by neutrosophical triangular fuzzy numbers. We assumed a network consisting of 
multiple numbers of suppliers, multiple numbers of production plants, multiple numbers of 
warehouses and multiple numbers of distributors, in various regional areas or places. Five suppliers 
are assumed to distribute the raw resources to four manufacturing plants. The delivery network 
consists of six warehouses where, before being shipped out to eight distributors, goods are 
temporarily positioned and processed, and eventually, items are shipped out to many consumers. 
The imprecise information in Tables 1-8 are listed below: 

Table 1. Uncertain Transportation Cost from the Supplier to the Manufacturing Plant. 


Supplier Manufacturing Plant 
P1 P2 P3 P4 
S_1 ((196,199,202), | ((89,93,97); ((146,148,150); | ((194,196,198); 
0.3,0.4,0.5) 0.6,0.7,0.8) 0.2,0.3,0.4) 0.1,0.2,0.3) 
S_2 ((294,306,312),; | ((146,148,150); | ((194,196,198); | (((196,199,202); 
0.6,0.8,0.9) 0.2,0.3,0.4) 0.1,0.2,0.3) 0.3,0.4,0.5) 
S_3 (491,499,507); | ((119,121,123); | ((204,206,208); | ((202,205,208); 
0.1,0.2,0.3) 0.4,0.5,0.6) 0.1,0.2,0.3) 0.3,0.4.0.5) 
S_4 ((389,394,399); | ((296,300,304); | ((239,244,249); | ((296,300,304); 
0.7,0.8,0.9) 0.5,0.6,0.7) 0.7,0.8,0.9) 0.5,0.6,0.7) 
S_5 ((591,599,607); | ((689,691,693), | ((296,300,304); | ((339,341,345); 
0.3,0.4.0.5) 0.3,0.4,0.5) 0.5,0.6,0.7) 0.4,0.5,0.6) 


Table 2. Uncertain Transportation Cost from the Plant to the Distributor. 


Plant Distributor 
D1 D_2 D_3 D4 D5 D_6 D_7 D_8 
((296,300 | ((429,432,43 | ((341,344,3 | ((429,432,4 | ((204,206,2 | ((339,341,3 | ((391,394,3 | ((469,471,4 
P1 304); 6); 47); 36); 08); 45); 96); 73); 
0.5,0.6,0. | 0.4,0.5,0.6) 0.6,0.8,0.9) | 0.4,0.5,0.6) | 0.1,0.2,0.3) | 0.4,0.5,0.6) | 0.6,0.7,0.8) | 0.1,0.2,0.3) 
7) 
(339,341 | ((491,494,49 | ((294,300,3 | ((371,374,3 | ((269,272,2 | ((371,374,3 | ((469,471,4 | ((431,435,4 
P.2 345); 6); 06); 78); 75); 78); 73); 39); 
0.4,0.5,0. | 0.2,0.3,0.4) 0.2,0.3,0.4) | 0.5,0.6,0.7) | 0.7,0.8,0.9) 0.1,0.2,0.3) | 0.7,0.8,0.9) 
6) 0.5,0.6,0.7) 
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((431,435 | ((469,472,47 | ((341,343,3 | ((339,341,3 | ((296,298,3 | ((369,371,3 | ((431,435,4 | ((469,471,4 
P3 | ,439); 5); 46); 45); 00); 24); 39); 73); 
0.7,0.8,0. | 0.1,0.2,0.3) 0.7,0.8,0.9) | 0.4,0.5,0.6) 0.1,0.2,0.3) | 0.3,0.4,0.5) | 0.7,0.8,0.9) | 0.1,0.2,0.3) 
9) 
((489,492 | ((431,435,43 | ((319,321,3 | ((391,394,3 | ((319,321,3 | ((386,388,4 | ((319,321,3 | ((431,435,4 
P4_ | ,495); 8); 24); 96); 23) 00); 23) 39); 
0.5,0.6,0. | 0.3,0.4.0.5) 0.5,0.6,0.7) | 0.6,0.7,0.8) 0.3,0.4,0.5) | 0.3,0.4,0.5) | 0.3,0.4,0.5) | 0.7,0.8,0.9) 
7) 
Table 3. Uncertain Transportation Cost from the Manufacturing Plant to the Warehouse. 
Plant Warehouses 
W_1 W_2 W_3 W_4 W_5 W_6 
P.1 = | ((296,300,304); (144,148,152); | ((196,199,202); | (196,199,202); | ((121,123,125); | (296,300,304); 
0.5,0.6,0.7) 0.2,0.3,0.4) 0.3,0.4,0.5) 0.3,0.4,0.5) 0.3,0.4.0.5) 0.5,0.6,0.7) 
P_2 | ((389,392,395); ((121,123,125); | (219,221,225); | (241,244,247); | ((269,271,273); | (311,313,317); 
0.2,0.3,0.4) 0.3,0.4.0.5) 0.4,0.5,0.6) 0.6,0.7,0.8) 0.3,0.4,0.5) 0.4,0.5,0.6) 
P.3 | ((541,545,548); (144,148,152); | (196,199,202); | (296,300,304); | ((241,244,247); | (296,300,304); 
0.7,0.8,0.9) 0.2,0.3,0.4) 0.3,0.4,0.5) 0.5,0.6,0.7) 0.6,0.7,0.8) 0.5,0.6,0.7) 
P.4_ | ((639,641,643); ((341,344,347); | (296,300,304); | (121,123,125); | (294,296,298); | ((301,303,307); 
0.6,0.7,0.8) 0.6,0.8,0.9) 0.5,0.6,0.7) 0.3,0.4.0.5) 0.4,0.5,0.6) 0.4,0.5,0.6) 
Table 4. Uncertain Transportation Cost from the Warehouses to the Distributor. 
Ware Distributor 
house D1 D2 D_3 D4 D5 D_6 D_7 D_8 
((146,148,1 ((179,182,1 ((161,163,1 ((169,171,1 ((169,171,1 ((194,196,1 ((181,184,1 ((164,166,16 
Wi 50); 83); 65); 73); 73); 98); 87); 8); 
0.3,0.4,0.5) 0.1,0.2,0.3) 0.5,0.6,0.7) 0.3,0.4,0.5) 0.3,0.4,0.5) 0.1,0.2,0.3) 0.1,0.2,0.3) 0.1,0.2,0.3) 
((109,111,1 ((191,193,1 ((164,166,1 ((166,168,1 ((179,181,1 ((181,184,1 ((179,181,1 ((172,174,17 
W2 13); 95); 68); 70); 84); 87); 84); 6); 
0.2,0.3,0.4) 0.5,0.6,0.7) 0.1,0.2,0.3) 0.3,0.4,0.5) 0.2,0.4,0.5) 0.1,0.2,0.3) 0.2,0.4,0.5) 0.7,0.8,0.9) 
((121,124,1 | ((189,191,1 | ((131,134,1 | ((176,179,1 | ((179,181,1 | ((181,184,1 | ((181,184,1 | ((169,171,17 
W3 28); 94); 37); 83); 84); 87); 87); 3); 
0.5,0.6,0.7) 0.3,0.4,0.5) 0.5,0.6,0.7) 0.1,0.2,0.3) 0.2,0.4,0.5) 0.1,0.2,0.3) 0.1,0.2,0.3) 0.3,0.4,0.5) 
((126,129,1 | ((169,171,1 | ((136,139,1 | ((181,184,1 | ((189,191,1 | ((171,175,1 | ((179,181,1 | ((171,174,17 
Ww4 32); 73); 42); 87); 94); 80); 84); 6); 
0.7,0.8,0.9) 0.3,0.4,0.5) 0.1,0.2,0.3) 0.1,0.2,0.3) 0.3,0.4,0.5) 0.2,0.4,0.5) 0.2,0.4,0.5) 0.7,0.8,0.9) 
((136,139,1 ((169,171,1 ((146,148,1 ((179,181,1 ((191,194,1 ((159,161,1 ((191,194,1 ((169,171,17 
W_5 42); 73); 50); 84); 98); 64); 96); 3); 
0.1,0.2,0.3) 0.2,0.4,0.5) 0.3,0.4,0.5) 0.2,0.4,0.5) 0.7,0.8,0.9) 0.2,0.4,0.5) 0.3,0.4,0.5) 0.3,0.4,0.5) 
((169,171,1 | ((151,153,1 | ((146,148,1 | ((191,193,1 | ((194,196,1 | ((181,184,1 | ((189,191,1 | ((164,166,16 
W 6 73); 55); 50); 94); 98); 87); 94); 8); 
0.3,0.4,0.5) 0.7,0.8,0.9) 0.3,0.4,0.5) 0.3,0.4,0.5) 0.1,0.2,0.3) 0.1,0.2,0.3) 0.3,0.4,0.5) 0.1,0.2,0.3) 
Table 5. Uncertain Delivery Time of Item from the Plant to the Distributor. 
Plant Distributor 
D1 D2 D3 D4 D5 D6 D7 D8 
P1 = | ((46,49,52); | ((64,68,72); | ((51,56,59); | ((59,61,64); | ((36,40,44); | ((46,49,52); | ((71,74,78); | ((74,88,94); 
0.1,0.2,0.3) | 0.1,0.2,0.3) | 0.3,0.4,0.5) | 0.1,0.2,0.3) | 0.5,0.6,0.7) | 0.1,0.2,0.3) | 0.2,0.4,0.5) | 0.4,0.5,0.6) 
P.2 | ((29,33,37); | ((56,58,60); | ((39,41,45); | ((40,44,48); | ((19,21,24); | ((41,46,50); | ((64,76,1,3) | ((91,93,95); 
0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.1,0.2,0.3) | 0.7,0.8,0.9) | 0.4,0.5,0.6) | 0.3,0.4,0.5) | 0.7,0.8,0.9) | 0.1,0.2,0.3) 


Ahteshamul Haq, Srikant Gupta and Aquil Ahmed, A multi-criteria fuzzy neutrosophic decision-making model for solving 
the supply chain network problem 


Neutrosophic Sets and Systems, Vol. 46, 2021 61 
P.3 | ((71,74,78); | ((64,76,1,3) | ((71,74,78); | ((76,80,84); | ((56,60,62); | ((66,70,74); | ((71,74,78); | ((89,93,96); 
0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.3,0.4,0.5) | 0.1,0.2,0.3) | 0.2,0.4,0.5) | 0.3,0.4,0.5) 
P.4 | ((89,93,96); | ((91,93,95); | ((74,78,82); | ((81,83,85); | ((54,58,60); | ((66,74,78); | ((74,88,94); | ((81,83,85); 
0.3,0.4,0.5) | 0.1,0.2,0.3) | 0.7,0.8,0.9) | 0.7,0.8,0.9) | 0.5,0.6,0.7) | 0.5,0.6,0.7) | 0.4,0.5,0.6) | 0.7,0.8,0.9) 
Table 6. Uncertain Delivery Time of Item from the Manufacturing Plant to the Warehouse. 
Warehouses 
Plant W_1 W_2 W_3 W_4 W_5 W_6 
Pl ((26,34,,42); ((14,26,34); ((16,24,32); ((9,16,23); ((26,29,34); ((24,31,38); 
0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.1,0.2,0.3) 0.7,0.8,0.9) 0.2,0.4,0.5) | 0.7,0.8,0.9) 
P2 ((34,46,54); | ((16,24,32); | ((19,31,35); ((26,34,,42); | ((24,31,35); | ((36,39,44); 
0.1,0.2,0.3) 0.1,0.2,0.3) 0.2,0.4,0.5) 0.7,0.8,0.9) 0.1,0.2,0.3) 0.2,0.4,0.5) 
P3 ((51,59,64); | ((54,66,72); | ((51,59,64); | ((54,66,72); | ((56,64,72); | ((66,74,78); 
0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.2,0.4,0.5) 0.7,0.8,0.9) 0.5,0.6,0.7) | 0.5,0.6,0.7) 
P4 ((76,80,84); | ((54,66,72); | ((29,33,37); ((51,59,64); ((64,68,72); | ((71,74,77); 
0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.7,0.8,0.9) 0.2,0.4,0.5) 0.1,0.2,0.3) | 0.2,0.3,0.4) 
Table 7. Uncertain Delivery Time of Item from the Warehouse to the Distributor 
Warehouses Distributor 
D1 D2 D3 D4 D5 D6 D7 D8 
Wi ((16,24,28); | ((14,26,34); | ((21,29,35); | ((26,29,34); | ((21,29,35); | ((19,22,25); | ((36,40,44); | ((29,33,37); 
0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.5,0.6,0.7) | 0.7,0.8,0.9) 
W2 ((19,22,25); | ((16,24,28); | ((19,31,35); | ((21,24,28); | ((26,29,34); | ((26,29,34); | (29,35,38); | ((21,24,28); 
0.7,0.8,0.9) | 0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.1,0.2,0.3) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.1,0.2,0.3) 
W.3 ((21,29,35); | ((14,26,34); | ((21,29,35); | ((29,33,37); | ((31,34,38); | ((34,46,54); | ((41,44,48); | ((34,46,54); 
0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.7,0.8,0.9) | 0.1,0.2,0.3) | 0.3,0.4,0.5) | 0.1,0.2,0.3) 
Ww4 ((14,26,34); | ((24,31,35); | ((19,22,25); | ((24,31,35); | ((24,31,35); | ((26,29,34); | ((19,31,35); | ((21,29,35); 
0.2,0.4,0.5) | 0.1,0.2,0.3) 0.7,0.8,0.9) | 0.1,0.2,0.3) | 0.1,0.2,0.3) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) 
W5 ((16,24,28); | ((19,22,25); | ((16,24,28); | ((16,24,28); | ((34,46,54); | ((34,46,54); | (36,4044); | ((41,44,48); 
0.7,0.8,0.9) | 0.7,0.8,0.9)) | 0.7,0.8,0.9) | 0.7,0.8,0.9) | 0.1,0.2,0.3) | 0.1,0.2,0.3) | 0.5,0.6,0.7) | 0.3,0.4,0.5) 
W6 ((16,24,28); | ((19,31,35); | ((14,26,34); | ((14,26,34); | ((29,33,37); | ((31,34,36); | ((41,44,48); | ((64,68,72); 
0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.2,0.4,0.5) | 0.7,0.8,0.9) | 0.2,0.4,0.5) | 0.3,0.4,0.5) | 0.1,0.2,0.3) 
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Table 8. Right hand side parameters 


Fuzzy demand | Fuzzy supply | Fixed capacity of plant | Fixed capacity of warehouse 
((180,190,200); | ((90,95,100); 470 150 
0.7,0.8,0.9) 0.2,0.4,0.5) 
((480,490,500); | ((50,55,60); 300 180 
0.1,0.2,0.3) 0.3,0.4,0.5) 
((200,210,220); | ((85,90,95); 330 160 
0.2,0.4,0.5) 0.1,0.2,0.3) 
((205,215,225); | ((65,70,75); 320 200 
0.3,0.4,0.5) 0.4,0.5,0.6) 
((290,300,310); | ((60,65,70); 180 
0.4,0.5,0.6) 0.7,0.8,0.9) 

(105,110,115); 220 

0.4,0.5,0.6) 

(110,115,120); 

0.5,0.6,0.7) 

((80,85,90); 

0.3,0.4,0.5) 
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By using all the information given in the table from 1 to 8, the multi-objective SC problem has 
been formulated. With the presence of uncertainty, the model cannot be solved directly; therefore, 
the crisp model has been obtained by using the equation (12). Before solving the formulated 
non-linear multi-objective SC model, the feasibility of the formulated is determined by using the 
LINGO software (LINGO software is a comprehensive tool designed to make building and solving 
Linear and Nonlinear (convex and non-convex) programming problem) by determining the lower 
and upper bound of both the objective functions. LINGO software includes identification of the 
infeasibility and unboundness of the formulated linear and non-linear model. The Solver Status box 
of LINGO software details the model classification (linear, non-linear or other), state of the current 
solution (whether local or global optimum, feasible or infeasible, etc.), the value of the objective 
function, the infeasibility of the model (amount constraints are violated by), and the number of 
iterations required to solve the model. 

After checking the feasibility of the model construct, the next task is to solve the formulated 
multi-objective SC model by using the neutrosophic compromise programming. Neutrosophic 
compromise programming has the key advantage over the other techniques because it helps the 
decision-makers to consider three categories of membership functions (truth degree, falsity degree 
or degree of indeterminacy) and while other techniques employed for solving a multi-objective 
model only takes one membership function dependent on both upper and lower limits of the 
objective functions. For solving the formulated problem, decision-maker first solve the multiple 
objective optimization problem by considering a single objective at a time and ignoring the others 
objectives with the given set of constraints. The solution thus obtained is consider as the idle solution 
for each of the objective functions and helps in the determination of aspiration level to each of the 
objective functions. The bounds for the two objective functions are determined as: 

The truth membership functions for the first and second objective functions are constructed as 
follows. 


fl if F(x) <278631.5 
394228.8— F(x) 
TUF (x)) = if F(x) € [278631.5,394228.8 
My (FCO) =) 507598 8 2786315 el 
0 if F,(x) > 394228.8 
1 if F,(x) <25273.76 
28307.68 — F,(x) 
T (F,(x)) = 2 if F,(x) €[25273.76,28307.68 
Ho FO) =) 397 68 25273.76 2(Hel 


0 if F,(x) > 28307.68 
The Indeterminacy membership functions for the first and second objective functions are 
constructed as follows. 
1 if F\(x) < 278631.5 
382669.07 — F,(x) 


1(F (x)) = if F(x) €[278631.5,382669.07 
01 FiO) = 9 395660.07 ~ 2786315 Mel | 
0 if F,(x) > 382669.07 
1 if F(x) <25273.76 
of (F,(a)) = {80h 288 = Fo) _ it (x) © [25273.76,28004.288] 


28004.288 — 25273.76 
0 if F(x) > 28004.288 


The falsity membership functions for the first and second objective functions are constructed as 
follows. 


Ahteshamul Haq, Srikant Gupta and Aquil Ahmed, A multi-criteria fuzzy neutrosophic decision-making model for solving 
the supply chain network problem 


Neutrosophic Sets and Systems, Vol. 46, 2021 63 


0 if F,(x) <290191.23 
oF (F(x) = 4 1) = 29019123 if F(x) €[290191.23,394228.8] 

394228.8—290191.23 

1 if F,(x) > 394228.8 

0 if F,(x) < 25577.152 
Sega) oe if F,(x) €[25577.152,28307.68] 


28307.68 - 25577.152 
1 if F(x) > 28307.68 


After combining all the membership function together, the compromise solution for the 
multi-objective SC neutrosophic model is obtained as: 


F, =304305.60, F, = 25742.69, u/ =0.7779007,0; =0.7532231,v,;, =0.1356658, 

Ls = 0.8454378, 03 =0.8282642,v) =0.06062465,W,, =135,W,, = 47,W,, = 275, 

W,, =9,W5, =198, X,, =135, X,. =177,X,, =56,Y,, =93,Y,, =31LY,, = 63, 

Y,, =109,Z,, =54,Z,, =88,Z,, =35,Z,, =110,Z4, =81 

After using the neutrosophic compromise programming, the total minimum transportation cost 

incurred from various multiple sources to different distributors through multiple plants and 
warehouses is 304305:60; furthermore, the minimum delivery time taken from various multiple 
sources to different distributors through multiple plants and warehouses is 25742:69. The final 
finished goods quantity to be shipped from various multiple plants to various warehouses is 368 
units; the quantity to be shipped from various multiple plants to various distributors is 296 units; the 


quantity to be shipped from various multiple warehouses to various distributors is 368 units. We 
have also compared the proposed work of neutrosophic compromise programming with other 
well-known techniques used to solve the multi-objective model. The used approach of neutrosophic 
compromise programming is based on three different types of membership functions, i.e., the degree 
of truth and indeterminacy and the extent of falsity membership that provides more flexibility in 
decision making process. To show the efficacy of the proposed work, the formulated model has been 
solved by using three different approaches namely, simple additive approach, simple weighted 
additive approach, and pre-emptive goal programming approach. The obtained result has been 
presented in below Fig. 2, shows the supremacy of the proposed work over other methods. 


Simple Weighted Pre- Model 2 
additive additive empty GP 

| approach approach approach 
@ Transportation Cost} 322788.3 368301.5 332788.3 304305.6 


@ Delivery Time 27479.3 38185.27 | 27479.04 | 25742.69 


Fig. 2 Result Comparison 
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After obtaining the deterministic form of each of neutrosophical triangular fuzzy number by 
using the equation number (12), and also after constructing the membership function of each of the 
objective functions (using lower and upper bound), different approaches namely, simple additive 
approach, simple weighted additive approach, and pre-emptive goal programming approach has 
been used over model (2a) for getting the compromise solution. Simple additive approach (Tiwari et 
al., [34]) is a method used to solve the problem of multi-attribute decision making. The basic concept 
simple additive approach is to find the sum of each alternative’s performance rating on all attributes; 
simple weighted additive approach (Chou et al.[35] ) is the method used in solving the problem of 
multi-attribute decision making The basic concept weighted additive approach is to find the sum of 
the weighted performance rating for each alternative on all attributes; and pre-emptive goal 
programming approach (Biswas and Pal [36] ) is a hierarchy of priority levels for the goals, so the 
primary importance is to receive first-priority attention, secondary importance receives 
second-priority attention, and so forth (if there are more than two priority levels. The results 
indicated that, these approaches failed to optimize the objective function completely, but through 
neutrosophical compromise programming approach we are able to optimize the each objective 
functions efficiently that is very important for supply chain. 


Conclusion 


There are numerous causes of uncertainty, which can arise from the demand side, production 
side, manufacturing cycle, and scheduling and distribution processes, constantly endanger the 
quality and efficacy of the SC. Uncertainty can result in shortages with bottlenecks, and can also 
impact the SC’s overall efficiency. Therefore, it is important to find the means of managing it. The 
well-known methods such as probability, fuzzy set, and multi-choices theory are not sufficient in 
certain real-world circumstances to cope with such conditions in which indeterminacy is involved. 
The main aim of this paper is to implement the novel neutrosophical compromise programming 
approach, that together optimizes the degrees of truth, indeterminacy and falsity of objectivity 
functions. The efficiency of the proposed work is also studied where the suggested approach 
produces improved results in compare to simple additive approach, simple weighted additive 
approach and a pre-emptive goal programming approach. This result demonstrates the efficiency or 
dominance on current strategies that the neutrosophic technique’s is quite adequate, explanatory, 
and a good representative of real-life situations. Therefore, it is expected that the approach 
developed would open up new opportunities in the field of multi-criteria problems and can be 
applied in other realistic field problems, such as scheduling problems, transportation problems, 
project management, capital utilization planning, traveling salesman problems, etc. 
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1. Introduction 

In 1980, Smarandache presented neutrosophy, a part of philosophy. Neutrosophy, which is 
neutrosophic logic, probability depend on the set in [1]. Neutrosophic logic is the logic of some 
general concepts such as fuzzy logic presented by Zadeh in [2] and Provided by Atanassov intuitive 
fuzzy logic in [3].Fuzzy sets membership function but has an intuitive fuzzy set membership 
function and non-function and does not define membership indeterminancy. But; neutrosophic set 
includes all the functions. Many researchers have studied the concept neutrosophic theory and its 
application to issue multiple-criteria decision analysis.in [4-11]. Sahin M., and Kargin A., 
investigated NT metric space and NT normed space in [12]. Lately, Olgun at al. introduced the 
neutrosophic module in [13]; Sahin at al. presented Neutrosophic soft lattices in [14]; soft normed 
rings in [15]; centroid single valued neutrosophic triangular number and its applications in [16]; 
centroid single valued neutrosophic number and its applications in [17]. Ji at al. searched multi — 
valued neutrosophic environments and its applications in [18]. Also, Smarandache at al. searched 
NT theory in [19] and NT groups in [20, 21]. A NT has a form <m, neut(m), anti(m)> where; neut(m) 
is neutral of “m” and anti(m) is opposite of “m”. Moreover, neut(m) is different from the classical 
unitary element and NT group is different from the classical group as well. Lately, Smarandache at 
al. investigated the NT field [22] and the NT ring [23]. Sahin at al. presented NT metric space, NT 
vector space and NT normed space in [24] and NT inner product in [25]. Smarandache at al. searched 
NT G- Module in [26]. Bal at al. searched NT cosets and quotient groups in [27]. Sahin at al. 


presented fixed point theorem for NT partial metric space and Neutrosophic triplet v — generalized 
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metric space in [28-29]. Celik at al. searched fundamental homomorphism theorems for NETGs in 
[30] and Celik at al. Searched neutrosophic triplet R-module in [31] 

The concept of an R —- module over a ring is a general term of the notion of vector space. The basic 
structure of Abelian rings, can be more common. Because modular theory is more complicated than 
the structure of a vector space. Lately, Ai at al. defined the irreducible modules and fusion rules for 
parafermion vertex operator algebras in [32] and Creutzig at al. introduced Braided tensor categories 
of admissible modules for affine lie algebras in [33]. 

In this study, we examine the concept of NT R-Modules. So we obtain a new algebraic structures on 
NT groups and NT ring. In section 2, we give basic definitions of NT sets, NT groups, NT ring, NT 
vector space, Neutro-Monomorphism, Neutro-Epimorphism, and Neutro-Isomorphism . In section 
3, we define the quotient NT quotient Module and prove the fundamental theorem of 
neutro-homomorphism. Also, we present and prove the first neutro-isomorphism theorem for 
neutrosopfic triplet Modules, the second neutro-isomorphism theorem for neutrosopfic triplet 
Modules, the third neutro-Isomorphism theorem for neutrosopfic triplet Modules and a few special 


cases. Also, we explain the NT quotient R-module. Finally, in Chapter 4, we give some results. 


2. Preliminaries 


In this section, we present the basic definitions that are important for the development of the paper. 


Definition 2.1: [21] Let N be a set together with a binary operation V. Then, N is called a NT set if 
for any k € N there exists a neutral of “k” called meut(k) that is different from the classical 
algebraic unitary element and an opposite of “k” called anti(k) with neut(k) and anti(k) 


belonging to N, such that 


kV neut(k) = neut(k)Vk = k, 
and 


kV anti(k) = anti(k) Vk = neut(k). 


Definition 2.2: [21] Let (V,V) be a NT set. Then, N is called a NT group if the following 
conditions hold. 


(1) If (N,V) is well-defined, i.e., for any k,l € N,onehaskVI € N. 


(2) If (N,V) is associative, ie. (kV DV¥m = kV (LV m) forall k,l,m € N. 
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Definition 2.3: [24] Let (WTF, V1, ™ 4) beaNT field, and let (NTV,Vz, @2) be aNT set together 
with binary operations “V2” and “M2”. Then (NTV,V5,™@2) is called a NT vector space if the 
following conditions hold. For all p,r © NTV, and for all t € NTF, such that 
pV2r € NTV and pmzt € NTV [24]; 


(1) (PVar) Vas = pV, (rVzs); p,r,s € NTV; 


(2) p¥Var = rVzp; p,r € NTV; 


(3) (rVap) mot = (rmzt) Vo(pmzt); t © NTF andp,r € NTV; 


(4) (tV,c) Sap = (tmp) V,(cmzp); t,c € NTF andp € NTV; 


(5) (tm,c) @zp = tm,(cmzp); t,c € NTFandp € NTV; 


(6) There exists any t € NTF 3 pm zneut(t) = neut(t) #2p = p; p © NTV. 


Definition 2.4: [26] Let (G@,V) be a NT group, (NTV,V,, ™1) bea NT vector space ona NT field 
(NTF,V2,@2),and gVleNTV for geG, le NTV. If the following conditions are satisfied, 
then (NTV,V;,™@ 1) is called NT G-module. 


a) There exists g € G 3 k*neut(g) = neut(g)*k = k,foreveryk € NTV; 


c) (7,848 {Vy % By ys,)Vezg = xm, (AVe)V yu, (lVz),Vx,yeENTF; h,le NTV; geG. 


Definition 2.5: [23] The NT ring is a set endowed with two binary laws (M,*,#) such that, 


a) (M,*) is a abelian NT group; which means that: 
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e (M,*) is a commutative NT with respect to the law * (i.e. if x belongs to M, then meut(2x) 
and anti(x), defined with respect to the law *, also belong to M) 


e The law * is well — defined, associative, and commutative on M (as in the classical sense); 


b) (M,*) isa set such that the law # on M is well-defined and associative (as in the classical sense); 


c) The law # is distributive with respect to the law * (as in the classical sense) 


Definition 2.6: Let (NTR,V, ™@) be a commutative NT ring and let (NTM, *) be a NT abelian 
group and ° bea binary operation such that °: NTR x NTM— NTM. Then (NIM, #, ”) is called a 


NT R-Module on (NTR,V,@) if the following conditions are satisfied. Where, 


1) p °(r*s) =( p °r)® (p °s), Vr,s € NTM and p € NTR. 


2) (pVk)°r = (p¥r)°(kVr), Vp, KE NTR and VreNTM 


3) (pi k)°r=pm(k°r), Vr,seNTR and YmeNTM 


4) For all m € NTM; there exists at least a c € NTR such that m°neut(c)= neut(c)°m = m. Where, 


neut(c) is neutral element of c for M. 


Definition 2.7: Let (NTM, *, °) be a NT R-Module on NT ring (NTR,V,m™) and NTSM © NTM. 
Then (NTSM, #*, °) is called NT R - submodule of (NTM, *, °), if (NTSM, *, °) isa NT R- module 


on NT ring (NTR,V,@). 


Definition 2.7: (NTM1,, 1) be a NT R-module on NT ring (NTR,V,™) and (NTM2, #2, °2) be a NT 


R-module on NT ring (NTR,V,™). A mapping f: NTM: — NTM:2 is said to be NT R-module 


homomorphism when 
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f((r°1m) *1 (s°in)) = (r°2f(m)) *2 (s°2f(n)), for all r, s€ NTRand m,né¢ NTMi. 


Definition 2.8: Assume that (N1, +) and (N2,°) be two NETG’s. If a mapping f: Ni  N2of NETG is only 


one to one (injective) fis called neutro-monomorphism. 


Definition 2.9: Let (Ni, *) and (N2,°) be two NETG’s. If a mapping f: Ni > Nzis only onto (surjective) f 


is called neutro-epimorphism. 


Definition 2.9: Let (Nz, +) and (N2,°) be two NETGs. If a mapping f: N1  Nzneutro-homomorphism is 
one to one and onto f is called neutro-isomorphism. Here, Ni and N2 are called neutro-isomorphic 


and denoted as Ni = N2. 


3. Quotient NTM and Neutro-Isomorphism 


In this chapter, We prove neutro-isomorphism theorems. we define the quotient NTM and prove 
the fundamental theorem of neutro-homomorphism. We also prove the first neutro-isomorphism 
theorem for neutrosopfic triplet Modules, the second neutro-isomorphism theorem for neutrosopfic 
triplet Modules, the third neutro-Isomorphism theorem for neutrosopfic triplet Modules and a few 
special cases. 
Definition 3.1: Let NIM, NTM' be neutrosopfic triplet left modules over the neutrosopfic triplet ring 
R. A map 0: NTM — NTM' is called a neutrosopfic triplet left R-module homomorphism if : 
1. 0 is aneutrosopfic triplet group neutro-homomorphism, that is if, for every m, n € NTM we have 0 
(m +n) =0 (m) + 0 (n); 
2. For every r € R and for every m € M we have 0 (r- m) =r: 0 (m) 
If 0: NIM > NTM'is a neutrosopfic triplet R-module neutro-homomorphism we say that: 
i) 0 is aneutro-monomorphism if the map 0 is injective ; 
ii) 0 is aneutro-epimorphism if the map 0 is surjective ; 
iii)d is an isomorphism if the map 0 is bijective. 
We will say that NTM and NTM' are neutro-isomorphic and we will write NTM = NTM’ if there 
exists a neutro-isomorphism 0 : NTM —> NTM". Observe that, in this case, the inverse map of 0, 07: 
NTM’ — NIM is also a module isomorphism. 
Example 3.2. Let R be a neutrosopfic triplet ring. Given an element a € R the map 

0a: RR 

r— rra 

is a left NIM neutro-homomorphism from rR into rR. Observe that, if 


a # neut(a), then 0a is not a NTR neutro-homomorphism. 


Theorem 3.3. Let R be a NTR, let M be a NTM and let H be a neutrosophic triplet R -Submodule. We 
define a left NTM structure on the neutrosophic triplet abelian group M / H by neutrosophic triplet 
setting, for every f € R and for every m EM, Ff -(m + H) = (Fr -m) + H. Moreover, with respect to this 
structure, the canonical projection 0 H : M — M/ H becomes a surjective neutrosophic triplet R 


-module homomorphism. 
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Proof. We have first to show that (1) is well defined, that is, given any f ER, m,m’ EM such that m+ 
H=fn-+ H (ie. m-n €H), we have that (fF: m)+ H=r-nt+H (ie. r-m-—r-n EH). But m—n EH implies 
thatr:m-r-n=r-(m-n) €Has Hisasubmodule of M. Let now k,] ER, m, n ER. We have: 
k-[(m+H)+(nt+ HJ =k -[(m+n)t+H]=(k-(m+n))+H=a(k- mt+k- nt+H= (k-m+H)+(k-nt+H= 
k-(m+H)+k-(n+H); 

(k+D(m+H)=((k+)): m)+H=(k-m+]-m)+H=(k-m+H)+(1-m+H)=k-(m+H)+1-(m+H); (k 
‘DOm+A)=(k-e) m+ H=(k (1: m))+ H=k-(1-m+ H)=k-(1-(m + H)); neut(k, Dr-(m + H) = (neut(k, 
Dr-m)+H=m+H. 

Finally: 0 H (k:m)=k:-m+H=k-(m+H)=k-dH (m). 


Definition 3.4. Let NTM be a neutrosophic triplet left module over a neutrosophic triplet ring R 
and let H be a neutrosophic triplet submodule of M. The neutrosophic triplet left R -module having 
the neutrosophic triplet quotient group M /H for its underlying neutrosophic triplet abelian group is 
called the neutrosophic triplet quotient module ( or a neutrosophic triplet factor module) of NTM 
modulo NTSM and is denoted by NTM/NTSM. 


Theorem 3.5. Let R be a neutrosophic triplet ring and let 6 : NTM — NTM' be a neutrosophic triplet 
left R-module neutro-homomorphism. If S is a NTSM of NTM contained in Ker(6), then there exists a 


NTM neutro-homomorphism 5: NTM/NTSM — NTM' such that the diagram commutes 


ie. 5= 6°05. 
Moreover: 


1. & is unique with respect to this property; 
2. Im(d) = Im( &) and Ker( &) = Ker(5)/S; 


3. & is injective = S = Ker(d). 
Proof. In view of the Fundamental Theorem for the a neutrosophic triplet quotient group there exists 
a a neutrosophic triplet group neutro-homomorphism 8: NTM/NTSM > NTM’ such that 5 = &° 


OS. 


Moreover: 1) such a neutrosophic triplet group neutro homomorphism is unique; 


2) Im(5) = Im( 8), Ker( &) = Ker(5)/S; 


3) Sis injective = S = Ker(6). 

Hence we only have to prove that, for every m € NTM andr ER: 
5 (r(m+))=r & (m+ S$). 

It is now an easy calculation to arrive at: 
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& (r-(m+S)) = & (r-m+S) = & (0S (r-m)) = 6 (rm) =r 6 (x) = r-& (0S (m)) = r-(m+S). 


Corollary 3.6. (First neutro-Isomorphism Theorem for NTM). 
Let R be a NTR and 6 : NTM — NTM’ be a NTLM neutro-homomorphism. Then the assignment 
m + Ker(5) — 6 (m) 


defines an neutro-isomorphism of neutrosophic triplet left R-modules 


& : NTM/Ker(5) = Im(6) 


In particular, if 5 is surjective, then & isanneutro isomorphism and 


NTM/Ker(5) = NTM’. 


Theorem 3.7. (Second neutro-Isomorphism Theorem for NTM) 
Let H and B be NTSM of a NTM over a NTR. Then H nB and H +B are neutrosophic triplet 
submodules of NTM and the assignment m + (H n B) — m+ B defines an neutrosophic triplet 
R-module neutro-isomorphism from H /( Hn B) into H+ B/B. Therefore: 

A/( HOB) =H+B/B 
Proof. We know that Hn Bisa NTSM of NTM. Letr € R,s € HnB. Then rs € H and rs € B, as Hand B 
are neutrosophic triplet submodules of NTM. Therefore rs € Hn B. We know that H + B is a 
neutrosophic triplet subgroup of NTM. Let r € R, s € H+ B. Then there exist m € H and n € B such 
that s= m+n. Obviously rm € H and m € B, and hence rs=rm+rn€ H+ B. In view of the Second 
neutro-Isomorphism Theorem for neutrosophic triplet groups, the assignment m + (Hn B) > m+B 
defines a neutrosophic triplet group neutro-isomorphism 6: H /(HnB)—> H+B/B.Letre R, me H, 
then we calculate: 
6 (r(m + (A NB)) =5 (rm + (HN B)) =rm + B=r(m+ B)=rd (m+ (A NB)). Therefore 5 is a neutrosophic 


triplet left R-module neutro-isomorphism. 


Theorem 3.8. Let R be a NTR, 6 : NIM — NTM’ be a neutrosophic triplet left R-module 
neutro-homomorphism. For every neutrosophic triplet submodule S of M containing Ker(d) the 


assignment 
m+S— 6(m) + 6 (S) defines a neutro-isomorphism & S:M/S = Im(65)/5(S) . Therefore 


M/S = Im(6)/0(S). 


Proof. We know that the assignment m + S — 6 (m) + 6(S) defines a neutrosophic triplet group 
neutro-isomorphism 7 = by : M/S > Im(5)/S. 


Letr ER, m ES. We have: 
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Tt (r(m + S)) =m (rm+ S)=6 (rm) + 6 (S) = (7 6 (m)) + 6 (S) = 1r(6 (m) + 6(S)) =r 72 (m+ S) Therefore 7 is a 


neutrosophic triplet left R-module neutro-isomorphism. 


Corollary 3.9. (Third neutro-Isomorphism Theorem for NTM) 
Let H and B be neutrosophic triplet submodules of a NIM over a NTR and assume that HE 
B. 
Then the assignment m+ B — (m + H)+H/ B. Defines a neutrosophic triplet left R-module 
neutro-isomorphism from M/H into M/H/ B /H. Therefore 

M/B = M/H/ B/H. 
Proof. Apply Theorem 3.8 to du : M — M/H, recalling that dx (B) = B/ H. 


4. Conclusions 

This article mainly focused on fundamental homomorphism theorems for neutrosophic R-modules. 
We gave and proved the fundamental theorem of neutro-homomorphism, as well as first,second and 
third neutro-isomorphism theorems explained for NTM. Furthermore, we _ define 
neutro-monomorphism, neutro-epimorphism. By applying them to neutrosophic algebraic 
structures. We looked at it as closely related as different systems. Using the concept of the 
fundamental theorem of neutro-Homomorphism and neutro-isomorphism theorems, the 


relationship between neutrosophic algebraic structures was studied. 


Abbreviations 


NT: Neutrosophic triplet 

NTS:Neutrosophic triplet set 

NETG: Neutrosophic extended triplet group 
NTM: Neutrosophic triplet R-module 


NTSM: Neutrosophic triplet R-submodule 
NTLM: Neutrosophic triplet left R-module 
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Abstract: The concept of Neutrosophic Pythagorean set [NPS] with dependent Neutrosophic 
Pythagorean components was introduced and discussed the relationship between dependent 
neutrosophic and neutrosophic pythagorean components. The correlation coefficient is a statistical 
measure which contributes in deciding the degree to which changes in one variable predict changes 
in another. In this article, we analyze the characteristics of neutrosophic pythagorean sets with 
improved correlation coefficients. We've also used the same approach in multiple attribute decision- 
making methodologies including one with a neutrosophic pythagorean environment. Finally, we 
implemented for above technique to the problem of multiple attribute group decision making. 


Keywords: neutrosophic pythagorean sets, neutrosophic Sets, Improved correlation coefficient. 


1. Introduction 


Fuzzy sets were introduced by Zadeh [20] in 1965 that permits the 
membership perform valued within the interval [0,1] and set theory it's an extension of 
classical pure mathematics. Fuzzy set helps to deal the thought of 
uncertainty, unclearness and impreciseness that isn't attainable within the cantorian set. 
As Associate in Nursing extension of Zadeh’s fuzzy set theory intuitionistic fuzzy set(IFS) was 
introduced by Atanassov [1] in 1986, that consists of degree of membership and degree of non 
membership and lies within the interval of [0,1]. IFS theory wide utilized in the areas of logic 
programming, decision making issues, medical diagnosis etc. 

Florentine Smarandache [12] introduced the idea of Neutrosophic set in 1995 that provides 
the information of neutral thought by introducing the new issue referred to as uncertainty within 
the set. thus neutrosophic set was framed and it includes the parts of truth membership 
function(T), indeterminacy membership function(I), and falsity membership function(F) severally. 
Neutrosophic sets deals with non normal interval of ]—0 1+[. Since neutrosophic set deals 
the indeterminateness effectively it plays an very important role in several applications 


R. Radha, A. Stanis Arul Mary, R. Prema and Said Broumi, Neutrosophic Pythagorean Sets with Dependent Neutrosophic 
Pythagorean Components and its Improved Correlation Coefficients 


Neutrosophic Sets and Systems, Vol. 46, 2021 78 


areas embrace info technology, decision web, electronic database systems, diagnosis, 
multicriteria higher cognitive process issues etc., 

To method the unfinished data or imperfect data to unclearness a brand new mathematical 
approach i.e., To deal the important world issues, Wang [13](2010) introduced the idea of single 
valued neutrosophic sets(SVNS) that is additionally referred to as an extension of intuitionistic 
fuzzy sets and it became a really new hot analysis topic currently. The concept of neutrosophic 
pythagorean sets with dependent neutrosophic components was introduced by R. Jhansi and K. 
Mohana[6]. 


Further, R. Radha and A. Stanis Arul Mary[7] outlineda brand newhybrid model of 
Pentapartitioned Neutrosophic Pythagorean sets (PNPS) and Quadripartioned neutrosophic 
pythagorean sets in 2021.Correlation coefficient may be a effective mathematical tool to live the 
strength of the link between 2 variables. such a lot of researchers pay the attention to the idea of 
varied correlation coefficients of the various sets like fuzzy set, IFS, SVNS, QSVNS. In 1999 D.A 
Chiang and N.P. Lin [3] projected the correlation of fuzzy sets underneath fuzzy setting. Later D.H. 
Hong [4] (2006) outlined fuzzy measures for a coefficient of correlation of fuzzy numbers below Tw 
(the weakest t-norm) based mostly fuzzy arithmetic operations. 


Correlation coefficients playsa very important role in several universe issues like multiple 
attribute cluster higher cognitive process, cluster analysis, pattern 
recognition, diagnosis etc., therefore several authors targeted the idea of shaping correlation 
coefficients to resolve the important world issues in significantly multicriteria decision 
making strategies. Jun Ye [19] outlined the improved correlation coefficients of single valued 
neutrosophic sets and interval neutrosophic sets for multiple attribute higher cognitive process to 
beat the drawbacks of the correlation coefficients of single valued neutrosophic sets 
(SVNSs) that is outlined in [17]. 


In this paper, we have applying improved correlation coefficient on Neutrosophic Pythagorean sets 
and studied with an example. In the third section, the idea of Neutrosophic Pythagorean set was 
initiated and in fourth section, the improved correlation coefficient was applied to neutrosophic 
pythagorean sets. Finally, the decision making under improved correlation was illustrated by an 
example in the last section 


2 Preliminaries 


2.1 Definition [12] 
Let X be a universe. A Neutrosophic set A on X can be defined as follows: 
A= {< x,T,(x), I,(x), Fa(x) >: x € X} 
Where T, ,1,,F4:U > [0,1] and 0 < T,(x) + 14(x) + Fy (x) <3 
Here, T, (x) is the degree of membership, [,(x) is the degree of inderminancy and F,(x) is the degree 
of non-membership. 
He re, T,(x) and F,(x) are dependent neutrosophic components and I,(x) is an independent 
component. 
2.2 Definition [6] 
Let X be a universe. A Pythagorean Neutrosophic set A with T and F are dependent neutrosophic 
components and I as independent component for A = {< x, Ty, l,, fF, >:x € X} on Xis an object of the 


form 
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(a day + Gay Se 2 
Here, T,(x) is the truth membership, I,(x) is indeterminancy membership and F,(x) is the false 


membership . 
2.3 Definition [6] 


The complement of a Pythagorean Neutrosophic set A = {< x,T4, U4, F, >:r € R} with dependent 
Neutrosophic components is 
AS = {< x,F4,U4,T, >:7 € R}. 


2.4 Definition [6] 

Let A= {< x,T,U,4,F, >:r € R} and B= {<x,Tg,Ug,Fg >:r €R} are two Pythagorean 
Neutrosophic sets with dependent Neutrosophic components on the universe R. Then the union and 
intersection of two sets can be defined by 

AUB ={max (Ty, Tp), max (Uy, Ug),min (Fy, Fp)}, 

ANB = {min (Ty, Tg), min (Uy, Ug),max (Fy, Fz)}- 


3.Neutrosophic Pythagorean Set with Dependent Neutrosophic Pythagorean Components 


3.1 Definition 
Let R be a universe. A Neutrosophic pythagorean set A with T and F as dependent Neutrosophic 
Pythagorean components and U as independent component for A on R is an object of the form 
A= {<x,T,,U,,F, >:1r € R} 
Where (T,)? + (F,)*? <1 and 


(Ta) + (Ua)? + (Fa)? $2 
Here, T,(x) is the truth membership, U,(x) is indeterminancy membership and F,(x) is the false 
membership . 


Remark: When T and F as dependent Neutrosophic Components, then T+ F < 1. 


3.2 Definition 


The complement of a Neutrosophic Pythagorean set A = {< x,T,,U,,F, >:r € R} with 
dependent Neutrosophic Pythagorean components is 
AC = (<x,F,,1—U,4,T, >ir € R}. 


3.3 Definition 

Let A= {<x,T,,U,,F, >:r € R}and B= {<x,Tg,Ug,Fg >:r €R} are two  Neutrosophic 
Pythagorean sets with dependent Neutrosophic Pythagorean components on the universe R. Then 
the union and intersection of two sets can be defined by 

AUB = {max (T,,T,), min (U,, Ug),min (Fy, Fg)}, 

ANB = {min (Ty, Tg), max (U,, Ug),max (Fy, Fz)}. 
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3.4 Example 
Let R = {a, b} and A ={ (a, 0.4,0.3),(b,0.5,0.2)}. 
Then t = {0,1, A} is a topology on R. Then A is a Neutrosophic Pythagorean set. 


3.5 Example 

Let R = {a, b} and A ={ (a, 0.7,0.7),(b,0.7,0.7)}. 

Then t = {0,1, A} is a topology on R. Since T, + F, > 1,then A is a Neutrosophic Pythagorean set 
with dependent neutrosophic pythagorean components but not dependent neutrosophic 
components. 

But (T,)* + (Uy)? + (Fy)? S 2. Hence A is a Pythagorean Neutrosophic set. 

3.6 Example 

Let R = {a, b} and A ={ (a, 0.8,0.7),(b,0.7,0.7)}. 

Then t = {0,1, A} is a topology on R. Since T, + Fy > 1,(T,4)? + (F,)* > Lthen A is nota 
Neutrosophic Pythagorean set with dependent neutrosophic pythagorean components and 
dependent neutrosophic components. 


But (T,)* + (Uy)? + (Fy)? S 2. Hence A is a Pythagorean Neutrosophic set. 


4. Improved Correlation Coefficients 


Based on the concept of correlation coefficient of NPS s ,we have defined the improved correlation 
coefficients of NPS s in the following section. 


4.1 Definition 

Let P and Q be any two NPs s in the universe of discourse R = { r1, r2, r3,..., rn}, then the improved 
correlation coefficient between P and Q is defined as follows 

K (P, Q)= 5, Wea Lae(l — AT) + te(l— AUg) +41 - AFe) | 


(1) 
Where 
_ 2-ATR-ATmax 
ay = , 
2- ATmin—ATmax 
— 2-AUx- AUmax 
Ve >= — AUmin—-A , 
2— AUmin-AUmax 
_ 2-AFR- AF max 
HES Saas AOA 


2- AFmin—AFmax ” 

AT x = |Tp (%) — TQ(T) | 
AUx = |Up(%,) — YQ) |, 
AF x = |Fp(T) — Fa(t) | 


AT min = Ming | TE (%) — Th(Te) |, 
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AU nin = Ming |U (7%) — UG(Te) | 


AF min = Ming |F5(%;) — FG(Te) | 


ATmax = max, |Tp (Tx) ~ T6 (x) l, 
AU max = max, |Up (Tx) _ U6 (Tx) |, 


AF max = max, |F5("%) = F6("%) |, 


For any rk € Rand k= 1, 2,3.....n. 


4.2 Theorem 
For any two NPS s P and Q in the universe of discourse R = { 11, 12, 13,..., rn}, the improved correlation 
coefficient K(P, Q) satisfies the following properties. 
1) K(P,Q)=K(Q, P); 
2) 0<K(P,Q) <1; 
3) K(P, Q)=1iff P=Q. 
Proof 
(1) Itis obvious and straightforward. 
(2) Here, OS a, <1, 05 xy <S1,05 m<l1,0 <1-AX <1, 
0 <1—-AU, <1,0 <1—AF, <1, Therefore the following inequation satisfies 
0 <a, (1—AT,) + +y¥,(1 — AU,) +u,(1 — AF.) <3. Hence we have 0< K(P,Q) <1 
(3) IfK (P, Q)=1, then we get a, (1 — AT,) + y,(1 — AU;,) + uw, (1 — AF,) = 3. 


Since 0 < a, (1 — AT,) < 1,05 y,(1 — AU,) < landO< pu, (1 — AF,) < 1, there are 


ay (1 — AT,) =1, ¥,(1 — AU,) = land p, (1 — AF,) = 1. And also sinceO <a, <1, OS yx, <1 
and0< w, < 1,0 <1—-AT < 1,0 <1-— AU, $1,0 $1 - AF < 1. Wegeta, == y, = 
uy, = 1and1—AT, = 1 —AU, = 1 —AF, = 1. This implies, AT, = ATmin = ATmax = 0, AU, = 
AU min = AU may = 0, AF, = AFmin = AFmax = 0- Hence Tp(t,) = Tot), Ue) = Up(r) and 
Fe(r,) = Fo(r,) for any , € R and k = 1,2,3....n.Hence P=Q. 


Conversely, assume that P = Q, this implies Tp(%) = Tg(%), Up (Tx) = Uo (1%) and Fp(r%) = Fo(%) 
for any 7%, € R and k=1,2,3....n. Thus AT, = ATmin = ATmax = 9, AUR = AUmin = AUmax = 0, AFp = 
AF min = AFmax = 0. Hence we get K (P, Q) = 1. 


The improved correlation coefficient formula which is defined is correct and also satisfies these 
properties in the above theorem . When we use any constant € > 3 in the following expressions 


e— ATK- ATmax 


ay, = OO 
‘3 £- AT min-ATmax ” 


e— AUx- AUmax 


£-AUmin—AUmax ” 


Ve = 


sie Ay 


aoe E— AF min — AFnax 
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4.3 Example 

Let A = { r, 0,0,0,0} and B = { r, 0.4,0.2,0.5} be any two NPS s in R. Therefore by equation (1) we get 
K(A, B) =0.15 . It shows that the above defined improved correlation coefficient overcome the 


disadvantages of the correlation coefficient . 


In the following, we define a weighted correlation coefficient between NPS s since the differences in 
the elements are considered into an account, 


Let w; be the weight of each element 7, (k = 1,2...n), Wy € [0,1] and Uk-1 wz = 1, then the weighted 
correlation coefficient between the NPS s A and B 


Ky(A, B) == Dhar Wel (1 — ATy) + Ye(1 — AUy) +e — AF, | 
(2) 


If w = (1/n,1/n,1/n,....1/n) 7, then equation (2) reduces to equation (1). K,(A, B) also satisfies the 
three properties in the above theorem. 


4.4 Theorem 
Let w;, be the weight for each element 7,(k = 1,2,...n), w, € [0,1] and iz_, w, = 1, then the weighted 
correlation coefficient between the NPS s A and B which is denoted by K,(A, B) defined in equation 
(3.2) satisfies the following properties. 

1) K,,(A, B) = K,,(B, A); 

2) 0< K,(A,B) <1; 


3) K,(A, B)=1iff A=B. 


It is similar to prove the properties in theorem 3.1 


5 Decision Making using the improved correlation coefficient of NPS s 

Multiple attribute decision making (MADM) problems refers to make decisions when several 
attributes are involved in real -life problem. For example one may buy a vehicle by analysing the 
attributes which is given in tems of price, style,safety, comfort etc., 

Here we consider a multiple attribute decision making problem with Neutrosophic pythagorean 
information and the characteristic of an alternative A,(i = 1,2,...m) on an attribute C;(j = 1,2...n) is 
represented by the following NPS s: 

A; a {(Cj, T,(G), U,,(G), F4,(C;)\ C; E Cj = 1,2, Nn}, 

Where Ty,(C;), Ua,(C;), Fa,(C;) € [0,1] and 


OS Ti (CG) + +U5,(G) + Fi,(G) <2 for G €C,j = 1,2,...n and I=1,2,...m. 


dij = (ti, ui fi; )C = 1,2, mM J = 1,2 wi). 
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Here the values of d;; are usually derived from the evaluation of an alternative A; with respect toa 
criteria C; by the expert or decision maker. Therefore we got a Neutrosophic pythagorean decision 
matrix D = (dij )mxn- 


In the caseof ideal alternative A* an ideal PNP can be defined by 
dj = (tj, uj, fj ) = (1, 0,0)§ = 1,2...n) in the decision making method, 


Hence the wighted correlation coefficient between an alternative A,(i=1,2....m) and the ideal 
alternative A* is given by, 


n 
1 
K, (A, A") = =), wjlax(1 — Aty) + yij(1 — Aus) + ue(1 — Afy)] 
j=l 


(3) 


Where, 


Wee 2- Atjj- Atimax 
k~ J 
2—- Atimin—Atimax 


_ 2- Aujj- AUimax 


Vij = 7 
He 2 AUimin—AUimax 


= 2- Afij- Afimax 
A= SAP ease ATe 7 
2-Afimin-Afimax 

— |¢2 * 
At;; = |ti; — t |, 


Aujy = |uf; — ujl, 


Afi =fg - fi'l, 


Atimin = min, |t?; — t;|, 
AUimin = min, |uz; — uj|, 
Afimin = min; |fij — f;'|, 
Atimax = max; |t?; — t/\, 
Auimax = max; |uz; — uj], 
Afimax = max; |f§— fil 


For i=1,2....m andj=1,2....n. 


By using the above weighted correlation coefficient We can derive the ranking order of all 
alternatives and we can choose the best one among those. 
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5.1 Example 


This section deals the example for the multiple attribute decision making problem with the given alt 
ernatives corresponds to the criteria alloted under Neutrosophic pythagorean environment 

For this example, the three potential alternatives are to be evaluated under the four different 
attributes. The types of intellectual property rights are the alternatives and the various cybercrimes 
are the attributes for this example. The three potential alternatives are A, — copyright, A, —patent 
right and Az — trademark and the four diffident attributes are C, — infringement, C, - piracy and 
C3 — cybersquatting . For the evaluation of an alternative A, with respect to an attribute C, , itis 
obtained from the questionnaire of a domain expert. According to the attributes we will derive the 
ranking order of all alternatives and based on this ranking order customer will select the best one. 
The weight vector of the above attributes is given by w = (0.35,0.4,0.25),Here the alternatives are to 
be evaluated under the above three attributes by the form of NPS s, In general the evaluation of an 
alternative Ai with respect to the attributes Cj (i=1,2,3,j=1,2,3) will be done by the questionnaire of a 
domain expert. In particular, while asking the opinion about an alternative Ai with respect to an 
attribute C;, the possibility he (or) she say that the statement true is 0.4 , the statement 
indeterminacy is 0.3 and the statement false is 0.4 . It can be denoted in neutrosophic notation as 
di1= (0.4,0.3,0.4). 


AG Gi C; G 
Ay [0.4,0.3,0.4] [0.5.0.4,0.5] [0.4,0.1,0.4] 
A, [0.4,0.2,0.6] [0.3,0.3,0.5] [0.1,0.4,0.2] 
As [0.3,0.4,0.4] [0.5,0.1,0.4] [0.4,0.5,0.4] 


Then by using the proposed method we will obtain the most desirable alternative. We can get 
the values of the improved correlation coefficient Mw (Ai, A*) (i = 1,2,3) by using Equation 
(3.3). 

Hence M,, (A1, A*) = 0.2069, My, (Az, A*) = 0.17738, My (Az, A*) = 0.13516. Therefore 

Thus ranking order of the three potential alternatives is A1>A2>As3. Therefore we can say that Al 
alternative copyright have more cyber problems subsists in original literary, dramatic, musical, 
artistic, cinematographic film, sound recording and computer programme as well than the other 
alternatives of intellectual property rights. The decision making method provided in this paper is 


more judicious and more vigorous. 
6. Conclusion 


In this paper, we've outlined the improved correlation coefficient of NP sets and this is often 
applicable for a few cases ,once the correlation coefficient of NP sets is undefined (or) unmeaningful 
and additionally studied its properties. Decision making could be a process that plays a significant 
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role in real world issues. the most method in higher cognitive process is recognizing the matter (or) 
chance and deciding to deal with it. Here we've mentioned the decision making technique using the 
improved correlation of NP sets and in significantly an illustrative example is given in multiple 


attribute higher cognitive process issues that involves the many alternatives supported varied 
criteria. Therefore our projected improved correlation of NP sets helps to spot the foremost 
appropriate different to the client supported on the given criteria. 
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Abstract: Multi-Criteria Decision Making (MCDM) approaches are an effective tool for 
dealing with decision-making in various areas. It is a very complex and challenging task for 
computing an admittable solution with different and conflicting criteria. This work 
developed a new Measurement of Alternatives and Ranking according to the Compromise 
Solution (MARCOS) approach for English Teaching System (ETS). The main advantage of 
using this method is using a cost and profit solution for starting the formulation matrix, 
calculating the utility degree in both solutions, new way for calculation a function of utility 
and combination method, employed a large set of criteria and alternatives while keeping 
stability. ETS is very important for organizations, countries, and governments. It is a very 
critical task for assessing ETS. This paper proposed an example for using the MARCOS 
method for Assessment ETS. This example contains five main criteria, twenty-two 
sub-criteria and six alternatives for assessment ETS. The MARCOS method is employed 
under Single Valued Neutrosophic Sets (SVNSs) because the assessment ETS contains 
incomplete and uncertain information. So, SVNSs are an effective tool for overcoming this 


uncertainty. Scale from 1-5 used for evaluated criteria and alternatives by three experts and 
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decision-makers who have an expert in this field. This paper help organization and 
countries which want to build an ETS. 


Keywords: MARCOS, English Teaching System, SVNSs, Uncertainty. 


1. Introduction 

Higher education plays a vital role in the assessment English Teaching System (ETS) by 
improving the quality of training senor talent[1], [2]. Many countries that do not have an 
English mother tongue are trying to improve the education process in science and the 
English language by training students. So this goal is very important to evaluate and 
enhance the quality of English teaching with the ability of English outstanding[3], [4]. 
Assessment ETS is a very complex task due to contains many various criteria and 
alternatives like teaching system, management system, research of scientific, teachers, 
students, innovation, system integrations and mechanism of teaching, course material, 
employment, resource utilization, self-study communications skills, various methods and 
technical skills. So many researchers move toward innovation to assess the ETS by using 
various methods and functions. 

The process of evaluation ETS contains incomplete and vague information. So, we 
propose a Single Valued Neutrosophic Sets (SVNSs) to overcome this problem through 
introduce three values truth, indeterminacy and falsity membership degrees. SVNSs used to 
handle with the incomplete, inconsistent and uncertainty information. It used is this paper to 
deal with vague information in process assessment ETS. SVNS used in scientific and 
engineering fields. Due to this problem contains multiple and conflict criteria, the 
multi-criteria decision making (MCDM) methods were used for this evaluation. We select an 
MCDM method MARCOS for evaluation ETS. MARCOS method is used for calculation 
weight of criteria and rank alternatives. It is the best method for dealing with conflict and 


complex criteria and alternatives. It builds a relationship between criteria and alternatives 
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through cost and benefit ideal solutions. Also, MARCOS is used for calculation the utility 
degree between cost and benefit ideal solutions. The main benefit of the utility function is to 
compute the position of alternatives regard cost and benefit ideal solutions. It used to present 
the anti-ideal and ideal solution and determine utility degree for two solution. It deal 
effectively with large dimension criteria and alternatives. The best alternative determined by 


nearest to benefit solution and farness of cost solution. 


Stevic et al.[5] used the MARCOS method for supplier selection in healthcare 
industries. They used twenty-one criteria and eight alternatives for their problem. They 
used fuzzy systems and scales from 1 to 5 to evaluate criteria and alternatives. The main 
limitations in their paper not considering the indeterminacy value in their calculations. 


They used only truth, and falsity membership degrees. 


PuSska et al. [6] used a MARCOS method for the selection of sustainable suppliers. They 
used fuzzy systems in their calculations. They were not consider the indeterminacy value 


in their calculations. 


The main contributions in this paper, we proposed a hybrid model from SVNSs and 
the MARCOS method for overcoming the uncertainty in evaluating ETS. We use six 
alternatives with five main criteria and twenty-two criteria. The indeterminacy value 
considers in calculations to overcome incomplete information. This paper help decision 
makers and government to make a best decisions in process of English teaching. This paper 
aids many countries to develop process of English teaching by providing many criteria that 
impact in this process. 

The rest of this paper presented section two for hybrid model and section three 


presented an example and results. Section 4 presented conclusions of this paper. 
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eAssessment ETS 
¢Define group of decison makers 
ye 2). Define set of criteria and alternatives 


¢Define group of criteria and rank them 
eEvalute criteria by the group of experts by pairwise matrix 
\Walanes | *Compute weights of criteria 


eBuild an intitial matrix by experts and combined it 
eBuild normalized and weighted normalized decision matrix 
MVN\sie@e@is) *Compute utility degree and function utility degree and rank alternatives 


Fig 1. The methodology of this paper 

2. Framework of this paper 

This section consists form two-part. The first part is calculating the weights of criteria, 
and the second part rank alternatives and introduce neutrosophic equations. The 
neutrosophic sets created by Smarandache[7]-[14] . Fig 1. presented the methodology of 
this paper. 
The following definitions with SVNNs. 
Definition 1: let Ki = (T1, li, F1) Ke = (T2, kL, F2)two single-value neutrosophic numbers (T1, L, 
Fi) present the Truth, Indeterminacy and Falsity and their operations presented as follow: 
Complement Kf = (F,,1—14,7;) (1) 
Equality K, = K, if and only if K, & K, and k,€ k, (2) 
Union K, U Ky = (Ty V Tp, 1 A Ip, Fy A Fo) 
(3) 
Intersectionk, N Kz = (T, AT2,1, V Iz, Fy V Fo) 


(4) 
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Definition 2: The following addition and multiplication the two SVNSs: 
K, @K2 = (1, + Tz — T72, 14 Ip, Fy F2) (5) 
K, @K2 = (47T2, + Ip - Lh la, yt+ho-FiF2) (6) 


Definition 3: The following subtraction and division 


T,—-T; I F. 
Ky OK, = (B52 + 2B) ky > ka Te #0 #0,F: #0, (7) 
T- I, -I. FF. 
Ki Ok, = (+ = op, ) k2 > ky,T2 # 0,1, #0,Fo # 0, (8) 


The steps of the MARCOS method are organized as follow: 

Step 1: Build an initial decision matrix between criteria and alternatives. So, define the 
number of criteria, alternatives and experts who evaluate the decision matrix—then 
combined the initial matrix that includes opinions of various experts into one decision 


matrix. Then apply score function to obtain the single value instead of three values. 


2-a-b-—¢ 


S(A) = ——— (9) where a,b,c refers to Truth, Indeterminacy and Falsity value 
3 y 


Step 2: Define the cost (B) and benefit (A) ideal solution in the initial matrix. This matrix 
called the extended matrix. The ideal benefit solution computed by the maximum of criteria 
value considers the best characteristics. But ideal cost solution is the opposite benefit ideal 
solution. Cost ideal solution computed by the minimum value of each criterion. 


Step 3: Build an extended normalized matrix. 


NOTMyy = = for benefit criteria (10) 
NOTMyy = = for cost criteria (11) 
x 


Where 5S, presented value of decision matrix and A, present value of benefit ideal 
solution. x refers to the number of criteria and y refers to number of alternatives 

Step 4: Build a weighted normalized decision matrix by multiplying values of the extended 
normalized matrix by the value of criteria. 


Qxy = NOTMyy * Ey (12) 
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Where, value of Ey presented weights of criteria. 


Step 5: Compute the utility degree of alternatives for benefit and cost ideal solution. 


Hf = for benefit criteria. (13) 
Ax 

Hz = for cost criteria. (14) 
Bx 


Ly = Yx=1Q2xy where L, summation values of weighted normalized decision matrix (15) 
Step 6: Compute the utility function of alternative which show relationship between best 


and cost ideal solution. 


jG) = (16) 
1+ 


1-f (Hz) | 1-Hy 
f(t) * Hx 


Step 6.1 The utility function for cost and benefit ideal solution can compute as: 


f(A)t = ie for benefit criteria (17) 
2 Ht ae 
f(A)x = Pena TS for cost criteria (18) 


Step 7: Rank alternatives according to the highest value of utility function. 


Table 1. The five main and twenty-two sub criteria. 
Main Criteria Sub Criteria 
Student’s Learning (SL) Interest of ET (SL.1) 
Learning initiative (SL2) 
Self-study (SLs) 
Ability find and solve problems (SL.) 
Innovation (I) Intelligent educational technology (1:1) 
Excellent course (Iz) 
Learning base (Is) 
System Integration (SI) Political Success (S11) 


Professional Compaction (SI2) 
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Management (M) 


Professional Teachers 


(PT) 


3. An Example and Results 


Practices and exercises (SIs) 
Transformation Rate (S14) 
Physical achievement (SIs) 

Ability ET Management (M.1) 
Reward and punishment (M2) 
Resource utilization (M3) 
Cognitive comprehension (PT.1) 
Technical skills (PT.2) 
Course materials (PTs) 
Scientific research (PT.) 
Communications skills (PTs) 
Skilled Teachers (PTs) 


Teaching effect (PT) 


93 


In this section, we provide an example for a MARCOS method and introduce its 


results. First, the five main criteria, twenty-two sub-criteria and six alternatives, are used 


for an example. Table 1 presents five main criteria and twenty-two sub-criteria. The criteria 


proposed in this work collected for literature review [4], [15]. Fig 2. Present the alternatives 


proposed in this work. 
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Fig 2. Six alternatives. 
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Single-Valued Neutrosophic Numbers in Table 2. Where Very Bad presents the lowest rank 


and Very Moral presents the highest rank. First, experts evaluated criteria for calculating 


the weights of criteria. Table 3 presented the opinions of experts for evaluation criteria. The 


weights of criteria computed by the mean value of criteria for three criteria. Fig 3. presented 
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the weights of five main criteria from Fig 3. Professional teachers are the highest weight of 


criteria, and system integration is the lowest weight of criteria. 


Values in Table 3. Obtained from applying score function of SVNSs using Eq (10). 
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Fig 3. Weights of main criteria 


Table 3. Pairwise matrix for five main criteria 


PT Sum 
0.8167 3.1994 
0.8167 2.7657 
0.9 3.8997 
0.255267 

0.295296 

0.230787 

0.26045 
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Then evaluate sub-criteria by experts. Table 4-8 present the opinions of experts in 
twenty-two sub-criteria and weights of sub-criteria. Fig 4-8 present the weights of 
sub-criteria for five main criteria. Value in Table 4-8 obtained from score function is in Eq. 


(10). 
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Fig 4. Weights of Student’s Learning 
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Fig 5. Weights of Innovation. 


Weights of System Integration 


0.25 


0.2 

0.15 

0.1 

0.05 

0 
S!1 SI2 SI3 Sl4 


@ Weights of System Integration 


SI5 


Fig 6. Weights of System Integration. 
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Fig 7. Weights of Management. 
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Table 4. Pairwise matrix for Student’s Learning 


SLi SL2 SLs SL Sum 

DM1 0.283 0.9 0.9 0.8167 2.8997 
DM2 0.283 0.283 0.383 0.8167 1.7657 
DM3 0.8167 0.8167 0.283 0.9 2.8164 
DM1 0.097596 0.310377 0.310377 0.28165 

DM2 0.160276 0.160276 0.216911 0.462536 

DM3 0.28998 0.28998 0.100483 0.319557 

Mean 0.182618 0.253544 0.209257 0.354581 


Table 5. Pairwise matrix for Innovation 


hh In Is Sum 
DM1 0.8167 0.383 0.9 2.0997 
DM2 0.8167 0.8167 0.5 2.1334 
DM3 0.9 0.283 0.283 1.466 
DM1 0.38896 0.182407 0.428633 
DM2 0.382816 0.382816 0.234368 
DM3 0.613915 0.193042 0.193042 


Mean 0.461897 0.252755 0.285348 


Table 6. Pairwise matrix for System Integration 
Sh Sk SIs Sl SIs Sum 


DM1 0.9 0.283 0.5 0.9 0.8167 3.3997 
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DM2 0.8167 0.9 0.9 0.283 0.283 3.1827 
DM3 0.283 0.383 0.8167 0.8167 0.9 3.1994 
DM1 0.264729 0.083243 0.147072 0.264729 0.240227 
DM2 0.256606 0.282779 0.282779 0.088918 0.088918 
DM3 0.088454 0.11971 0.255267 0.255267 0.281303 
Mean 0.203263 0.16191 0.228372 0.202971 0.203483 


Table 7. Pairwise matrix for Management 


Mi M2 M3 Sum 
DM1 0.9 0.283 0.383 1.566 
DM2 0.8167 0.5 0.8167 2.1334 
DM3 0.283 0.283 0.9 1.466 
DM1 0.574713 0.180715 0.244572 
DM2 0.382816 0.234368 0.382816 
DM3 0.193042 0.193042 0.613915 


Mean 0.383524 0.202708 0.413768 


Table 8. Pairwise matrix for Professional Teachers 


PT: PT2 PTs PT. PTs PTs PT, Sum 
DM1 _ 0.383 0.8167 0.383 0.8167 0.9 0.8167 0.283 4.3991 
DM2 © 0.283 0.8167 0.283 0.383 0.383 0.9 0.383 3.4317 
DM3 _— 0.383 0.283 0.9 0.9 0.283 0.8167 0.9 4.4657 
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DM1 _ 0.087063 


DMZ2 _ 0.082466 


DM3 — 0.085765 


Mean __ 0.085098 
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0.064331 


0.111606 


0.201536 


0.125825 


Then compute the weights of global criteria by multiplying weights of main criteria by 


weights of sub-criteria. Table 9 presented the values of weights sub-criteria. 


Table 9. Global weights for sub criteria. 


Weights 


SLi 0.038017 


SL2 0.052783 


SL3 0.043563 


SLa | 0.073816 


In 0.104067 
In 0.056947 
I3 0.06429 


SIi 0.029565 


SI2 0.023551 


SI3 0.033218 


SI4 0.029523 


SIs 0.029597 


M:i 0.061599 
M2 = 0.032558 
M3 0.066457 


PTs 0.022164 
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PT2 


PT3 


PTs 


PTs 


PT6 


PT7 


0.042281 


0.032215 


0.043304 


0.032953 


0.054764 


0.032771 


Then rank six alternatives according to values of the MARCOS method. First, build the 


three initial matrices that contain the opinions of three matrices with the first row presents 


the cost ideal solution, and the last row presents the ideal benefit solution. Table 10-12 


presented the opinions of three experts. Then combined three decision matrices into one 


matrix in Table 13. Then normalize the decision matrix in Table 14. Then compute the 


weighted normalized decision matrix in Table 15. Then compute the utility degree and 


function utility in Table 16. Then rank alternatives according to the highest value in 


function utility in Table 16. Fig 9 presented rank of alternatives. The classroom is the 


highest rank, and CD-ROM is the lowest rank. Values in Table 10-12 obtained through Eq. 


(10). Column A and B refers to the cost and ideal solution as mentioned in step 2. And all 


criteria are benefit. 
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Fig 9. Rank alternatives 


Table 10. The initial decision matrix by first expert 
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Table 11. The initial decision matrix by second expert 
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Table 12. The initial decision matrix by third expert 
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Table 13. The Combined decision matrix. 
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Table 14. The Normalized decision matrix. 
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Table 15. The weighted normalized decision matrix. 
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LT8S€0'0 | TZvveO'O | BTZETO'O | 99S8T0'O | LECcvCZO'O | LT8SE0'O | T8¢crv0'0 
9€cLTO'O | 696900'0 8vTc0'0 cTLtOcO'0 | v9TZCO'O | TZS600°0 | v9TZZ20'0 
£S7990'0 | SSZ8v0'0 | 977900 | ELOLZO'O | 9608ED'O | COTVZO'O | LS17990°0 
96vETO'O | IL89TO'0 Lvcto'0 9Z89T0'0 | TEOCCO'O | 88T97O0'0 | 8SS7E0'0 
cc60v0'0 | CLV9EO'O | 8cETVO'O | ELTVVO'O | VLS6S0'0 C9EEO'O 66ST90°0 
66c7c0'0 | Evv9TO'O | 46S620'0 | LOE600'0 | S6SZTO'O | 66¢v720'0 | L6S670'0 
TOZLZ0'0 | €CS6CO'O | CT98ZO0'0 | COV9TO'O | T6Z9C0'0 | 62OVTO'O | E2S6720'0 
LO87c0'0 | 8TcEEOO | STOZTO'O | SVVOTO'O | VSV8TO'O | SVEVTO'O | 8TZEEO'O 
€S6eTO'O0 | TSSEcO'O | TZETZO'O | TLETZO'O | CcO0TO'O 89VT0'0 TSSECO'0 
T9EETO'O | S9S6ZO'O | Scv9TO'O | EZITTO'O | L67600'0 | vzS6TO'O | S9S6720'0 
SZv8e0'0 | Z6T090'°0 | YTVZSO'O | 6S8020'0 | 6580200 | LO8EVO'O 6cV790'0 
TS8v70'0 9L9TSO'O | €9T6CZ0'0 6TSS0'0 £v69S0'0 | €6S720'0 | Lv69S0'0 
8vTZS0'0 | LZ90VOT'O | 6EVS8O0'O | ECLZEO'O | ST8ZS0°0 | SZOLL0'0 | L90VOT'O 
€09090'0 | TTCEcO'O | IVL8V0'O | 9T8EZLO'O | 6OOTVO'O | 9VL8V70'0 | IT8ELO'O 
TTE6CO'O | SZ80V0'O0 | SOZSEO'O | TES6EO'O | 869ETO'O | 99725200 | E9SEVO'O 
c680E0'0 | ESLTSO'O | CSZTEO'O | 98S6E0'O | CSCZTEO'O | SLEZEO'O | E8L7S0'0 
€S0620°0 v98T0'0 LTO8€0'0 | 76E9CO'O | 88ZETO'O | 88ZETO'O | LTO8E0'0 
IV cV eV vV cV 9V d 


Table 16. Utility, function utility and rank alternatives. 


f( (f (AY) Rank 


f( 


x 


x) 


H. 


Hy) 


0.354097 


A 


0.675859 3 


0.2615 


Al 0.738442 0.738442 2.085423 0.7385 


0.687609 1 


0.2615 


A2 0.751279 0.751279 2.121677 0.7385 


0.683221 2 


0.2615 


A3 0.746485 0.746485 2.108137 0.7385 


4 


0.58297 


0.2615 


A4 0.636951 0.636951 1.798806 0.7385 
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A5 0.606483 0.606483 0.354097 0.368628 0.631372 0.291384 6 
A6 0.585865 0.585865 1.654533 0.7385 0.2615 0.536213 5 


B 1 


4. Conclusions 


This paper introduces assessment ETS through an MCDM method. A new method is 
an extension of SVNSs called MARCOS. The main idea of this method proposed a 
relationship between alternatives and cost, benefit ideal solutions. Also, MARCOS is used 
for computing utility degree and function utility degree for cost and benefit ideal solution. 
Then rank alternatives through the highest value of function utility degree. ETS was 
proposed through the MARCOS method with six alternatives, five main criteria and 
twenty-two sub-criteria. Three experts and decision-makers who have experience in this 
area evaluated criteria and alternatives. In this paper, the weights of criteria and rank of 


alternatives were determined. 


From the outcome, professional teachers are the highest, and system integration is the 
lowest. While in alternatives, the CD-ROM is the lowest in alternatives, and the classroom 
is the highest in alternatives. MARCOS method is an effective tool for dealing with 


uncertain information. 
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Abstract: In this article, we procure the idea of single-valued pentapartitioned neutrosophic cosine 
similarity measure (SVPNCSM) and single-valued pentapartitioned neutrosophic weighted cosine 
similarity measure (GSVPNWCSM) under the single-valued pentapartitioned neutrosophic set 
(SVPNS) environment. Besides, we formulate several interesting results on SVPNCSM and 
SVPNWCSM of similarities between two SVPNSs. Further, we present a multi-attribute 
decision-making (MADM) model under SVPNS environment using the SVPNCSM. Finally, we 
provide a numerical example to show the applicability and effectiveness of our proposed MADM 
technique. 

Keywords: Neutrosophic Set; Similarity Measure; SVPNS; COVID-19. 


1. Introduction: 
In 1965, Late Prof. L.A. Zadeh grounded the concept of fuzzy set theory to deal with the problems 


having uncertainty. In a fuzzy set, every element has a degree of membership lies between 0 and 1. 
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In 1986, K. Atanassov presented the idea of intuitionistic fuzzy set by generalizing fuzzy set theory. 
In an intuitionistic fuzzy set, every element has both degree of membership and non-membership 
lies between 0 and 1. Many researchers around the globe applied the notion of fuzzy set, 
intuitionistic fuzzy set and their extensions in the area of theoretical and practical research. 
Smarandache [40] introduced the idea of neutrosophic set theory by extending the idea of fuzzy set 
and intuitionistic fuzzy set theory to deal with the events which cannot be easily express by the 
degree of membership and non-membership. In an neutrosophic set, every element has three 
independent memberships values namely truth, indeterminacy, and false membership values 
respectively lies between 0 and 1. The degree of indeterminacy of a mathematical expression plays a 
vital role in every MADM problem of this real world. Afterwards, Wang et al. [43] extended the idea 
of neutrosophic set, and grounded the notion of single-valued neutrosophic set (SVNS) in the year 
2010, which is more effective in dealing with the situation having incomplete and indeterminate 
information. Till now, many mathematicians used SVNS and their extensions in several branches of 
this real world such as medical diagnosis [34, 35], fault diagnosis [46, 47], data mining [30], 
decision-making problems [5, 11-13, 15, 27-29, 32-33, 36, 48], etc. 

In the year 2020, Mallick and Pramanik [25] grounded the notion of SVPNS by splitting the 
indeterminacy membership function into three independent membership function namely 
contradiction membership function, ignorance membership function and unknown membership 
function. Afterwards, the concept of pentapartitioned neutrosophic Q-ideals of pentapartitioned 
neutrosophic Q-algebra was introduced by Das et al. [10]. In 2021, Das et al. [13] proposed a MADM 
technique using tangent Similarity Measure under SVPNS environment. Recently, Das et al. [12] 


established a MADM strategy based on grey relational analysis under the SVPNS environment. 


The rest of this article has been designed as follows: 

Section 2 is on the preliminaries and relevant definitions. In section 3, we introduce the concept of 
SVPNCSM and SVPNWCSM of similarities between two SVPNSs. Further, we formulate some 
theorems and propositions on SVPNCSM and SVPNWCSM under the SVPNS environment. In 
section 4, we propose a MADM technique using the SVPNWCSM under the SVPNS environment. In 
section 5, we validate the proposed MADM technique by providing a real world numerical example. 
Section 6 presents the concluding remarks of our work done in this paper. In this section, we also 


state some future scope of research in this direction. 


Throughout this article, we use the following short terms for the clarity of the presentation. 


Short Terms 


Single-Valued Neutrosophic Set SVNS 
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Multi-Attribute Decision Making MADM 
Single-Valued Pentapartitioned Neutrosophic Set SVPNS 
Single-Valued Pentapartitioned Neutrosophic Cosine SVPNCSM 


Similarity Measure 
Single-Valued Pentapartitioned Neutrosophic Weighted SVPNWCSM 


Cosine Similarity Measure 


2. Decision Matrix DM 
Positive Ideal Alternative PIA 
Accumulated Measure Function AMF 


Preliminaries and Definitions: 
In the year 2020, Mallick and Pramanik [25] presented the notion of SVPNS as follows: 
Assume that U be a universe of discourse. Then L, a SVPNS over U is defined by: 
L= {(a, Ar(a), Pi(a), W(a), Qu(a), Or(a)): ae U}. 
Here, Az, Tz, Wz, Qu and ®zare the truth, contradiction, ignorance, unknown, and false membership 
functions from U to the unit interval [0, 1] respectively i.e., Ar(a), Pu(a), Mi(a), Qua), Br(a) € [0, 1], 
for each aeU. So, 0 < Ar(a) + Ti(a) + Tn(a) + Q1(a) + Br(a) < 5, for each aeU. 


The absolute SVPNS (1pn) and the null SVPNS (Opn) over a fixed set U are defined as follows: 
(i) 1pn= {(Q, 1, 1, 0, 0, 0): MEU}, 
(ii) Opn= {(a, 0, 0, 1, 1, 1): MEU}. 


Suppose that L = {(a, Ax(a), Tu(a), T(a), Qu(a), Br(a)): ae U} and M = {(a, Am(a), Cu(a), Tm(a), Qa(cx), 
@m(c)): ae U} be any two SVPNSs over U. Then, 

(i) LC M if and only if An(a) < Am(qa), Ti(a) < Tu(a), Ti(a) = Tau(a), Ou(a) 2 Qua), O1(a) = 
Mn(Q), for all @EU; 

(ii) L°= {((a, 1a), Q(Q), 1-T1(a), T(r), Ar(a)): a € U}; 

(iii) LU M = {(a, max {A(a), Au(a)}, max {[1(a), Pu(ov)}, min {T1(a), TIm(a)}, min {Q1(), Qu(o)}, 
min {O:(a), Du(a)}): EU}; 

(iv) LA M={(a, min {AL(a), Am(au)}, min {T1(a), Pat) }, max {I1i(a), Tua) }, max {Q1(a), Quo}, 
max {M1(a), Du(a)}): HEU}. 


Suppose that L = {(p, 0.6, 0.1, 0.3, 0.4, 0.5), (q, 0.9, 0.1, 0.2, 0.2, 0.1)} and M = {(p, 0.9, 0.2, 0.2, 0.1, 0.4), (4, 
1.0, 0.3, 0.1, 0.2, 0.1)} be two SVPNSs over a universe of discourse U = {p, q}. Then, 

()LEM, 

(ii) L°= {(p, 0.5, 0.4, 0.7, 0.1, 0.6), (g, 0.1, 0.2, 0.8, 0.1, 0.9)} and M« = {(p, 0.4, 0.1, 0.8, 0.2, 0.9), (q, 0.1, 0.2, 
0.9, 0.3, 1.0)}; 
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(iii) LU M={(p, 0.9, 0.2, 0.2, 0.1, 0.4), (q, 1.0, 0.3, 0.1, 0.2, 0.1)}; 
(iv) LA M={(p, 0.6, 0.1, 0.3, 0.4, 0.5), (q, 0.9, 0.1, 0.2, 0.2, 0.1)}. 


3. SVPNCSM and SVPNWCSM under the SVPNS Environment: 

In this section, we propose two similarity measures namely single-valued pentapartitioned 
neutrosophic cosine similarity measure (SVPNCSM) and _ single-valued pentapartitioned 
neutrosophic weighted cosine similarity measure (GVPNWCSM) under the SVPNS environment. 
Further, we formulate several interesting results on them under the SVPNS environment. 
Definition 3.1. Let L = {(a, Ax(a), Pi(a), Tr(a), Qx(a), Bi(a)) : aeU} and M = {(a, Am(a), P(r), T(x), 
Owm(a), Pu(a)) : aeU} be two SVPNSs over a fixed set U. Then, the SVPNCSM of similarities between 
Land M is defined as follows: 


Psvencsmt (L, M) = 1-=Yigey Cos[ [1 Ay ()-Am (a) +11, (Py (0) +1 Ty (42) (2) +12, (0)-2y4 (22) 


+10, (a)-Dy (a) |]. (1) 
Theorem 3.1. If Psvpncsm(L, M) be the SVPNCSM of similarities between the SVPNSs L and M, then 
the following holds: 

(2) 0 < Psvencsm (L, M) < 1; 

(i1) Psvpncsm (L, M) = Psvencsm (M, L); 

(iii) L= M © Psvencsm (L, M) = 0. 

Proof. (i) We know that, the cosine function is a monotonic decreasing function in the interval [0, 
1/2]. It is also lies in the interval [0, 1]. Hence, 0 < Psvpncsm (L, M) < 1. 

(ii) We have, Psvpncsm (L, M) 


= 1—Yacu cos[= [1A;(d)-Au(d)| + IT, (d)-Py(d)l + 11, (@)-Ty(d)! + 10, (d)-Qu(d)| + 10,(d)- Oy (2) 1] 


= 1—Yaey cos[= [|Ay(d)-A;,(d)| + IP y(d)-P (a) 1 + | y(d)-T1, (a)! + 1 Oy (d)-O,(d)| + 1®,,(d)-®, (a) 1] 


= Psvpncsm (M, L) 
Therefore, Psvpncsm (L, M) = Psvencsm (M, L). 

(iii) Suppose that L and M be two SVPNSs over U such that L = M. 

Now, L=M 

=> Ar(d)=Am(d), T1(d)= Pm(d), Hi(d)=T(d), Qu(d)=Qu(d), and ®1(d)=@m(d), for all deU 

=> |Ar(d)-Am(d) 0, IPi(d)-Pu(d) £0, (d)- Tm(d) KO, lQx(d)-Qu(d) 0 and |1(d)-u(d) =O, for all deU 


Hence, Psvenesm (L, M) = 1- =Y.geu cos(0) =0. 


Conversely, suppose that Psvpnssm (W, M) = 0. 
Now, Psvenssm (W, M) = 0 
=> | A.(d)-Am(d)|=0,|T(d)-P'm(d) |=0, |11x(d)-Tu(d)1=0, 1Q1(d)- Qu(d) 0, \x(d)-a(d) KO, for all deU 
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=> Ax(d)=Am(d), T1(d)=Tm(d), Tr(d)=T1m(d), Qr(d)=Qu(d), and O1(d)=®m(d), for all deU 
Hence, L= M. 


Theorem 3.2. If L, M and C be three SVPNSs over a fixed set U such that LCMCC, then Psvencsm (L, M) 
< Psvpncsm (L, C) and Psvencsm (M, C) < Psvencsm (L, C). 

Proof. Suppose that L, M and C be three SVPNSs over a fixed set U such that LCMCC. So, At(d) < 
Am(d), T'i(d) < Tu(d), Tu(d) = Tm(d), O1(d) = Om(d), Or(d) = Bau(d), Am(d) < Ac(d), Pu(d) < Pc(d), Tiu(d) = 
Tc(d), Qu(d) = Qc(d), Bu(d) = Dc(d), Ar(d) < Ac(d), Tu(d) < Tc(d), Tu(d) = Tc(d), Qx(d) = Qc(d), Br(d) = 
®@c(d), for all deU. 

Therefore, | Az(d)-Am(d)|<|Ax(d)-Ac(d)|, | Pr(d)-P'u(d)|s|Tr(d)-Cc(d) |, |T(d)-T(d) |< | T(d)-Tc(d) |, 
| Qx(d)- Om(d) |< Or(d)-Qe(d) 1, | @1(d)- Bu(d) |<! Or(d)-Bc(d) |, for all deU. 

Therefore, Psvpncsm (L, M) 


= 1 Yaeu cos[- |A, (d)-Ay (a) 1+1T,(d)-Py (da) |+1T, (d)-Ty (a) 1+1Q, (d)-Qy (d)| +1, (d)-®y, (a) | ]] 


< 1 Yaeu cos[- |A,(d)-Ac(d) 1+ 10, (d)-T'¢ (d) 1+ LT, (d@)-M¢ Cd) 1410, (d)-Q¢(d) | +1 ©, (d)-®¢(d) |] 


= Psvpncsm (L, C) 

Hence, Psvencsm (L, M) < Psvpncsm (L, C). 

Further, we have |Am(d)-Ac(d)|<1|Ax(d)-Ac(d)l, |!Tm(d)-P'c(d)|<|T1(d)-T'c(d) |, |Ta(d)-lc(d) |< T11(d)- 
Tic(d)|, | Qa(d)- Qc(d) <1 O1(d)-Qc(d) |, |Du(d)- Bc(d) | <1 Br(d)-Bc(d) |, for all deU. 

Therefore, Psvpncsm (M, C) 


=1- Laeu COS[=[|Au(d)-Ac(4) +104 (d)-Te(d) +1 Tu (d)-He(@) +1 Quy (d)-Qc(d) +1 Oy (d)-Oe (4)! J] 


s 1 Yaeu cos[[[1 A, (d)-Ac(d)|+1P, (d)-T¢(d) +111, (d)-He(d) +10, (d)-Qe¢(d)| +1, (d)-O¢ (A) IT] 


= Psvpncsm (L, C) 

Hence, Psvpncsm (M, C) < Psvpncsm (L, C). 

Definition 3.2. Assume that, L = {(d, Ax(d), Tu(d), T1i(d), Qu(d), ®r(d)) : deU} and W= {(d, Aw(d), Tw(d), 
Tw(d), Quw(d), Pw(d)) : deU} be two SVPNSs over a universe of discourse U. Then, the single valued 
pentapartitioned neutrosophic weighted cosine similarity measure (in short SVPNWCSM) between 
Land Wis defined by: 

Psvpnwesm (L, W) = 1- Yacu Wa: cos[—| | A, (d)-Aw (a) +10, (d)-Tw (d) 14+ ITT, (2)-My (a) +1, (d)-Qy (a) 1+ 
1D, (d)-Dy (4) |], (2) 


where, Yigey Wa =1. 
Now, we formulate the following results in view of the above theorems: 
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Proposition 3.1. Let Psvenwcsm(L, W) be the SVPNWCSM of similarities between the SVPNSs L and 
W. Then, 

(2) 0 < Psvpnwesm (L, W) < 1; 

(ii) Psvpnwesm (L, W) = Psvenweso (W, L); 

(iii) Psvpnwesm (L, W) = 0 iff L = W. 

Proposition 3.2. If L, M and W be three SVPNSs over a universe of discourse U such that LCMcW, 
then Psvpnwesm (L, M) < Psvpnwesm (L, W) and Psvenwesm (M, W) < Psvpnwesom (L, W). 


4. SVPNCSM Based MADM Strategy under SVPNS Environment: 

In this section, an attempt is made to propose a MADM strategy under the SVPNS environment 
using the SVPNCSM of similarities between two SVPNSs. 

Let us consider a MADM problem, where U = {U1, U2, ..., Up} and A = {A1, A2, ..., Aq} denotes the set 
of all possible alternatives and attributes respectively. Then, a decision maker can give their 
evaluation information for each alternative Ui(i= 1, 2, ......... , P) with respect to the each attribute Aj 
(j= 1, 2,......, g) by using a SVPNS. By using the decision maker’s whole evaluation information, we 
can form a decision matrix (DM). 

The steps of our proposed MADM strategy are discussed below. Figure 1 represents the flow 
chart of the proposed MADM strategy. 
Step-1: Formation of the DM by using SVPNS 

In this step, we can build a DM by using the decision maker’s evaluation information Py,= {(Aj, 
Ai (Ui, Aj), Ti;(Ui, Aj), Ty(Ui, Aj), Qij;(Ui, Aj), B,;(Ui, A;)): Aj €A} for each alternative Ui(i=1, 2, ..., 
p) with respect to the attributes A;(j = 1, 2, ..., q), where (Ajj(Ui, Aj), Ty(Ui, Aj), Miyj(Ui, Aj), Q4;(Ui, 
Aj), B,;(Ui, A;)) = (Ui, Aj) (say) (1= 1, 2, ..., p, andj =1, 2, ..., q) indicates the evaluation information of 
alternatives Ui(i = 1, 2, ..., p) with respect to the attribute A; (j= 1, 2, ..., q). 


The DM can be expressed as follows: 


DM Ay Az sdronest totes Ag 
U1 (U1, A1) (U1, Az) | eee th ety, (U1, Aq) 
Uz (U2, A1) (Uz, A2) |... ty uss (U2, Aq) 
Up (Up, A1) (Up, Az) ||| ssceewgee |) eeoeeses (Up, Aa) 


Step-2: Determination of the Weights for Each Attribute 
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In every MADM strategy, the determination of weights for every attributes is an important task. 
If the information of attributes’ weight is completely unknown, then the decision maker can use the 
compromise function to calculate the weights for each attribute. 


The compromise function of B for each Uj is defined as follows: 


B= Mier (3+ Aij(Ui, Aj) +1; (Ui, Aj) - T;j(Ui, Aj) - Q4;(Ui, Aj) - Bj(Ui, A))/5. (3) 
Then, the weight of the j-th attribute is defined by wj= a ; (4) 
j= Pj 


q = 
Here, yijnt w,=1. 


Step-3: Selection of the Positive Ideal Alternative (PIA) 
In this step, the decision maker can form the PIA by using the maximum operator for all the 
attributes. 


The positive ideal alternative I is defined as follows: 


T= (Gi C3, ses ec5e3 , C4), (5) 
where Cj= (max {A;;(Ui, Aj): 1, 2, 3, ....., p}, max {I ;;(Ui, Aj): 1, 2, 3, ....., p}, min {I1,;(Ui, Aj): 1, 2, 3, 
ony pier (Oy A)aal, 2,3; soy Ph, MIMO (LANs eb, 2,8) Pi f= pds Ae (6) 


Step-4: Determination of the Accumulated Measure Values 

In this step, we use an accumulated measure function (AMF) to aggregate the SVPNCSM 
corresponding to each alternative. 

The AMF is defined by Pay,-(Ui) = ji w;. Psvencsm (Ui, Aj), C)), (7) 
where, (Ui, Aj) = (Aij(Ui, Aj), Tij(Ui, Aj), Wij(Ui, Aj), Qij(Ui, Aj), Bi; (Ui, Aj). 


Step-5: Ranking of the Alternatives 
Finally, we prepare the ranking order of alternatives based on the descending order of 
accumulated measure values. The alternative associated with the lowest accumulated measure value 


is the best suitable alternatives. 
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Figure-1: Proposed MADM-Strategy 
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5. Application of the Proposed MADM Strategy: 

In this section, we present a numerical example to show the applicability of our proposed MADM 
strategy. 

Example 5.1. “Identification of the Most Significant Risk Factor of COVID-19 in the Economy”. 

Presently, the world is under the threat of a deadly virus named Corona Virus. The COVID-19 
makes an unbelievable provocation with very serious social and economic outcomes [17]. As per the 
World Health Organization (WHO), Corona Virus disease is a pandemic [44]. On 31st December 
2019, it was reported to the World Health Organization that a number of pneumonia cases due to an 
unknown cause had happened in Wuhan city of China [45]. In January 2020 a new virus was spotted 
which was later named as the 2019 Novel Corona Virus responsible for the outbreak. In February 
2020, WHO named the Virus as Corona Virus Disease 2019 as it had appeared in 2019 [26]. This virus 
influences immediately to a person’s lungs and has symptoms similar to influenza and pneumonia 
[37]. Although it is not known correctly the process to transmit of COVID-19 from man to man, the 
method of transmission is same as other respiratory diseases [1, 36]. Environmental factors have a 
vital role in the movement of the virus [7]. Many researchers observed and established many 
techniques to cope up with medical and decision-making obstacles. Till 11 July 2021, the total 
number of confirmed case are 187,280,697 which have been reported worldwide, with 4,043,032 died 
and 171,255,731 recovered [8, 44]. The COVID-19 pandemic poses an immense threat to people’s 
health and livelihood more specifically the employment [18]. A large number of countries have 
imposed lockdown and as a result, companies cannot afford to run smoothly. According to 
UNESCO, more than 188 countries have halted schools, colleges, and universities, responsible to 
affect the educations of nearly 90% of the world’s students. The lockdown has caused the renewal of 
the environment, with the factories being closed and reduction in transportation vehicles use. 
COVID-19 improved the air quality in various parts of the world due to the imposing of lockdown 
[17]. 

Coronavirus has quickly influenced our everyday life, organizations, upset the world exchange 
and developments. Recognizable proof of the sickness at a beginning phase is essential to control the 
spread of the infection since it quickly spreads from one individual to another. The greater part of 
the nations has hindered their assembling of the items [17]. The different businesses and areas are 
influenced by the reason for this sickness; these incorporate the drugs business, sun based force area, 
the travel industry, Information and gadgets industry. This infection makes critical thump on 


impacts on the day by day life of residents, just as about the worldwide economy. So in this paper, 
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we have focused on the bad impacts of COVID-19 on economy to survive in this COVID-19 phase. 
Some factors of economy are effected by COVID-19 [24], these are (i) Slowing of the manufacturing 
of essential goods (U1), (ii) Disrupt the supply chain of products (U2), (iii) Losses in national and 
international business (Us) (iv) Poor cash flow in the market (Us) and (v) Significant slowing down in 
the revenue growth (Us). All these factors are selected from Literature review (A1), Expert survey 
(Az) and Media survey (As3). Although, all these factors are effected by COVID-19 pandemic phase 
but all factors are not equally effected. So the main objective of the present investigation is to identify 
the most significant effected economical factor affected by COVID-19 pandemic phase. For identify 
the most significant indicators we use a novel similarity measure namely SVPNCSM under SVPNS 
environment. All the factors Ui, U2, Us, Us, and Us are consider as alternatives and Ai, A2 and As: are 
consider as attribute. Figure-2 depicts the decision hierarchy of the current problem. Recently 
Majumder et al. [24] used decision making techniques for select the most significant for speeding the 
COVID-19. Majumder [23] also used PNN (Polynomial Neural Network) model for predicting 
confirmed and death cases daily. Assessing the unemployment problem was studied by Nguyen 
[31] using decision making technique. Aydin and Seker [4] proposed a MADM model to choose the 
suitable location for isolation in a hospital. Alkan and Kahraman [3] developed a model to evaluate 
the significant strategies of government against in COVID-19 period with the help of TOPSIS 
method under the q-rung orthopair fuzzy environment. Ahmad et al. [2] proposed a technique to 


identifying affected cases globally using the fuzzy cloud based COVID-19. 
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Figure- 2: Decision Hierarchy of the Current Problem. 
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The proposed MADM strategy is presented as follows: 


By using the evaluation information for all alternatives given by the decision makers, we prepare the 


decision matrix as follows: 


Table-1: 


At 


A2 


A3 


Un 


(0.9,0.1,0.1,0.2,0.1) 


(1.0,0.2,0.0,0.0,0.1) 


(1.0,0.0,0.1,0.2,0.2) 


U2 


(0.8,0.2,0.1,0.0,0.0) 


(0.9,0.0,0.1,0.0,0.1) 


(0.8,0.1,0.0,0.1,0.1) 


Us 


(1.0,0.2,0.2,0.1,0.1) 


(0.8,0.2,0.2,0.1,0.1) 


(0.9,0.3,0.2,0.1,0.0) 


Us 


(0.9,0.1,0.1,0.0,0.2) 


(0.9,0.1,0.1,0.1,0.1) 


(1.0,0.0,0.1,0.2,0.1) 


Us 


(1.0,0.2,0.2,0.1,0.0) 


(0.9,0.1,0.2,0.0,0.1) 


(1.0,0.2,0.2,0.2,0.0) 


Now, by using eq. (3) & eq. (4), we get the weights wi = 0.3362989, wz = 0.3345196, and w3 = 
0.3291815. 
The positive ideal alternative I have been formed using eq. (5) & eq. (6), which was shown in Table-2. 


Table-2: 


Al A2 A3 
I | (1.0,0.2,0.1,0.0,0.0) (1.0,0.3,0.0,0.1,0.0) 


(1.0,0.2,0.0,0.0,0.1) 


Now, by using eq. (7), we calculate the accumulated measure values of each alternative Un, U2, Us, 
Us, and Us as follows: 

Payp (U1) = 0.0496014196; 

Pay (U2) = 0.0040071176; 

Pay (Us) = 0.0070106764; 

Payp (Us) = 0.011291815; 

Pay (Us) = 0.0059822066. 

Here, the order of the accumulated measure values is Payp(U1) > Payp(Us) > Payer (U3) > Payer (Us) > 


Payp(U2). Therefore, the alternative U2 i.e., “disrupt the supply chain of products” is the most 


significant risk factor of COVID-19 in the economy. 


6. Conclusions: 
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In the article, we have established a MADM strategy based on SVPNCSM of similarities between 
two SVPNSs under the SVPNS environment. Further, we have validated our proposed MADM 
strategy by solving an illustrative real world numerical example to demonstrate the effectiveness 
and usefulness of the proposed MADM strategy. 

Further, it is hoped that, the proposed MADM strategy can also be used to deal with other 
decision-making problems such as tender selection [11], weaver selection [15], logistic center 


location selection [32, 33], medical diagnosis [34, 35], fault diagnosis [46, 47], etc. 
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Abstract: 


The correlation coefficient among the two parameters plays a significant part in statistics. Further, 
the exactness in the assessment of correlation depends upon information from the set of discourse. 
The data collected for various statistical studies is full of ambiguities. In this paper, we discuss some 
basic concepts which are helpful to build the structure of present research such as soft set, hypersoft 
set, and neutrosophic hypersoft set (NHSS). The neutrosophic hypersoft set is an extension of the 
neutrosophic soft set. In it, we establish the idea of correlation and weighted correlation coefficients 
with some desirable properties under NHSS. We also, propose a new decision-making technique 
and construct an algorithm based on developed correlation measures. Furthermore, To ensure the 
applicability of the proposed methods an illustrative example is given. 


Keywords: Hypersoft set, NHSS, correlation coefficient, weighted correlation coefficient 


1. Introduction 


Ambiguity plays a dynamic role in many areas of life (such as modeling, medicine, engineering, 
etc.). However, people have raised a common question, that is, how do we express and use the 
concept of uncertainty in mathematical modeling. Many researchers in the world have proposed and 
recommended different methods of using uncertainty theory. First of all, Zadeh developed the 
concept of a fuzzy set (FS) [1] to solve problems that contain uncertainty and ambiguity. In some 
cases, we must carefully consider membership as a non-membership value to correctly represent 
objects that FS cannot handle. To overcome these difficulties, Atanasov proposed the idea of 
intuitionistic fuzzy sets (IFS) [2]. Atanassov's intuitionistic fuzzy sets only deal with insufficient data 
due to membership and non-membership values, but IFS cannot deal with incompatible and 
imprecise information. Molodtsov [3] proposed a general mathematical tool to deal with uncertain, 
ambiguous, and uncertain matters, called soft set (SS). Maji et al. [4] extended the concept of SS and 
developed some operations with properties and used the established concepts for decision-making 
[5]. By combining the FS and SS Maji et al. [6] established the fuzzy soft set (FSS) and intuitionistic 
fuzzy soft set (IFSS) and studied their operations and properties [7]. Zulqarnain et al. [8] established 
the correlation coefficient for interval-valued intuitionistic fuzzy soft set and developed the TOPSIS 
approach based on their presented correlation measures. Zulqarnain et al. [9, 10] discussed the 
Pythagorean fuzzy soft sets (PFSS) and established the aggregation operator and TOPSIS technique 
to solve the MCDM problem. 
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Maji [11] offered the idea of a neutrosophic soft set (NSS) with necessary operations and 
properties. The idea of the possibility NSS was developed by Karaaslan [12] and introduced a 
possibility of neutrosophic soft decision-making method to solve those problems which contain 
uncertainty based on And-product. Broumi [13] developed the generalized NSS with some 
operations and properties and used the proposed concept for decision making. To solve MCDM 
problems with PFSS, Zulqarnain et al. [14] presented the interaction aggregation operators for PFSS. 
Based on the correlation of IFS, the term CC of SVNSs [15] was introduced. In [16] the idea of 
simplified NSs introduced with some operational laws and aggregation operators such as weighted 
arithmetic and weighted geometric average operators. They constructed an MCDM method on the 
base of proposed aggregation operators. Masooma et al. [17] progressed a new concept through 
combining the multipolar fuzzy set and neutrosophic set which is known as the multipolar 
neutrosophic set, they also established various characterization and operations with examples. 
Zulgarnain et al. [18, 19] utilized the neutrosophic TOPSIS model to solve the MCDM problem and 
for the selection of suppliers in the production industry. 


Correlation performs a significant part in statistics as well as engineering. By way of correlation 
analysis, the mixture of two variables can be utilized to compute the mutuality of the two variables. 
Although probabilistic methods have been applied to various practical engineering problems, there 
are still some obstacles to probabilistic strategies. For example, the probability of this process depends 
on the large amount of data collected, which is random. However, large complex systems have many 
fuzzy uncertainties, so it is difficult to obtain accurate probability events. Therefore, due to limited 
quantitative information, results based on probability theory do not always provide useful 
information for experts. In addition, in actual applications, sometimes there is not enough data to 
correctly process standard statistical data. Due to the aforementioned obstacles, results based on 
probability theory are not always available to experts. Therefore, probabilistic methods are usually 
insufficient to resolve such inherent uncertainties in the data. Many researchers in the world have 
proposed and proposed different methods to solve problems that contain uncertainty. To measure 
the relationship between fuzzy numbers, Yu [20] established the CC of fuzzy numbers. 


Recently, Smarandache [21] extended the concept of the SS to hypersoft set (HSS) by replacing 
the single-parameter function F with a multi-parameter (sub-attribute) function defined on Cartesian 
products of n different attributes. The established HSS is more flexible than SS and is more suitable 
for the decision-making environment. He also introduced the further extension of HSS, such as crisp 
HSS, fuzzy HSS, intuitionistic fuzzy HSS, neutrosophic HSS, and plithogenic HSS. Nowadays, HSS 
theory and its extensions are developing rapidly. Many researchers have developed different 
operators and properties based on HSS and its extensions [22-36]. Abdel-Basset [37] uses a plithogenic 
set theory to resolve uncertain information and evaluate the financial performance of manufacturing. 
Then, they use VIKOR and TOPSIS methods to find the weight vector of financial ratios using the 
AHP method to achieve this goal. Abdel-basset et al. [38] recommended an efficient combination of 
plithogenic aggregation operations as well as quality feature deployment strategies. The advantage 
of this combination is that it can improve accuracy as well as assess the decision-makers. 


The following research is organized as follows: In Section 2, we review some basic definitions 
used in the following sequels, such as SS, NSS, and NHSS, etc. In Section 3, the idea of CC and WCC 
is developed with some necessary properties. An algorithm and decision-making method will be 
developed in section 4. We also used the developed approach to solve decision making problems in 
an uncertain environment. Finally, the conclusion is made in section 5. 


2. Preliminaries 
In this section, we recollect some basic definitions which are helpful to build the structure of the 


following manuscript such as soft set, hypersoft set, and neutrosophic hypersoft set. 


Rana Muhammad Zulgarnain, Imran Siddique, Shahzad Ahmad, Sehrish Ayaz, Said Broumi, An Algorithm Based on 
Correlation Coefficient Under Neutrosophic hypersoft set environment with its Application for Decision-Making 


Neutrosophic Sets and Systems, Vol. 46, 2021 130 


Definition 2.1 [3] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and AEG E.A pair (F, A) is called a soft set over U and its mapping is given as 
F:A > P(U) 

It is also defined as: 

(F,A) = {F(e) € P(U):e € E,F(e) = Gif e EA} 
Definition 2.2 [21] 
Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, kz,..., Kn}(n 21) be 
a set of attributes and set kK; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n > 1 for each i, j € {1,2,3 ... n} and i # j. Assume K, x Ky x K3x ... x Ky = A = 
{Qin X Aox X ++ X Any} be a collection of multi-attributes, where] < h < a,1<k < B,and1<l< 
y,and a, B,and y € N. Then the pair (F, K, x K x K3x...x K, = A)is said to be HSS over U and 
its mapping is defined as 
F: K, x Ky x K3x...* Ky, =& > P(U). 
It is also defined as 
(F, A)= (a, Fy(@: ad €A, F(a) € PCU)} 
Definition 2.3 [21] 
Let U be a universe of discourse and P(U) be a power set of U and k ={ky, kz, kz,..., kn}, 2 1) be 
a set of attributes and set kK; a set of corresponding sub-attributes of k; respectively with K; N K; = 
@ for n = 1 for each i, j € {1,2,3 ... n} and i # j. Assume K, x Ky x K3x ... x Ky, = A = 
{ayn X Agx X ++ X Ay} be a collection of sub-attributes, wherel <hsa,1<sk<fB,and1l sls 
y, and a, B, and y € Nand NS“ be a collection of all neutrosophic subsets over U. Then the pair 
(F, K, x Kz x K3x... x Kj, = A) is said to be NHSS over U and its mapping is defined as 
F: K, x Ky x K3x...* K, = A > NS™. 
It is also defined as 
(F, A) = {(@ Fa(@)):& EA, Fx) € NS“}, where Fx(d) = {(5, o¢ a (), Te(@y (5), Yea (6)): 6 € U}, 
where 0 (a)(6), Tra)(5), and Yr(q)(6) represent the truth, indeterminacy, and falsity grades of the 
attributes such as o¢(q)(6), Tr(a) (O), Yray(5) € [0,1], and 0 < oF(q)(6) + Tea (6) + Vem (6) S 3. 
Simply a neutrosophic hypersoft number (NHSN) can be expressed as F = 


{ (Ge(ay(0), teca (8), ¥rca)(5))}, where 0 < ap(ay(8) + tr~@(5) + Yr (5) S 3. 


Example 2.4 
Consider the universe of discourse U = {6,,6,} and & = {#, = Teaching methdology,?, = 
Subjects,£3 = Classes} be a collection of attributes with following their corresponding attribute 
values are given as teaching methodology = L, = {a,, = project base,a,, = class discussion}, 
Subjects = Lz = {a,, = Mathematics,a,, = Computer Science, az3 = Statistics}, and Classes= L3 = 
{a3, = Masters,a3, = Doctorol}. Let A = L, x L, x L; bea set of attributes 
A= L, x Ly x Ly = {1,12} X {421,422,423} X {A31, 432} 
_ ses p41, 431), (Ay1, 21,432), (Q11,A22, 31), (11, A22, 432), (G11, A23, 431), (G1, A23, Bed 

(G42, 424,31), (Ay2, 21,32), (12, A22, 31), (12, A221 A32), (A12, 23 431), (A142, A23, 432), 
A = {ai, a, ds, dy, ds, ae, a7, dg, do, 0, a1, dy} 
Then the NHSS over U is given as follows 
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(F,A) = 
(G1, (64, (.6,.3,.8)), (62, (.9,.3,.5))), (Gz, (61, (.5,.2,.7)), (82, (.7,-1,.5))), (Gs, (61, (.5,.2,.8)), (62, (.4,.3,.4))), | 
(ts, (61, (.2,.5,.6)), (52, (.5,.1,.6))), (@s, (51, (8,-4,.3)), (52, (2,-3,.5))), (tio, (51, (.9,-6,-4)), (82, (.7,.6,-8))), 


(G7, (4, (.6..5,.3)), (62, (.4,.2,.8))), (Gg, (64, (.8,.2,.5)), (5p, (.6,.8,.4))), (Go, (64, (.7,.4,-9)), (52, (.7..3,.5))), | 
(G10, (54, (.8,.4,.6)), (82, (.7,-2,.9))), (Grr, (1, (.8,-4,.5)), (52, (.4,.2,.5))), (Gis, (61, (.7,.5,-8)), (52, (.7,.5,.9))) 


3. Correlation Coefficient for Neutrosophic Hypersoft Set 


In this section, the concept of correlation coefficient and weighted correlation coefficient on 
NHSS has been proposed with some basic properties. 
Definition 3.1 


Let (F,A) = {(5:, oc (51), Te (ay) (51), Ya (5:)) | 5; € u} and (G,M\) = 
{(5, 0G (ix) (51), TG (a,) (61), Voce, (5,)) | 6; € u} be two NHSSs defined over a universe of discourse 


U. Then, the informational neutrosophic energies of (F,A) and (G,A) can be described as follows: 


Swuss(F,A) = Dea Dini ((crca(60), + (cxay(6)) + (veca,)(60) ) (1) 
2 2 2 

Swuss(GM\) = Yikes Diet (sca (6,)) + (toca) (:)) + (Y6c,)(5)) i 

(2) 

Definition 3.2 


Let (FA) = {(6,,07¢a)(60, trey (6.¥r1a)(6D) | 6: € UW} and (GA) = 
{(5, IG (az) (51), TG (a) (i), Vga, (5,)) | 6; € u} be two NHSSs defined over a universe of discourse 
U. Then, the correlation measure between (F,A) and (G,M) can be described as follows: 
Cyuss((F,A), (G,A)) = 
Dies Lit (or ca) (6) * Fc) (5i) + TH ~Hy (Bi) * Toc) (S) + Yc) (6D * Yocay) (6): 
(3) 
Proposition 3.3 
aC ta {( 5: O(a (51), Trcay) (81), Yercay) (51)) | 6, € u} and (G,/) = 
Gace (51), TG) (Gi), VGH) (5,)) | 6; € u} be two NHSSs and Cyyss((FA),(G.A)) bea 
correlation between them, then the following properties hold. 
1. Cyuss((F.A), (G,)) a Cwuss(FA) 


2. Cynss((FA), (GM) = Suuss(GA) 
Proof: The proof is trivial. 


Definition 3.4 

Let (F,A) = {(5:, oF cay) (51), Tr (ay) (51), Yap (5:)) | 5; € u} and (G,M\) = 

{(5., 0G (ax) (51), TG (a) (61), Voce, (5,)) | 6; € u} be two NHSSs, then correlation coefficient between 
them given as Oyyss((F,A),(G,A)) and expressed as follows: 


os weyy Cnuss((F,A),G,A)) 
Owuss(CFA), GA)) VSnuss(FA)* VSnussGA) @ 


Swass((F.A), (GA) = 


Uke Ba om(a,) (5)*0 (4, ) (60+ Te(a,) OD*TG(a,) OD +1 F(a) (+ 6(a,)°0) 


ar.izta( (cot) +(escax®) +( rsx) | 2r.s3t.( (cea) +(coty9) )+( roca) 
Proposition 3.5 

Len A)= {( 5: 05 (a) (51), Trcayy (81), Yecay) (5:)) | 6, € u} and (G,/\) = 

{(5, 9G (a,) (Oi), Toa, (Oi) Vora) (5,)) | 6; € u} be two NHSSs, then CC between them satisfies the 


following properties 


3 (5) 
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1. 0S dyuss(FA), GA) < 1 
- Ovuss((FA), GA)) = Snuss(GM), (FA) 
3. If (FA) = (G,A), thatis V i, k, OF (az) (5) _ 0G(a,) Oi), Tr(a) (6) _ TG (a,) (6:1), and 


Yr (ax) (61) = Yea, (6;) then Syuss((F,A),(GM)) =1. 
Proof 1. Oyuss((F.A), (G,A)) = 0 is trivial, here we only need to prove that Oyyss((F.A), (G,A)) < 
From equation 3, we have 
Onnss((F.A), (G,M)) = Yea Diy (orca) (Si) * 06 (a,)(6) + Tea, COd * Tea, (6) + Vea, (6) * 
YG (cx) (5,)) 
= Dia (Gray (51) * o6¢a) (51) + Tray) (1) * Toca, (Ss) + Yr cHy) (5x) * Yocayp (51)) 
Deed (orca) (62) * 06 (a) (62) + Tr(a, (52) * TE (a, (62) + Yea, (62) * Vgcar)(52)) 
+ 
+ 


A (On) * OG(ca,)(On) + THe) (On) * T6(e,)COn) + YEG) (On) * LD) 


aM 


Onuss((F, A). , e 
(orca,y(51) * 0¢(a,)(61) + Tr(a.) (61) * Tea) (1) + VF(a,) (1) * Vgtas)(61)) | 


OF(a>)(61) * OG(a,) (51) + ee) * g(a) (01) + ¥F(a2) (G1) * Vqtaz)(61)) 


1) on (81) * 06 (zim) (61) + TEC) (5) * TG (tim) (01) + VF (eign) (51) * VGC) (O1)) 
| OF(a>) (G2) * OG(a,)(62) + Tra,)(S2) * es + YF (a) (52) * Vq(at,)(82)) + 


Ox(a,) (G2) * 6G(a,)(62) + Tra,) (G2) * Tea, (62) + Yr(a,) (62) * Vqta)(82)) + | 


(orca) (82) * OG (dm) (52) + TE mn) (6,) * TG (tim) (02) + VF (ei) (2) * VG(dim)(52)) 
+ 
+ 
(5 (a,) (Sn) * 96¢4,)(Sn) + TC) (On) * ToCa,)(Su) + VC) (Sn) * ¥G(2,) (nd) + 
(G(a,) (Sn) * 96(4,)(Sn) + THC) (On) * tan) + ¥5(a)(n) * V(t) (On)) + 


(orca) (On) * 06 (aim) On) + TH em) On : * TG (tim) (On) + VF (eimm) (On) * VG (em) (On ) 
= Dia (Coe cay x) * 9609 (51d) + (oe (ayy (82) * OG¢a)(52)) + + (Orca (Sn) * 95044) (Sn))) + 
dk=1 (Geen (5,) * Te(ay) (51) a (tra) (52) * Ta) (52) fet (tra) (Sy) * T¢(y)(On))) + 
DEL ( (veces) * ¥ocay (Ord) + (Ye ayy G2) * Voce (Sa)) + + (Yea On) * Yocay Sn) 
By using Cauchy-Schwarz inequality 
Onuss((FA), GA)” = F F ; F ; 
((cxvayy(61)) i (orca) (5:)) an (orca) (5,)) ) ey (ce (a,)(51)) 7 (t<a)(62)) tere (tay) (On)) ) 


2 + (rant) + + (recay(62)) +o" + (Ye) q 
7 y ((cocay(6.)). + (oscayy(52)) seer (o6¢a,)(On)) ")+ (( T6(a4)(51)) y+ (coeay@d) tet (aca.)(5n)) ) 
k=l + (vec (6,)) + (vecay(52)) tet (Voce (6,)) ) 


Onuss((F,A), (G,A))? < 
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y S (( (( or(ay(5)) ) + (zea) + (yeca(60) ) 


k=1i=1 


= 


m n 


om») Z (( OG (cx) (6) + (tea, (6) + (vsca»(60) } 


k 
Ovuss((F,A), (G,))* S Swuss(F.A) X Suit: i). 
Therefore, Syuss((F.A), (G.A))* < Suuss(F.A) X Snuss(G.A). Hence, by using definition 3.4, we have 


Onuss((F,A), (G,M)) < 1.S0,0 < Oyuss((F,A), (GA)) < 1. 
Proof 2. The proof is obvious. 
Proof 3. From equation 5, we have 


Onuss((F.A), (GM)) = 
Wis Ba (ay) "g(a (80 Fay) BOF) OO*Y (a) OD°7G(44) ®D) 


2ti.2t( (ove?) +(e?) *(ro093?) ) ereszta((sctay’) +(e) }¥(recy) 


As we know that 
OF (G,) (51) = O60, (61), TFa,) (6) = Tea) (5), and YVF(a,) (51) = Vga, (6) V i, k. We get 


Onuss((FA), (G.M)) = : : 
Bes B((orca~)*0) +(er(a(60) +(rm(a)d) ) 


Onuss((F.A), (G,A)) =1 


Thus, prove the required result. 
Definition 3.6 


Pens) = {( 5: O(a) (51), Trcay) (81), Yercay) (51)) | 5, € u} and (G,) = 
{(5 9609 (51), Ta) 51), Vax) (5,)) |o, u} be two NHSSs. Then, their correlation coefficient is 
given as Oyyss((F,A),(G,A)) and defined as follows: 


1 oe wey Cnuss(F.A),G,A)) 
Onuss((FA), GM)) = max{Snuss(F.A),SNHssGA)} (6) 


Owuss((FA), (G.A)) = 
Wis Ba (a4) (80"e6 ay) O04 Fay) OD*T5 (a4 80* ¥(a4)(®0*Y (a4) 0) 


mar xa (rte 60) +(eH(ay (0) +re(aq)0) ) Rea BBA ( (Coca) 69) +(secay 0) + rec) ®))) 
Proposition 3.7 
Let (FA) = {(6,, 07049 (6:),t cay) 60, ¥rayy(6d) | 6: € U} and GA) = 
{( OG (a) Si)» TG (a) Oi)» VGCa.) (5,)) | 5; € u} be two NHSSs. Then, CC between them satisfies the 
following properties 

1. 0 S Syuss(FA),(GA)) < 1 


2. Snuss((FA), (G.A)) = Ovuss((FA), GA) 
3. If (F,A) = (G,M), thatis V i, k, oF(a,)(6i) = OG(a,) (61), Tra) (6) = To(a,) (6;), and 
Yr ix) (Oi) = Veca,) (6), then Shuss((F.A), (GA)) = 1. 
Proof 1. Siyss((F,A), (G,A)) = Ois trivial, here we only need to prove that Onyss((F,A), (G,A)) < 1. 
From equation 3, we have 
Onnss(CFA), (GM) = Ditka Dy (orca) (i) * OG (cig) (Oi) + TH Cay) (i) * TG cei) (Oi) + YEAR) (Gi) * 


YG(aix) (5,)) 


2 


(7) 


= Dia (Gray (51) * 06¢a) (51) + TH¢ayy (1) * Tec, (Sx) + Yea) (5x) * Yecay) (51) 


4 Det (orca) (62) * 06 (a) (62) + Te(a,)(52) * TE (a, (62) + Yrca,) (62) * Vecar)(5a)) 
+ 
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+ 
(rca (On) * 6(a,)(On) + Tray) (On) * Te (a) (On) + YFG) (On) * V@ca) (Sn)) 


Stuss((FA), Gui) 
(or ca,y(51) * g(a, (1) + Tr(a.) (51) * Ta) (Sx) + Yea, (Br) * Voce) (1)) | 


51M: 


(o¢a,)(51) * O(c) (1) + Te (ay) (51) * Ta.) (51) + Yea) (51) * Voce) (O1)) 
(5p) (81) * 05) (81) + TH Cehyp) (51) * TG) Ox) + 15 Chg) (51) * VG Cc) (51)) 
(ora) (52) * 06(4,)(62) + Tr(a, (62) * T6(a,) (G2) + Vea) (2) * Ve(ats)(62)) + | 


Fi (ora, (52) * 0¢(4,) (62) + Tr(a) (62) * TE (a) (2) + Vea) (62) * Vgtit,)(62)) + 


( (a) (82) * Om) 52) + TH Cyy) (2) * Ty cp) (52) + VF tm) 52) * VG (cn) (52)) 
+ 
+ 
(Gr(a,) (Sn) * 06(4,)(On) + Tra,)COn) * TG (a1) (On) + ¥F(a,) (On) * Veta) (On)) + 
(ora) (Sn) * O(a) (On) + Tr(a,)(On) * TG (a) (On) + VF(a2)(6n) * Veta) (On)) + 


(orca) (On) * OG (tim) On) + TH em) On) * TG (aim) (On) + VF (ein) (On) * VG (cian) (5,)) 
= Vke1 ((crap (51) * Ga, (5;)) + (ora) (52) * OG (tty) (5,)) tet (cra) (Sn) * 06 (a,)(On) ) + 
Ded (Gos (6;) * T@¢ay) (51) + (ta) (52) * Te (a,) (5,)) tet (tra) (6;,) * T@(ay)(On))) + 
Dia ( (Ye cay Sx) * ¥gcayy (Ord) + (Ye ayy G2) * Voce) (S2)) + + (Yea On) * Yocay n))) 


By using Cauchy-Schwarz inequality 
Ownss((F.A), GA)) S 


", (((arca(s)) + (area (S2)) ++ (orca Gnd) ) + (tod) + (trea (2d) ++ (tend) } 
2 + ((rrant60) + (yrap(62)) ++ (Ye(6)) i 

(coca). ap (.a49(82)), ++ (95a4)(6n)) ")+ (( reca,)(6)) ) + (tocax)(52)) cae (caca.)(5n)) ) 
aa +((recauy(5s)) + (rocayy(52)) ++ (Vereen) ) 


Onuss((F.A), (G,M))* < oe 
> » (crea (6d) + (cra(6d) + (veca.(6)) ) 


a > (Cz (6) + (toca (6) - (vsca»(60) ) 


k=1 i=1 

Onuss((F,A), (G,M))? < Swuss(F.A) X Sreuss(GA). 
Therefore, Snuss((F,A), (G.A))? S Snuss(F.A) X Snuss(G,A). Hence, by using definition 3.6, we have 
Onuss((F,A), (G,M)) < 1.S0,0 < Owuss((F,A), (GA)) < 1. 
Proof 2. The proof is obvious. 
Proof 3. From equation 7, we have 
Onuss((F,A), (G,A)) = 

ket Lie (or (a,)(5:) * OG(a,) (61) + Tea, (On) * Toca, (61) + Yea, COD * ¥6¢ay) (51)) 


max {S452 (array (6d) + (ereay(6d) + (vray (6D) ) ERE (ace) + (toca) + (vee6D) )} 
As we know that 
OF) (51) = OG(a,) (6D, Tra) (6) = Tea) (5), and ¥r(a,) (61) = VG(a,) (6) V i, k. We get 
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Shuss(FA), GA) = 
SETEs (sre) + (teea(6d) + (read) ) 


max aes xie1 ((crc(6), + (crap (6)) + (vecaa(6D) ) ym Yn, (orca (6 ))’ A (crp(60) i: (ray(60))} 
Onuss((FA), (GA)) = 1 

Thus, prove the required result. 

Definition 3.8 


Bee) = {( 5: O(a (51), Trcay) (81), Yeap) (51)) | 5, € u} and (G,) = 
{(5- 9609 (51), Toca), Vox) (5,)) | 6, € u} be two NHSSs. Then, their weighted correlation 
coefficient is given as Swwyss((F,A), (G,A)) and defined as follows: 


see se Cwnuss((FA),(G.A)) 
6; FA) (GA) = SS 8 
wuss (( ) (GA) VSwnuss(GA)* /SwnussGa) 8) 


Owwuss((F.A), (GM)) = 
Dee1 O(a vi( (a) ED*26(4,)(50# T(E) O*TG(a,) 60+ Ve(a,) OD*1G(a,) (60)) 


be, ony re (xe 60) (say ) +(rs¢a,)®0) )) is on By ve (-ctae) 2) +(seeay6®) +(recay 0) )) 


2 


(9) 
Definition 3.9 
Let (FA) 7 {(5, OF (G,) (Oi), TH(a,) Gi), Vr ax) (5i)) ope u} and (G,M) = 


{( 51, oca4) (51), Toa) (51), Voce, (5:)) | 6; € u} be two NHSSs. Then, their weighted correlation 
coefficient is given as Siynuss((F.A), (G,A)) and defined as follows: 


1 os weyy Cwnuss(FA),G,A)) 
Swnuss((FA), (GM) max{Swnuss(F.A),SwnussGA)} (10) 


Ownuss((F,A), (G.A)) = 
Dke1 4B vil (a) 60*26(44 (50 Tea, )Oi*To(a,)O0+ Y(t) 60*Y6(a,)(6D)) 


mar OK (si ve (erca9 60) +(er(a) 69) (re, 0) ) Ry w(t, OK es vi (esta 60) (toca) 60) +(ro(ay) eo) ))} 


(11) 


If we consider 2 = oor peer =} and y = b> = yeees =}, then Ownuss((F,A),(G,M)) and 
Ownuss((F,A), (G,A)) are reduced to Syyss((F.A), (G,A)) and Siss((F,A), (G,A)) respectively. 
Proposition 3.10 
Let (F,A) = {(5:, oF ay) (51), Tr (ay) (51), Ya) (5:)) | 5; € u} and (G,M\) = 
{( 51, oct, (51), Toca (5:), Vata) (80)) | 6, € u} be two NHSSs. Then, CC between them satisfies the 
following properties 

1. OS dwwuss((FA),(GA)) < 1 

2. Swwuss((FA), (GA) = Swnuss((G,A), (F,A)) 

3. If (F,A) = (G,A), thatis V i, k, of a,)(6i) = 96a) Oi, Tra, GO) = Tea, (Gi), and 

Ve(a) (Oi) = Voca,)(6i) then dwwass((FA), (GA)) = 1. 

Proof Similar to proposition 3.5. 


4, Application of Correlation Coefficient for Decision Making Under NHSS Environment 

In this section, we proposed the algorithm based on CC under NHSS and utilize the proposed 
approach for decision making in real-life problems. 
4.1 Algorithm for Correlation Coefficient under NHSS 
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Step 1. Pick out the set containing sub-attributes of parameters. 


Step 2. Construct the NHSS according to experts in form of NHSNs. 


Step 3. Find the informational neutrosophic energies of NHSS. 


Step 4. Calculate the correlation between NHSSs by using the following formula 


Cunss((F.A), (G.M)) = 


m n 
> ». (orca, (6) * O¢(a,)(Oi) + Tra, (6i) * TG ca, (Oi) + Yea,) (Oi) * Veta (5i)) 


k=1 i=1 


Step 5. Calculate the CC between NHSSs by using the following formula 


“ wy Cnuss(F,A),(G,A)) 
Swuss((FA), (GA)) = VSnuss(FA)* /Snuss (GA) 


Step 6. Choose the alternative with a maximum value of CC. 


Step 7. Analyze the ranking of the alternatives. 


A flowchart of the above-presented algorithm can be seen in figure 1. 
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Expert's neutrosophic 
hypersoft rating for x!) 
w.r.t sub-attributes 


Input 
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(Sub-attributes) 
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Expert's neutrosophic 
hypersoft rating for x’ 
w.r.t sub-attributes 


Expert's neutrosophic 
hypersoft rating for x!" 
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Alternative 
with maximum 
value of 
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bw altemative: and 
university requirement 


Compute the 
informational 


for each alternative 


Figure 1: Flowchart for correlation coefficient under NHSS 


4.1 Problem Formulation and Application of NHSS For Decision Making 


136 


Department of the scientific discipline of some university U will have one scholarship for the 


position of post-doctorate. Several scholars apply to get a scholarship but referable probabilistic along 


with CGPA (cumulative grade points average), simply four scholars call for enrolled for 


undervaluation such as X = {X?, 82,83, 84} be a set of selected scholars call for the interview. The 


president of the university hires a committee of four decision-makers (DM) U = {6,,62, 53,64} for 


the selection post-doctoral scholar. The team of DM decides the criteria (attributes) for the selection 


of post-doctorate position such as 2 = {f, = Publications, ?, = Subjects, £3 = IF} be a collection of 


attributes and their corresponding sub-attribute are given as Publications = ?, = {a,,= 


more than 10, a,, = less than 10}, Subjects = £, = {a,, = Mathematics, aj, = Computer Science}, 
and IF= #3 = {a3; = 45,a32 = 47}. Let 2’ = £, x €, x £3 bea set of sub-attributes 


QL’ = €, x £2 * €3 = {041,042} X (g1, 422} X {431,A32} 
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= ee 21,431), (Q11, 421, M32), (Ar1, G22, 31), (A11, 422, A32), 

(42, 421,431), (A12, 421,432), (Ay2, A22, 431), (Ai2, 422, 432) 
of all multi sub-attributes. Each DM will evaluate the ratings of each alternative in the form of NHSNs 
under the considered multi sub-attributes. The developed method to find the best alternative is as 
follows. 


| Ue = {ai,, A, G3, a4, ds, de, a, dig} be a set 


4.1.1. Application of NHSS For Decision Making 

Assume & = {X1,82,83,84} be a set of alternatives who are shortlisted for interview and 2 = 
{€, = Publications, £2 = Subjects, £3 = Qualification} be a set of parameters for the selection of 
scholarship positions. Let the corresponding sub-attribute are given as Publications = ¢, = 
Subjects = #2 
Computer Science}, and IF = €3 = {a3, = 45,d32 = 47}. Let @ = €, x €, x £3 be a set of sub- 


{a,, = more than 10,a,, = lessthan10} , {a2, = Mathematics, az. = 


attributes. Development of decision matrix according to the requirement of the scientific discipline 


department in terms of NHSNs. 


Table 1. Decision Matrix of Concerning Department 


Ly 


Ly 


> 


Sy 


a ay az az a4 as a6 az ag 
Bit CD88) CS Te6y, C569) CR BD. C48 C86 BY CSACT) (C648) 
8h) CSOT)? CES CSB er “CRAY. C9 Sa). 92S OS) 
bs EBS) CLAD). CB 6) CRBS). CRO CHEB) C568) 06.38) 
by CS AT). CAZTBY COS BY CSO) C7 BS) C82): CRA) C627) 
Table 2. Decision Matrix for Alternative 8 
xO a, ti, dis di dig ti diy lig 
Bi. CSO CDSS). CEB CBG9) C596) C86). 3 as C95) 
Oy CSD Ae) Cae C7) Ce (Sey (OSS) e845) 
be “CGDay Cassy C56 CLS Ay 2365): C9) 2 ey. C68) 
Be BAT IPS COBB) CACY CTS) CSB) CaS) > CE 7) 
Table 3. Decision Matrix for Alternative x 
x ay ti, iis dig dig dig tin dig 
6, (8,.5,.6) (.5,.4,.2) (.4,.3,.6) (.4,.8,.6) (.7,.6,.5) (.4,.1,.3) — (.7,.8,.5) (.8,.4,.7) 
62 = (.6,.5,.2) (.5,.6,.5) (.9,.5,.8) (.6,.4,.5) (.7,.5,.8) (.7,.5,.7) — (.3,.5,.9) (.6,.4,.9) 
Os M252) (O46): “OSA CB) 4645) (BSS) 146. <C6.7'S) 
64  (.5,.2,.4) (7,979) (.6,.3,.4) (.9,.5,.1) (.3,.4,.6) (.6,.5,.2) — (.9,.5,.6) (.3,.4,.3) 
Table 4. Decision Matrix for Alternative X© 
OME A iy ig di, dig dig tin dig 
01 (.3,.5,.2) (.8,.7,.3) (.7,.2,.9) (.9,.5,.1) (.3,.4,.6) (.1,.5,.2) (.9,.5,.1) (.7,.4,.3) 
by (6.52) CESS) C46) (6642) 6556) C23) G76 (24) 
Se (39,7) (39,1) C732) — 024.2) 7.9.8) F.2d) CANS) 087.9) 
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64 — (.7,.8,.6) —_ (.7,.2,.5) —_7,.3,.2) (.3,.2,.7) (.4,.6,.8)  (.5,.6,.2) (.7,.2,.6) —_ (.8,.6,.9) 


Table 5. Decision Matrix for Alternative X™ 


x) ai ai, ii; ti, tis tig ai, tig 
6, (7,41) (74.3.1) (.7,.4,.6)  (.4,.9,.6) .7,.2,.5) .7,.3,.2).7,.4,.6) — (.9,.4,.3) 
56> (1,45) (6.2.3) .7,.4,.3) (6.25.5) 6.6.2.1) .5,.4,.7) 3.55.1) (.6,.2,.7) 
53 (.5,.4,.3) (6.45.7) (6.2.1) (.6,.3,.5) 64,.7,.9) —.2,.7,.4)  5,.3,.9) — (.3,.6,.2) 
5, (4,2,.6) (.7,.4,.3)  (5,.4,.9) (.4,.2,.3) 64.1.3) 4,.5,.2) (1,.6,.5)  (.1,.5,.2) 


By using Tables 1-5, compute the correlation coefficient between Syyss(Q,8) , Svuss(P,8) , 
Syuss(Q, 8), Svuss(2, 8) by using equation 5 given as follows: 

Synss (4X) = 99658, Syyss (2,82) = 99732, Syass(Q,%) = 99894, and Syuss(fo,X) = .99669. 
This shows that Sjyyuss(@,8) > Sivwuss(@,8™) > Swvuss(M 8) > Siwuss(@,8™). It can be seen 
from this ranking alternative %© is the most suitable alternative. Therefore X@) is the best alternative, the 
ranking of other alternatives given as 8) > X@ > RM > X®_ Graphical results of alternatives ratings can 


be seen in figure 2. 


Correlation Coefficient for NHSS 


0.9995 


0.999 
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0.995 
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m1) NZ) a RA(3) NN) 
Figure 2: Alternative’s rating based on correlation coefficient under NHSS 


5. Conclusion 


The neutrosophic hypersoft set is a novel concept that is an extension neutrosophic soft set. In 
this manuscript, we studied some basic concepts which were necessary to build the structure of the 
paper. We introduced the correlation and weighted correlation coefficient with some necessary 
properties under the NHSS environment. A decision-making approach has been developed based on 
the established correlation coefficient and presented an algorithm under NHSS. Finally, a numerical 
illustration has been described to solve the decision-making problem by using the proposed 
technique. In the future, anyone can extend the NHSS to interval valued NHSS, aggregation 
operators, TOPSIS technique based on developed CC. 
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Abstract: A rough neutrosophic set theory is a generalization of uncertainty set theory with a 
combination of upper and lower approximation and a pair of neutrosophic sets which are 
characterized by truth membership degree (T), indeterminacy membership degree (I), and falsity 
membership degree (F). This set theory is suitable for representing each criterion’s relation in 
medical diagnoses, such as the relation of disease and symptom. This paper aims to propose a model 
of medical diagnosis via a distance-based similarity measure of a rough neutrosophic set. The first 
phase for the development model involves the roughness measure between information collected 
and a lower and upper approximation of rough neutrosophic set theory. Then, it is simultaneously 
used with extended Hausdorff distance measure to get the proper medical diagnosis. The result 
shows that each patient has a chest problem that contradicts the prior diagnosis. The finding shows 
that the roughness approximation is important to get the best result in a close distance-based 
similarity measure, especially for uncertainty information. 


Keywords: Distance-based similarity measure, Medical diagnosis, Rough neutrosophic set, 
Roughness measure, 


1. Introduction 


The medical diagnosis contains lots of uncertainties and an increased volume of information. It 
becomes difficult to classify different symptoms under a single disease name. There is a possibility in 
some practical situations that each dimension has a different truth, indeterminacy, and falsity 
information. It is, therefore, important to use a more versatile method that can easily deal with 
unpredictable circumstances. Hence, a rough neutrosophic set (RNS) is a useful tool for dealing with 
uncertainty and incompleteness information for medical cases [1]. 

A rough neutrosophic set (RNS) is a generalization of rough set and neutrosophic set theory. 
Pawlak [2] introduced a rough set concept as a formal tool for modelling and processing incomplete 
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information for information systems. The basic idea of the rough set is based upon the approximation 
of sets known as a lower approximation and an upper approximation of a set. Besides, the 
neutrosophic set proposed by Smarandache [3] is a generalization of a fuzzy set [4] and an 
intuitionistic fuzzy set [5]. Meanwhile, neutrosophic sets are characterized by truth membership 
function (T), indeterminacy membership function (I), and falsity membership function (F). 

Since the rough neutrosophic set (RNS) involves a pair of approximation sets, then the roughness 
measure between them gives more chances for an informed decision. The study of this roughness 
measure is still not yet explored for RNS theory. Meanwhile, the study of distance-based similarity 
measures of RNS gives many measures, each representing specific properties and behavior in real- 
life decision making and pattern recognition works. Based on the relationship between distance and 
similarity measure, Pramanik et al. proposed several similarity measures: Cosine similarity measure 
[6] and Dice and Jaccard similarity measure [1]. Meanwhile, Pramanik et al. [7] used the 
Trigonometric Hamming similarity measure for multi decision-making in selecting laptops from a 
different company. Besides that, Mondal et al. [8] studied the similarity measure of RNS by 
introducing the variational coefficient for each similarity variable to solve the decision-making 
problem under-investment company option. Therefore, the application of RNS is widely explored, as 
discussed in the literature. 

In this study, the roughness approximation of the rough set by Yao [10] is used to determine the 
roughness measure between the lower and upper approximations of RNS. Then, the extended 
Hausdorff distance measure is used in the first phase of implementation via medical diagnosis. 
Simultaneously, the roughness approximation is included in this dissimilarity measure. Therefore, 
this study aims to propose the new notion of roughness approximation for medical information via 
lower and upper approximations of RNS, and to determine the closeness of distance-based similarity 
measure between symptoms and diseases versus patients and symptoms for complete medical 
finding. The result is more accurate since the roughness of information is considered for the first term 
as a lower and upper approximation of RNS. For novelty, the roughness for a lower and upper 
approximation of RNS is not yet studied by other researchers. Following from there, medical 
information related to symptoms and diseases versus patients and symptoms is discussed 
thoroughly. 

The rest of the paper is organized as follows. Section two is preliminaries for some important 
definition, while Section three introduces a new definition of the distance-based similarity measure. 
Section four presents the methodology involved in the medical diagnosis process, while Section five 
is the main implementation of medical findings. Lastly, Section six concludes the paper. 


2. Preliminaries 


This section recalled some important definitions of the rough neutrosophic set, extended 
Hausdorff distance of neutrosophic set, roughness approximation, and distance-based similarity 
measure. All the proof of the propositions may be referred to in [10 - 13]. 


2.1. Rough Neutrosophic Set 


Definition 2.1.1 [11]. Let U be a non-null set and R be an equivalence relation on U. Let A be 
neutrosophic set in U with the truth membership function Ty, indeterminacy function I,, and non- 
membership function F,. The lower and the upper approximations of A in the approximation (U,R) 
denoted by N(A) and N(A) are respectively defined as follows: 


N(A) = ((%).T wean (Inc): Fun (2) y € [xj] qed € 4x) €U), and 
N(A) = (Trea ())s Aca (%), Fre) € Le] yd € Zt xy € U) 
where; 
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j =1,2,..,q is a positive integer, Tyc4)(xj) = Ayelxj], Ta(yj), Incay (xj) = Vyelxjlp Iy(yj), Fuca (xj) = 
Vyelxjl, Fal)» Tray(%j) = Vyelxj]e Tal), Ina (4j) = Myelxj], L(y)» and Fry (xj) = 
Ayelxjl, F4(y;). 


Here Aand V denote “min” and “max” operators respectively and Pal. is the equivalence class of 
the x;. The T, (y;), I, (y;)and F,(y;) are the truth membership, indeterminacy membership, and 
falsity membership of y concerning A. 

Since N(A) and N(A) are two neutrosophic sets in U, thus the neutrosophic set mappings 
N,N:N(U) > N(U) are respectively referred to as lower and upper rough neutrosophic set 
approximation operators, while the pair of (wv (A), N(A)) is called the rough neutrosophic set in 
(U, R), respectively. The rough neutrosophic set is denoted by: 


[Tweay (4), Inca 25), Frc 5), 


N(A) = (N(4), N(A)) = (\ (iro) Tray 5), Fry 25) 


) ly € [4],7 €Ztx; € u) (1) 
The truth membership set [Tc A) (x;), TH A) (x;)], indeterminacy membership set [Inc A) (x;), Inc ’ (x;)], 
and falsity membership [Fic A) (x;), F N(A) (x;)] for lower and upper approximation of RNS may be in 
decreasing or increasing order. 


Definition 2.1.2 [11]. If N(A) is a rough neutrosophic set in (U, R), the rough complement of 
N(A) is the rough neutrosophic set donated by ~N(A) = (ww (4))°, (WA))*), where (N(A))° and 
(N(A))° are the complements of neutrosophic set Gi (A), N(A)), respectively, given by 


[Frvcay (2), 1 — Inca (4), Tucay aa 


le (wan, ay’) 7 {0-( ea 1 — Incay (4), Tray) 


2.2. Distance-based Similarity Measure 


Definition 2.2.1 [12]. An extended Hausdorff Distance dj"(A,B) operator between neutrosophic set 
A and B is defined as follows: 


df" (A,B) = =SL, max{|T4(xi) — Te Xi) Ula) — la) Fa) — Fe eB (3) 
Definition 2.2.2 [13]. It is well known that similarity measures can be generated from distance 
measures. Therefore, the distance-based similarity measure based on extended Hausdorff distance 
between neutrosophic set A and B is defined as follows: 

Sy(A,B) = 1 — di (A, B) (4) 


where dx'/(A, B) represents the extended Hausdorff distance between neutrosophic set A and B. 


Proposition 1. The similarity measure S,(A,B) for neutrosophic set A and B satisfies the following 


properties: 
(S1) 0 < Sy(A,B) < 1; 
(S2) Sy(A, B) = 1 if and only if A = B; 
(53) Sv(A, B) = Sw(B, A); 
(S4) Sy(A,C) < Sy(A,B) and Sy(A,C) < Sy(B,C) if C is neutrosophic set in X and AG 


BEC. 
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All proofs for these properties were discussed in [13] and [12]. 


2.3. Accuracy and roughness approximation 


Definition 2.3.1 [10]. For a subset of object X & U, the accuracy measure is defined as: 


|apre(X)|+| (apr ,(X))*| 


ap(X) = " 6) 


where X isanon-empty set, E € X, apr;(X) isa lower approximation of set E, apr,,(X) isan upper 


approximation of set EF, |.| denotes the cardinality of a set FE, and 0 < a;(X) < 1. Based on the 
accuracy measure, the roughness measure is defined by: 


pe(X) = 1—az(X) (6) 
3. Distance-based similarity measure with roughness approximation 


This section introduces a distance-based similarity measure with roughness approximation, 
where the roughness approximation as in Equations 5 and 6 is defined simultaneously with an 
extended Hausdorff distance measure. The determination of the roughness measure is defined 
between a lower and upper approximation of rough neutrosophic set theory instead of the average 
measurement between them. 


3.1. Distance-based Similarity Measure 


Assume that A and B be any two rough neutrosophic sets in the universe of discourse U as 
follows: 


Ty cay (25), Lvcay (2%), Fvca (25), 


ey: 
are [Tica (i) Linea (24), Pincwy (25))] 
el 


|x; € U) and 


[Twcey (2¢)), Icey (4), Frucey (4))], 


B= (x, 
” [Tcey (%;), wee (%), Frey (7) 


|x; € U) 


Then, the distance-based similarity measure for RNS A and B is defined as: 


Definition 3.1.1: Extended Hausdorff distance with roughness operator is given by 
ee (3) — AT wey (25) | [Alive (%)) — pene 


qe A,B = = ke 
RNs ) k Xi=1 Hua |AFivcay (x;) oo AF yey (%)| 


where; 


IX] |X| 


ATy¢ay(%j) = 1— [ee | ATyie)(x;) =1- [pes | 


Aly a)(xj) = 1 - eee ) Aly ey (xj) = 1 —- ee } 


|X| IX] 


AFyay(xj) = 1 - panes mays) } and AFy¢g)(xj) = 1 — eee ) ) 


IX] |X| 
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Here, A denotes the “roughness approximation” operator by rough approximation between the 
lower and upper approximation of RNS, while |.| is the cardinality of the universal X. 


Proposition 2. The extended Hausdorff distance dfi;(A,B) between rough neutrosophic A and 
B satisfies the following properties: 


(D1) dins(A, B) = 0. (non-negative) 
(D2) divs (A,B) = 0 if and only if A = B, for all A,B € RNS. (definiteness) 
(D3) dns (A, B) = dgns(B, A). (symmetry) 
(D4) If AS BSC, for A,B,C € RNS, then dEti.(A,C) > dBlls(A,B) and 
dins(A,C) = déxs(B,C). (triangle inequality) 
Proof: 
(D1) dE (A,B) > 0. 


As ATycay(x;), Alwcay (xj), AFwcay (xj) € [0,1], AT cay (x; ), Alwcey (xj), AFivcey (xj) € [0,1] for all 

A, B € RNS, the distance measurement based on these functions also lies between [0,1]. 

(D2) dns (A, B) = 0 if and only if A = B, forall A,B € RNS. 

For any two RNS A and B, if A= B, then the following relations hold for any ATy 4) (x;) = 

AT yay (xj), Alwcay(%j) = Alveay (xj), AFcay (xj) = AFvcpy(xj) which states that |ATy¢4)(x;) — 

ATye)(%)| =, [Alwcay (25) — Alncay(q)| = 0, and |AFycay(xj) — AFwcay(2j)| = 0 . Thus, 

dzns(A, B) = 0. Conversely, if déxs(A, a = 0, then the zero distance measure is possible only if 

[AT way (2%) — AT oy (24)] = 0, = 0, and |AFyca)(xj) — AFwcay(23)| = 0. 

This resulted from ATycay(x;) = ATy ey ) ; rae (x;) = Alycay(xj) , and AFycay(x;) = 

AF yey (%; ) for all i,j values. Hence A = B. 

(D3) dins(A, B) = dgns(B, A). The proof is obvious. 

(D4) If AS BSC, for A,B,C €E RNS, then d£H.(A,C) = dE#,(A,B) and d£4,(A,C) > 

dns(B,C). 

Let ASBEC, which implies that; ATyc4)(x;) < ATycey (xj) S ATyey (Xj), Alay (xj) = 

Alyce) (2%) 2 Alyce i), AF cay(%j) 2 AFweey(%j) 2 AFueoy(j) forevery xe X; 

Then, we obtain the following relation: 
| AT wcay(%) — ATweay 5) S [ATncay (% i) ATwea (Jl 
[AT wcay(xj) — ATwecy(%4)| S 
| Alwcay(oj) — Alea (x) S 
[Alcay(%j) — Alvcey (4) S [Adivcay(%) ~ Alvcoy 

c) | AFwcay (4) - AF wo) (X) < 

|AFvcay(x;) — AFwoy (2%) | S 

Combining a), b), and (c), we obtain 

7 dafer max{|ATy cay(x;) — ATwewy(x)]- [Alvcay(&/) — Alen 5) | [Fic 5) ~ BFveey()1} $ 

= Dfeg max{|AT ya) (x;) — ATwcey(%)b [dca (29) — Alco) 24) | [AFvcay 9) — Fwy) [} and 

7 dfar Max{|AT yew) (x;) — AT wee (%))- |Alncwy(%)) — Alco) AF (%j) - Fv} S 

= Dhar max{[ATy 4) (xj) — ATvccy (xj) | Alvcay (4) — Alivccy (%) | AFivcay ()) — AFivcoy (2) |} - This 

implies that dgns(A,B) S dévs(A,C) and dfi,(B,C) < dgN<(A,C). Thus, the property (D4) is 

satisfied. 

This completes the proof. m 


4. Methodology 


In this study, there are four phases to complete the medical diagnosis findings via distance-based 
similarity measure of a rough neutrosophic set (RNS). 
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Phase 1: Collection of data involving the information regarding the symptoms and diseases versus 
patients and symptoms from the medical report. 

In this phase, the data collected on the relationship between symptoms and diseases as well as 
patients and symptoms are collected from the medical personnel. 

Phase 2: Construct the RNS-set for the medical report. 

The data collection is converted to RNS-set by using Definitions 2.1.1, as in Equation (1). 

Phase 3: The determination of roughness approximation simultaneously with the distance-based 
similarity measure of RNS-set for medical findings. 

RNS-set is used to determine the distance-based similarity measure of the relationship between 
symptoms and diseases as well as patients and symptoms using Definition 3.1.1 and Equations (2) 
and (7). 

Phase 4: Discussion of a complete medical report. 

Lastly, the complete medical report can be written to determine which patient’s symptoms and 
diseases are related. If the distance measure is closer to zero, the conclusion is that the patient possibly 
suffers from the disease. Meanwhile, for similarity measure, if the measurement is greater than 0.5, 
then the conclusion is that the patient possibly suffers from the disease. On the other hand, if the 
similarity measure is less than 0.5, then the conclusion is that the patient may not possibly suffer from 
the disease. 


5. Case Study: Implementation in Medical Diagnosis 


In this section, the relationship between symptoms and diseases as well as patients and 
symptoms are considered in the same equivalence relation. Table 1 shows an example of the 
medical findings of patients represented in a tabular form. For diagnosis purpose, the patient is 
kept under supervision for a one-time inspection. 


Table 1. Example of a medical finding of a patient 


Temperature Headache Stomach pain Cough Chest pain 
High Yes (moderate) Yes (moderate) Yes (high) Yes (high) 


The main feature of this study is to consider the degree of truth membership, indeterminacy 
membership, and falsity membership for each element between two approximations. The data 
is adapted from Pramanik and Mondal [6]. Let P= {p,,p2,p3} be a set of patients, D = 
{ d,,dz,d3,d,} be a set of diseases, and S = {x1,x2,X3,X4,X5} be a set of symptoms. The relation 
between patients and symptoms (see Table 2) and the relation between symptoms and diseases 
(see Table 3) are considered in the same equivalence relation. 


Table 2. The relation between patients and symptoms 


Relation, | Temperature Headache Stomach pain Cough Chest pain 
A (%4) (%2) (x3) (%4) (%s) 

Patient (0.6, 0.4,0.3),\ (0.4, 0.4,0.4),\ /(0.5,0.3,0.2),|  /(0.6,0.2,0.4),\ /(0.4, 0.4, 0.4), 
(P1) tae 0.2, oo ne 0.2, | ee 0.1, a ee 0.0, os i 0.2, 7 

Patient (0.5, 0.3,0.4),\ (0.5, 0.5,0.3),\ /(0.5,0.3,0.4),| /(0.5, 0.3, 0.3),\ /(0.5, 0.3, 0.3), 
(p2) Ge 0.3, Bl ee 0.3, ie a 0.1, i 0.1, io) tea 0.1, o) 

Patient (0.6, 0.4,0.4),\ /(0.5,0.2,0.3),\ /(0.4,0.3,0.4),|  /(0.6,0.1,0.4),\ /(0.5, 0.3, 0.3), 
(p3) ee 0.2, a ce 0.0, a ee 0.1, oI ee 0.1, ee 0.1, in 


Suriana Alias, Daud Mohamad, Adibah Shuib, Nazhatul Sahima Mohd Yusoff, Norarida Abd Rhani and Siti Nurul Fitriah 
Mohamad, Medical Diagnosis via Distance-based Similarity Measure for Rough Neutrosophic Set 


Neutrosophic Sets and Systems, Vol. 46, 2021 148 


Table 3. The relation between symptoms and diseases 


Relation, B Temperature Headache Stomach pain Cough Chest pain 
(x1) (X2) (x3) (%4) (Xs) 

Viral fever (0.6,0.5,0.4),\ /(0.5,0.3,0.4),\ /(0.2,0.3,0.4),\ /(0.4, 0.3, 0.3),\_/(0.2, 0.4, 0.4), 

(d,) eee ees ae) ene teers) 

Malaria (0.1,0.4,0.4),\ /(0.2,0.3,0.4),\ /(0.1,0.4,0.4),\ /(0.3, 0.3,0.3),\_/(0.1, 0.3, 0.3), 

(dz) ees ed ees eae een 

Stomach problem /(0.3,0.4,0.4),\__/(0.2,0.3,0.3),\ /(0.4, 0.3, 0.4),\__ /(0.1,0.6,0.6),\_  /(0.1, 0.4, 0.4), 

(d3) ees eee ate ened ae 

Chest problem (0.2,0.4,0.6),\ /(0.1,0.5,0.5),\ /(0.1,0.4,0.6),\ /(0.5, 0.3,0.4),\/(0.4, 0.4, 0.4), 

(d4) ees Gees erred ee ee 


Based on Pawlak [2], the lower approximation explains that the element set surely belongs to 
the object, while the upper approximation possibly belongs to the object. For example, based on the 
data collected in Table 2, the truth membership degree for temperature (x,) that surely belongs to 
patient 1 (p,) is equal to 0.6 and which possibly belongs to patient 1 (p,) is equal to 0.8. The 
indeterminacy membership degree for temperature (x,) that surely belongs to patient 1 (p,) is equal 
to 0.4 and which possibly belongs to patient 1 (p,) is equal to 0.2. Meanwhile, the falsity membership 
degree for temperature (x,) which surely belongs to patient 1 (p,) is equal to 0.3 and which possibly 
belongs to patient 1 (p,) is equal to 0.2. The same description is indicated for each data in Table 2 
and Table 3. 

Next, the determination of roughness approximation simultaneously with the distance-based 
similarity measurement by extended Hausdorff distance is used to determine the proper medical 
diagnosis for model RNS for each patient. By using an Equation (2) and roughness operator in 
Definition 3.1.1, the truth roughness measure for relation A for patient (p,) is calculated as follows: 

AT yea) Ge esq [a Lene (2s#04) ae. 


|x] 15] 


Then, by using the same equation and definition, the roughness measure for all membership function 
for each relation A and relation B for patient (p,), is presented as follows: 
ATy (ay (Xz) = 0.88, AT y 4) (x3) = 0.86, ATy 4) (%4) = 0.84, and ATy(4)(xs) = 0.88; 
Alyay(%1) = 0.76, Alycay (x2) = 0.76, Aly 4y(%3) = 0.76, Alay (x4) = 0.76, and Aly 4) (xs) = 0.76; 
AF yay (1) = 0.78, AF yay (Xz) = 0.8, AF yc4y(x3) = 0.82, AFy (4) (x4) = 0.76, and AFyc4)(xs) = 0.8; 
ATy py (1) = 0.84, AT yp) (%2) = 0.86, ATy gy (%3) = 0.92, AT yey (%4) = 0.9, and 
ATy py (%5) = 0.92; Alycgy(%1) = 0.76, Alyce) (Xz) = 0.8, Alyce) (%3) = 0.8, Aly gy (x4) = 0.76, and 
Alypy(%s) = 0.76 ; AF ycpy(%1) = 0.76, AF yy(X2) = 0.8, AFycp)(xg) = 0.84, AFeny (x4) = 0.82 , 
and AFy g)(xs) = 0.84; 
Then, simultaneously using Equation (7), the extended Hausdorff distance for medical diagnosis of 
patient 1 (p,) with viral fever (d,) symptom is calculated as follows: 


5 
dEH (A, B) = >») ioe ne (x;) — AT cay) |, [Al cay) — Alveay oe 
RNS , — 
en |AFwcay(xj) — AF wee (%)| 
= =(max{|0.86 — 0.841, |0.76 — 0.76], |0.78 — 0.76} + max{|0.88 — 0.86], |0.76 — 0.8], |0.8 — 0.8} + 
max{|0.86 — 0.92|,|0.76 — 0.8], |0.82 — 0.84|} + max{|0.84 — 0.9], [0.76 — 0.76], |0.76 — 0.82|} + 
max{|0.88 — 0.92|, |0.76 — 0.76|, 0.8 — 0.84|}) = = (0.02 + 0.04 + 0.06 + 0.06 + 0.04) = = (0.22) = 
0.044. 
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Therefore, the extended Hausdorff distance for patient 1 (p,) with viral fever (d,) symptoms 
are 0.044. Then, a similar calculation will be repeated to obtain the result of medial finding for each 
patient by employing extended Hausdorff distance. The summary result for the proposed extended 
Hausdorff distance measure with roughness approximation is represented in Table 4. 


Table 4. The proposed extended Hausdorff distance measure with roughness approximation 


Proposed extended Viral fever Malaria Stomach problem Chest problem 

Hausdorff distance (d1) (dz) (d3) (d4) 
Patient (p,) 0.0440 0.0720 0.0560 0.0280 
Patient (pz) 0.0640 0.0960 0.0620 0.0400 
Patient (ps3) 0.0440 0.0800 0.0600 0.0360 


According to the result, all the proposed distance measure is close to zero. Here, the closest value 
to zero indicates the result is possibly “more suffering”. Therefore, it shows that all patients are 
suffering from a chest problem. 

By comparing the similarity measure as in Equation (4) with the previous result by Pramanik 
and Mondal [6] shown in Table 5, we can see that previously all patients were diagnosed with a viral 
fever. Therefore, a different diagnose result is determined for this study. However, all the similarity 
measure values are greater than 0.5, indicating that the patients possibly suffer from the disease. The 
closest similarity value to one indicates the highest possibility of diseases. 


Table 5. The Cosine similarity measure and proposed distance-based similarity measure 


Cosine similarity Viral fever (d,) Malaria (dz) Stomach Chest 
measure problem (d3) problem 

(d4) 

Patient (7) 0.9595 0.9114 0.8498 0.8743 
Patient (p2) 0.9624 0.9320 0.8935 0.8307 
Patient (p3) 0.9405 0.8873 0.8487 0.8372 

A proposed distance- 
based similarity measure 

Patient (7) 0.9560 0.9280 0.9440 0.9720 
Patient (p2) 0.9360 0.9040 0.9380 0.9600 
Patient (p3) 0.9560 0.9200 0.9400 0.9640 


However, the proposed distance-based similarity result is more accurate since the roughness 
between the lower and upper approximations of RNS is considered simultaneously with the 
extended Hausdorff distance instead of only the mean operator between the lower and upper 
approximation of RNS. Even the other similarity measures led to the same final answer but extended 
Hausdorff distance shows the simplest and easiest way. Therefore, the chances to obtain the wrong 
answer are less than other similarity measures. 


6. Conclusions 


The complete medical diagnosis covered all the relation between the collection of medical 
information, such as the relationship between patients and symptoms as well as symptoms and 
diseases. This study successfully examines all the factors needed to complete the medical diagnosis 
where the distance-based similarity between the medical information is taken over for the first phase. 
The new notion of roughness approximation for medical information via lower and upper 
approximations of a rough neutrosophic set is successfully presented. In future work, it is valid to 
use the same method that involved data with upper and lower approximations. Besides that, 
distance-based similarity measures by extended Hausdorff distance can be applied in other fields 
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such as the distance for a spatial object in Geographical Information Science (GIS), object recognition 
for multimedia application, and others. 
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Abstract: The aim of this paper is to introduce a simplified presentation of a new 
computing procedure for solving trapezoidal neutrosophic linear programming (TrNLP) 
problem under uncertainties. Therefore, we firstly define the concept of single valued 
neutrosophic (SVN) numbers and ranking functions. A new strategy is planned for solving 
the NLP problem without any ranking function. The planned strategy is depends on 
multi-objective LP (MOLP) issue and lexicographic order (LO). By following the means of 
planned strategy, the problem is changed into crisp LP (CLP) problem. In addition to this, a 
theoretical analysis is provided. Numerical examples are illustrated the proposed method and 
the consequences are in contrast with the distinct choice methods. The outcome shows that 
the proposed technique defeats the deficiencies and constraints of the existing method. 
Keywords: Neutrosophic trapezoidal numbers; lexicographic method; linear programming, 
multi-objective linear programming 


1. Introduction 


Over the last few decades, LP has found numerous successful applications in diverse 
fields, including Operation Research (O.R), manufacturing, information technology, big 
science data, energy optimization, and the list goes on. LP has strongly influenced the 
mathematicians to develop various methods to handle this. 

In traditional LP, all the parameters and decision variables are expected to take on 


exact numerical values. In actuality circumstances, the information is conflicting and 
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undetermined. Due to uncertainty, the decision-maker cannot generally detail the issue in an 
all around characterized way and careful, nor can they in every case unequivocally anticipate 
the result of practical choices. For Example: In India, there are three candidates A, B, and C 
for M.P (Member of Parliament) contested in the election. If the probability is applied for the 
possible outcome, then the uncertainty can be known. Suppose that A wins is 45%, then there 
is a chance for loosing 55% too. In case of B, we say that 33% of winning chance, it does not 
mean that the probability that C wins is 22%, since there may be some NOTA votes (voters 
reject both all candidates) or not choosing any candidate. However, there is a chance of some 
error when calculating the possibility. From the above real examples, one may clear that the 
decision-makers (voters) cannot decide the outcome of the result accurately or precisely, 
because all the parameters are uncertain and imprecision. Therefore, the fuzzy set principle 
used to be delivered to handle such type of parameters by decision-makers. Firstly, the fuzzy 
set was once added by means of Zadeh[31]. The idea of selection making in fuzzy 
surrounding was proposed by Bellman and Zadeh[32]. Numerous researchers received this 
idea and stretched out it to take care of the linear programming issue. This problem is called 
fuzzy linear programming (FLP) problem. 

There are two types of problems in the LP problem under a fuzzy environment: (i) symmetric 
(ii) non-symmetric, which was proposed by Zimmermann [1]. Many researchers 
[2,9,11-18,33-34] considered the problem of FLP and proposed various methods. The 
conception of the practical solution and @ methodical solutions of the FLP problem was 
proposed by Ramik [19]. Ghanbari et al. [29] introduced a technique for tackling fuzzy LP 
issues with crisp formulations of the fuzzy problem. Using the ranking function for tackling 
the FLP issue was established by Malek: et al. [20]. In the study, Mahadevi-Amiri and Nasiri 
[13] introduced the duality approach for solving the FLP problem. The concept of sensitivity 
analysis for solving the FLP problem was proposed by Ebrahimnejad [35]. Jimenez et al. [30] 
considered the problem of FLP using a ranking function to rank with fuzzy in objectives and 
to deal with inequality constraints. Wan and Dong [22] considered the possibility of LP 
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issues having trapezoidal fuzzy numbers using multi-objective programming problems and 
using membership function. A new type of fuzzy symmetric trapezoidal fuzzy number was 
considered by Ganesan, and Veeramani [21], and the technique was solved in absence of 
changing to crisp LP problems. Ebrahimnejad and Tavana [4] introduce another technique 
for tackling FLP issues, and the authors convert the problem into a parallel crisp LP issue and 
the issue was solved by primal simplex method. 

If the parameters, variables, and constraints are taken fuzzy numbers, then it is called fully 
fuzzy problems, and the linear programming is known as a fully fuzzy LP (FFLP) problem. 
Lotfi et al. (7) considered an FFLP problem with equality constraints and solved by using 
lexicographic order (Lo) for ranking symmetric triangular fuzzy numbers. A problem of 
FFLP with equality constraints and gives a unique solution based on ranking function was 
proposed by Kumar et al. [6]. Followed by the method [6], a few revisions to make the model 
well, when all is said in done, was proposed by Najafi and Edalatpanah [8]. In the study, 
Khan et al. [5] proposed a technique for solving the FFLP problem with triangular fuzzy 
numbers, and the authors give a solution without transforming them into a classical problem. 
Dehghan et al. [3] introduced some realistic technique to understand a FF linear system 
(FFLS) that are related to the common techniques. At that point they broadened another 
strategy utilizing Linear Programming (LP) for illuminating close and non-close fuzzy 
frameworks. Veeramani and Duraisamy [10] proposed another methodology of taking care 
of the FFLP issue utilizing the idea of closest symmetric triangular fuzzy number estimate 
with save anticipated interim. Ezati et al. [14] put in lexicographic method on fuzzy 
triangular numbers, and the MOLP issue acquainted another calculation with illuminate 
FFLP. Das et al. [25] proposed a lexicographic strategy for taking care of FFLP issues with 
equality and inequality constraints having trapezoidal fuzzy numbers. Das [26] proposed 
another method for solving the FFLP problem having triangular fuzzy numbers by using 
lexicographic order (Lo). Ozkok et al. [36] presented a strategy for solving the FFLP problem 
having mixed constraints. 
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Due to some drawbacks of the fuzzy set, they can handle only membership function and 
cannot handle other parameters of vagueness. Therefore, Atanassov [39] established the 
concept of intuitionistic fuzzy sets (IFS), which is a hybrid of fuzzy sets. They considered 
both membership and non-membership functions. Here also, some researchers focusing on 
the use of IFSs in the LP problem; see [53-57]. 

Still, in practical conditions, it is facing some difficulty in case of decision making due to 
incomplete information. Therefore, a new set theory was introduced, which contains 
incomplete, inconsistent, and indeterminate information. This tool is called the neutrosophic 
set (NS). Neutrosophy was presented by Smarandache [58] as another speculation of fuzzy 
sets and IFSs. Neutrosophy set might be described by three autonomous degrees, 1.e. (i) 
truth-membership degree (T), (ii) indeterminacy membership degree (I), (iii) falsity 
membership degree (F). 

Wang et al., [52] introduced a single value neutrosophic set (SVNS) problem for solving a 
practical problem. There are also some scholars [43-46,59] considered the problem of SVNS 
and applied it in practical problems like the educational and social sectors. The basic 
definitions and notion of neutrosophic number (NN) was introduced by Samarandache [50]. 
Some researchers [37,40-42] considered various problems like optimization problems and 
gave some strategy to solve them. Recently, Abdel-Basset et al. [38] using some ranking 
functions for the trapezoidal neutrosophic numbers, presented a novel technique for 
neutrosophic LP. Currently, a direct model for solving the LP problem having triangular 
neutrosophic numbers was proposed by Edalatpanah [49]. Ye et al. [51] introduced to find 
the optimal solution of the LP problem in NNs environment. 

For the best of our mind, fewer studies have used trapezoidal neutrosophic numbers 
in LP problems. Recently, an exciting method was proposed by Abdel-Basset et al. [38] for 
solving neutrosophic LP (NLP) having parameters are represented trapezoidal neutrosophic 
numbers. Following the method of [38], some modifications was suggested by Singh et al. 
[60]. The authors have used two ranking functions for both maximization and minimization 
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separately. Now the problem of NP is transformed into a CLP problem and solved by the 
simplex method. 

Using a ranking function in the solution strategies is a weak spot as the use of 
different ranking functions in a solution method might also result in obtaining different 
solutions. This weak spot is an inspiration for this investigation to present a solution method 
that is now not based on any ranking function. For this point, the LP with trapezoidal 
neutrosophic parameters is converted to a MOLP in which considering all the objective 
functions together gives an neutrosophic objective function value. By using the LO method, 
the obtained multi-objective crisp linear programming is changed into single CLP problem. 
As a preferred position of such methodology, it offers greater flexibility to decision maker. 
The obtained outcomes from the computational trials of the investigation exhibit the 
prevalence of the proposed multi-objective optimization method comparing to these of 
literature. 

Contribution: 

The main advantage of neutrosophic set is that it’s help the decision-makers making by 
considering truth degree, falsity degree and indeterminacy degree. Here indeterminacy 
degree is for the most part considered as a free factor which has a significant commitment 
in decision-making. Due to some uncertainty in real world problem, it is better to use 
TrNLP problem instead of classical LP problem. For avoiding the unrealistic modeling we 
used TrNLP model in practical situations. In this article, a TrLP issue is thought of, where 
all the coefficients are thought to be a trapezoidal neutrosophic numbers. Along these lines, 
we are proposing a calculation for taking care of TrNLP issue with the assistance of the 
newly developed LO. To best of our knowledge, it would be the first method to solve the 
TrNLP problem with help of LO. Thus, for the approval of created technique, direct 
correlation with relative strategies doesn’t emerge. Another Diet outline issue is delineated 


to show the effectiveness and utilization of our technique, in actuality, issue. 


Motivation 
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Neutrosophic sets plays an important role in uncertainty modeling. The development of 
uncertainty theory plays a fundamental role in formulation of real-life scientific 
mathematical model, structural modeling in engineering field, medical diagnoses problem 
etc. Recently, some of researchers have introduced their model to solve TrNLP problem by 
using ranking function. How can we implement it in a linear programming based operation 
research problem? Is it possible to apply in real life problem? Still there is no method for 
applying LO technique in TrNLP problem. From this aspect we try to extend this research 


article. 
Novelties 


In this current decade, researchers have exposed their considerations to make progress with 
the theories related to neutrosophic area and constantly try to endorse its sufficient scope 
applications in dissimilar branches of neutrosophic domain. However, justifying all the 
views connecting to TrNLP theory our main objective is to support the theory efficiently 
with these following points. 
1. Introduced LO function and its efficiency. 
2. Application of TrNLP problem. 
3. Compared the results with previous established results. 
1.1 The rest of the paper is orchestrated in the accompanying way. Some basic definitions 
and notations are present in Section 2. In Section 3, the general form of FFLP with new 
method is presented. To show the applications of the proposed method, some real life 
problem and comparison analysis are discussed in Section 4. In Section 5, advantages of the 
proposed method over some existing methods are discussed. Finally, the conclusion is been 
drawn in the last section. 

2. Preliminaries 

In this area, we present some fundamental definitions and arithmetic operations 


on neutrosophic sets. 
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Definition 1 [28]. A set E.. in the universal discourse X, which is denoted generically by 
x, is said to be a neutrosophic set if E,, ={<x:[a; (x),B; (x),0; (x)]>:xe X}. The set is 


characterized by a_ truth-membership function ie. degree of confidence: 


a, (x): X — [0,1], an indeterminacy membership function i.e. degree of uncertainty: 
B; (x):X —[0,1] and a_ falsity-membership function: degree of _ falsity: 


6; (x): X [0,1] . SVN satisfies the condition: 


Osa, (x Be. x Yop x(<B. 


Definition 2 [28]. For SVNSs A and B, A C€ 8B if and only if 


A, (xX) Sa, 3(X), Be (4) 2 Be p(x) andd, ,(x) 26; ,(x) for every x in X. 


Definition 3 [38]. A trapezoidal neutrosophic number (TrNNs) is denoted by 


M,,. =<(p'.q'.r',s'),(44v,@) > Whose the three membership functions for the truth, 


indeterminacy, and falsity of x can be defined as follows: 


x—p! 
‘ ae hae 
7 7 qi <x<r', 
Ces (x)= (s'-x) ; eee 
(ary SES 
0 otherwise. 
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(q' -x) er 
(q apy. Rega 
pik i = q <xsr', 
on = v, r<x< s', 
1, otherwise. 
! — 
aay Bere 
05 (x) = is se 7a 
ae ri<x< s, 
s—-r 
1, otherwise. 


Where, 0< a, (x)+fz (x)+6; (x) <$3,xeM,,. Additionally, when p'>0, M,, is 
called a nonnegative TrNN. Similarly, when p' <0, M,,, becomes a negative TrNN. 
Definition 4 [38]. Suppose MM, =< (Pe. G18), (Lb Vj,@,) > and 


N,. =< (p5.05. 15, 5%), Lb, V>,@,) > be two TNNs. Then the arithmetic relations are defined as: 


@M,, ON, =< (pi t+ Pe.G +G5o +18 +55), Ly A Lbs, V V2, @, V @,) > 
a 


(ii)M,,, — Nye =< (Pt — 8354 15M — 959 S| — Pa) Lh A fa, V V2, V @,) > 


(ii)M,, Nye =< (PEP. EET S85 4h, A LasVi VV, Q,)>, if pi >0,9' >0, 


adi ee ae rae if A>0 
“Le (Ast, Ar*, Aq’, Apt), (t4,V,,0) >, if A<0 
Dp; q r’ sf : , Z 
< (D(A La V, VY V2, @, V @,) > if (5! > 0,55 > 0) 


Sy Ih Go Pr 


1 a oa a a 
M Soh Gt Py 


(V) =) < (A bY V V2, @, V @,)> if (sf < 0,5; > 0) 
Ne Sy th qo Pp 
sf r’ a a ; 
<(— 3 Cel )3 (Lh, A {y.V, VV3,0, V ,) > if (5! <0, 55 <0) 


Pr 4 hh Sy 
Definition 5. [38] A ranking function of neutrosophic numbers is a function R: N(R) > R, 


where N(R) is a set of neutrosophic numbers characterized on set of real numbers, which 


convert each neutrosophic number into the real line. 
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Let M=<(pigi rn s.(44.%.0)> and N,, =<(p$.q5.r8.8),(tb,V2,@,)> be two 


trapezoidal neutrosophic numbers (TrNN), at that point: 


a 


1. If R(M,,)>R(N,,) then M_>WN,,. 


ne ne 


2. If R(M,.)<R(N,,) then M,,.<WN,. 


ne 


3. If R(M,,)=R(N,,) then M,=N,. 


ne 


Definition 6 Let ,, =<(p%.q'.77,57),(44,V,,.@,) >and N,, =<(p$,.g5.18,85)s(Lb.Vz,@))> be 


any two neutrosophic trapezoidal numbers, then pf=p$, qi=q), ri=nri, si=ss, 
MH, = 4b,v, =Vv,, and a, =a,. 

3. Proposed method 

Consider the standard form of neutrosophic linear programming (NLP) problem with m 
constraints and n variables having all coefficients and resources are represented trapezoidal 
neutrosophic numbers as follows: 


maximize (minimize) (C' y) 


s.t 


(1.1) 


lA 


h, 
0. 


IV 


y 
Be 


After all D=|d, is the coefficient matrix, h=|h h,,h vA, | is the trapezoidal 


prea alba gees 


5 - ~ ~ ~ ~ zy. ae 
neutrosophic available resource vector, c= [Gs Ca geese é| is the target coefficient and y 
is the selection variable vector. 


Let 7, y be a possible location and an actual most effective answer of issue (1.1), 
individually. In the event that there exist an y er soas to fulfils the constraint Dy <h , then, 


éTy >é"y’ then y is also an novel optimal solution of problem (1.1) and is called an 


substitute exact optimal solution. 
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The objective function of model (1.1) 1S a TrNN as 


z= ((c : y,(e, y y,(c; y y,(e, ; Vi LV yO, y) . This objective function should be maximized 
as a TrNN. The constraints of model (1.1) is a TrNN_ consider as: 


D = (dj ,d3,d5,d43j,Vj.@,)sh = (hy Ay, 1s, 3 Lb,sVq>@) : 


The steps of the proposed method are as follows: 
Step 1: By utilizing definition 3 and 4, the issue (1.1) might be composed as by the 
accompanying multi-objective structure for example 


maximize (minimize) {(c\)' y,(c))' y,(ch)' y,(c,)' via) y.,)y.(@,y)} (2.2) 
s.t 
{(di)y,(db)y, (diy, (di) yu) y.v)y.(@,)¥} SAD y, Ay, (hy, (AL) ys 4, 9 (Y,) 9 (@,)9} 


y=0. 


Step-2. Now the issue (2.2) is changed into the accompanying MOLP issue: 


minimize (maximize) Z, = (c’ i y- (c; y 

T 
maximize (minimize) Z, = (c;) y 

shes Bates 1l/;,\t is 

max imize (minimize) Z, = (es) yt (c;) y] 
maximize (minimize) Z, = (c’ i: y= (c y’ y 
maximize (minimize) Z, = (4, ) yt (a, ) y 
max imize (min imize)Z, =(v,)y 


minimize (maximize) Z, = (a, ) y- ( Ly ) y 
Subject to (3.3) 


diy <h, 
diy <h; 


dsy <h, 
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diy Sh, 
May < Ly, 


Vay SV, 


O,y <Q, 
y=0. 


Step-3. Presently the issue (3.3) is likewise a MOLP issue. In objective functions, the 
lexicographic technique will be utilized to get lexicographic optimal solution of issue (3.3), 


we have: 

Geo hs be 1\r i\F 
minimize (max imize) Z, = (c}) y -(ci) y (4.4) 
Subject to 

1 1 
dy sh, 
1 1 
dy sh, 
dy Sh 
diy <hi, 
May s Hy, 


Vy SY, 


Q,Y s QD, 
y20. 


If (4.4) has a special best solution, at that point it is an ideal arrangement of (2.2). Else 
ourselves continue to following pace. 
Step-4. Tackle the accompanying issue above ideal arrangement that is discovered in step-3 


as succeed: 
ae ee 1\F 
maximize (minimize) Z, = (c;) y (5.5) 


Subject to 
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(e:) y-(e) yay 
all constraints of problem (4.4). 
Where J is the optimal value of the Problem (4.4). In the event that (5.5) has a novel optimal 
result, at that point it is an ideal result of (2.2) and stop. In any case go to the following step. 
Step-5. Tackle the accompanying issue above the ideal results that are observed in step-4 as 
succeed: 
max imize (min imize) = ((c5)' y +(c5)' y) 
2 (6.6) 
Subject to 
(c))'y=K 
(:) y-(e)) y=J 
all constraints of problem (4.4). 
where K is the optimal value of the problem (5.5). If (6.6) has a novel optimal solution, at 
that point it is an ideal result of (2.2) and stop. In any case go to the following step. 


Step-6. Tackle the accompanying issue above the ideal results that are resolved in step-5 as 
succeed: 
max imize (minimize) (c',)’ y—(c)’ y (7.7) 
Subject to 
Lai It 
wea) yt(cs) HL 
(c)'y=K 
(4) y-(e) y=9 
all constraint sof problem (4.4). 
where L is the optimal value of the problem (6.6). If (7.7) has a novel optimal solution, at 
that point it is an ideal result of (2.2) and end. Else go to following step. 
Step-7. Tackle the accompanying issue above the ideal results that are resolved in step-6 as 


succeed: 
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max imize (minimize) (L,) vy +(@,)y (8.8) 
Subject to 
(c,)’ y- (3) y=M 
1 ib t 
lea YH GY W=L 


(c)'y=K 


all constraint sof problem (4.4). 


where M_ is the optimal value of issue (7.7). If (8.8) has novel optimal solution, at that point 
it is ideal result of (2.2) and end. In any case go to following step. 
Step-8. Tackle the accompanying issue above the ideal solutions that are resolved in step-7 as 
succeed: 

manmize(minimizg(v (9.9) 
Subject to 


(a )y¥+(@)y=N 
(4) y-(3)" y=M 
ses y4(C)'y)=L 
(c)'y=K 

(c\)’ y-(cl) x=J 

all constraint s of problem (4.4). 
where WN is the optimal value of issue (8.8). If (9.9) has a novel optimal solution, at that 
point it is an ideal result of (2.2) and end. In other case go to the following step. 
Step-9. Tackle the accompanying issue above the ideal solutions that are resolved in step-8 as 
succeed: 


min imize (max imize) (@,)y — (44) y (10.10) 


Subject to 
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(y)y=O 
(My t(@)y=N 
(ci) y-(c3)' y=M 
1 t t 
7 led yt (ey aL 
(¢)' y=K 
T T 
(ch) y-(e:) y=J 
all constraint sof problem(4.4). 
where O is the ideal value of issue (9.9). 
In Step-9, we get an precise ideal solution which is equal to the issue (2.2). 


The stream outline depicts the technique of the proposed strategy as appeared in Fig. 1. 
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Convert NLP problem into MOLP 


Convert constraints into 


re 5A,X Sb, XS My, VX SV,,0,X 5 @Q,, 


YES 
Is it unique 


optimal 


Get optimal solution of problem (4) 


Get optimal solution of problem (5) 


| NO 
Get optimal solution of problem (7) 


YES 
Fes optimal solution of (10) and 
the problem is equivalent to (2) 


NO 
Get optimal solution of Problem (8) J 
oe 


YES 
<a No 
Fig-1. Flowchart depicting the proposed solution method 
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4. Numerical example 


In this area, to demonstrate the pertinence and efficiency of our proposed model of NLP 
problems, we tackled the issue where the decision-makers always think the truth degree, 
indeterminacy, and falsity degree. Here the managers not fixed the conformation degree, and 
the confirmation degree may change as per real-life situation. 

Example-1: 

The information gathered from a proprietor of a provincial Electrical Cable maker 
(information is furnished with a legitimate understanding that the title of the organization 
won't occur unveiled) arranged with Bhubaneswar do appeared in desk-1. 

An Electrical Cable maker makes two sorts of cable pl and p2. These cable comprises of 
Metal and Plastic (R1, R2) utilized in per unit of cable. The accessibility of cables relies upon 
its creation however creation relies upon men, machine and so forth of cables are not known 
precisely because of electricity-failure, employment extra effort, surprising disappointments 
during instrument and so on. The shipping value of every day provide Metal with Plastic isn't 
familiar precisely because of varieties in paces of fuel, traffic issues and so on. In this way, all 
the parameters of the creation organization are unsure amounts with faltering. As per old 
incident of the proprietor the day by day provides of load is spoken to trapezoidal 
neutrosophic numbers in desk-1. The normal expense of per meter of pl and p2 are 
(1,3,4,7;.8,0.2,0.4) and (4,6,8, 10;0.9,0.3,0.5) units, individually. The most extreme every day 
supplies metals RI and R2-~= are~ around = (10,15,20,25;0.6,0.0,0.5) and 
(10,20,25,300.9,0.45,0.3) units individually. The maker needs to know so as to maximize the 
expense of Metal and Plastic what number of meters of Cables P1 and p2 he should deliver 


every day? 


Table-1: The statistics of day to day provides of Metal along with Plastic 


Outcomes 
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Load Metal (p1) Plastic (p2) 
RI (2,4,6,8;0.8,0.2,0.4) (3,5,9,12,0.7,0.2,0.1) 
R2 (4,7,10,13;0.7,0.4,0.2) | (3,6,9,14;0.8,0.5,0.3) 


Now the issue might be rewritten as 

max Z = (1,3,4,7;0.8,0.2,0.4)x, + (4,6,8, 10;0.9,0.3,0.5)x, 

SL. 
(2,4, 6, 8; 0.6, 0.1,0.3)x, + (3,5,9, 12;0.7,0.2,0.1)x, < (10,15, 20, 25; 0.6, 0.0, 0.5) 
(4,7,10,13;0.7,0.4,0.2)x, + (3,6,9,14;0.8,0.5,0.3)x, < (10,20, 25,3; 0.9, 0.45, 0.3) 

5 aa ered OF 

By sing Step-1, the problem may be rewritten as; 

max Z = (x, ,3x,,4x,,7x,30.8x, ,0.2x, ,0.4x,)+(4x,,6x,,8x,,10x,;0.9x,,0.3x,,0.5x, ) 

SL. 

(295 4x07, 582,30.6%,,0) 1, 0.32;) + x55 505,905 5012 9530.13, 02x, 0x, 

< (10,15, 20, 25;0.6, 0.0, 0.5) 


(4x,,7x,,10x,,13x,;0.7x,,0.4%,,0.2x,)+ Bx,,6x,,9x,,14x,;0.8x,,0.5x,,0.3x,) 
< (10, 20, 25, 30; 0.9, 0.45, 0.3) 


X55 20. 


Found on Step-2, the above model may be changed into MOLP model 
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min Z, = 2x, +2x, 
max Z, = 3x, + 6x, 
max Z, =5.5x, + 9x, 
max Z, = 3x, +2x, 
max Z,; =0.8x, 
max Z, = 0.8x, —0.4x, 
min Z, = 0.8x, + 0.4.x, 
SL. 
2x, + 3%, S10 
4x,+5x, $15 
6x, +9x, < 20 
8x, +252, S25 
0.6x, < 0.6 
0.2x, <0 
0.3%, 30,5 
4x, +3x, <10 
7x, +6x, < 20 
10x, +9x, <25 
13x, +14x, <30 (11) 
0.7x, $0.9 
0.5x, < 0.45 
0.3x, < 0.3 


Kis x, 20, 
Using step3 to Step-9, the ideal answer of the problem is done as follows: 


As a multi-objective formulation, the model (11) was solved by the proposed solution 
approach (steps 3-9). The obtained results are as : x, =1.25,x, =O and the objective 


solution is: Z=3. 

The below table express the quality phase of our proposed method is that it off 
ers new perfect cost regards as differentiated and the present existing system. 
This is showed up in Table 2(Numerical assessment with existing procedures) exc 


lusively. 


Table-2. Comparison of the proposed method with existing methods [38] 
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Approach Optimal solution | Crisp objective | Neutrosophic optimal value 
value 

Proposed $21,205,960: || 4 =3 (1.25,3.75,5,8.75;0.8,0.2,0.4) 

Method 

Existing $= 1523,4-=0' | 2= 21D (1.523,4.569,6.092,10.661;1,0,0) 

Method [38] 


Example-2 


In this section, we consider the symmetric trapezoidal numbers in form of (a',a",a,a). 


Where (a',a",a,a) represented the lower, upper bound and first, second median value of 


trapezoidal number respectively. Additionally, here we consider the confirmation degree is 
(1,0,0). We shows the applicability of our proposed method, we consider the problem of Das 


et al. [25], Ganesan and Veeramani [21]. 


max Z = (13,15, 2,2)x, + (12,14, 3,3)x, + (15,17, 2, 2)x, 
St. 
(11,13,2,2)x, +(12,14,1,1)x, + (11,13, 2, 2)x, < (475,505, 6, 6) 
(12, 16,1, 1x, +(12,14,1,1)x, < (460, 480, 8,8) 
(11,13, 2,2)x, + (14,16, 3,3)x, < (465, 495,5,5) 
pope, cee eal OF 

By using our proposed method (Steps 1 to 9), we get the results of Table-3. 
Table-3. Comparison of the proposed method with existing methods [21,25,38] 


Approach | Optimal solution Crisp Neutrosophic optimal value 
objective 


value 


Proposed x, =0,x, =4.44, x, =37.29 | Z=838.21 (612.63,696.09,87.9,87.9;1,0,0) 


Method 


Existing | y =0,x, =4.11,x,=37.38 | Z=825.71 _ | (610.02,693,87.09,87.09;1,0,0) 


Method 
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[38] 


Existing | y 0, x, =4.23, x, =34.28 | Z=622.97 | (564.96,680.98,80.98,80.98) 


method 


[25] 


4. Result Analysis 


At first, we examined the example-1, we compare our result with existing method 


Abdel-Basset[38], we conclude that, 


Ih 


In our method, the objective values equal to 3 and the existing method [38], the 
optimal value s 2.75. As the problem is maximization, therefore, our problem is better 
than the other method. 

In our method, we do not use the slack variables in constraints. However, the existing 


method the authors have used the slack variables and solved in the simplex method. 


For example-2, we consider the problem which was proposed by Das et al. [25] on the 


trapezoidal fuzzy number and Abdel-basset [38], and we compare it with our proposed 


method having trapezoidal neutrosophic numbers. 


3. From table-3, it is clear that our objective values is maximized and equal to 838.21 as 


the problem is maximized given. In our comparison, neutrosophic is better handling 
than fuzzy in real-life situations. 

In our lexicographic method is better than the ranking function of Abdel-Basset [38] 
method.The results are supported by the fact that the existing method [38] 
use a single ranking function, in this case the optimization criterion, whi 
ch can not guarantee the feasibility of the solution. However, proposed me 
thod in this paper is more concentrate regarding the indeterminacy and co 
nvert to MOLP problem by utilizing the LO. 

In the existing method [38], the authors considered two types of ranking functions for 


handling different types of NLP problems. However, in our proposed method, we 
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propose only one type of method called the lexicographic method and that method 
can handle any type of NLP problem. 
From the above Table-2 and Table-3, one can conclude that the optimum value of NLP 
problem is higher side of the present methods. Therefore, we can conclude that our proposed 
algorithm is a new way to handle the problem and its more effective. 
All the problems are solved by LINGO version 18.0. Therefore, from the above 
real-life problem and the above discussion, we can conclude that our proposed m 
ethod ismore robust than the method proposed in [21,25,38]. 


4.1 Advantages and limitations of the proposed method 


Here, in this paper, we proposed a new technique for trapezoidal neutrosophic fuzzy 
numbers based on lexicographic technique orders and the significant advantages of the 
proposed measure are given as follows. 
> Trapezoidal fuzzy neutrosophic number is a simple design of arithmetic operations 
and easy and perceptive interpretation as well. Therefore the proposed measure is an 
easy and effective one under neutrosophic environment. 
> Lexicographic Orders can be estimated with simple algorithm and significant level 
of accuracy can be acquired as well. 
> While taking the inequality constraints convert to equality constraints we used LO 
technique instead of any slack variables. 
> Also it can be applied in location planning, operations management, Neutrosophic 
Statistics,clustering, medical diagnosis, Optimization and image processing to get 
more accurate results without any computational complexity. 
Limitations 
>» While used LO technique to convert multi-objective LP problem the numbers of 
constraints are bigger than original LP problem. 
>» Very slow response while applied in linear fractional problem and quadratic 


programming problem. 
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5.Conclusion 
In a real-world environment, we handle imprecise, vague, and insufficient information by 
using the neutrosophic set. In this paper, we considered an NLP problem having trapezoidal 
neutrosophic numbers and transformed it into a MOLP problem. Based on the LO method, 
we solve the MOLP problem corresponding to the linear programming problem. It is 
believed that our method for the solution of NLP problem in the application of practical issue 
along with the simple issue might be adopted by scholars who are working in this field. 
Meantime, a numerical example was provided to show the efficiency of the proposed method 
and illustrate the solution process. The new model not only richens uncertain linear 
programming methods but also provides a new effective way for handling indeterminate 
optimization problems. Further, comparative analysis has been done with the existing 
methods to show the potential of the proposed LO method and various forms of trapezoidal 
fuzzy neutrosophic number have been listed and shown the uniqueness of the proposed 
tabular representation. Furthermore, advantages of the proposed measure are given. In 
future, the present work may be extended to other special types of neutrosophic set like 
pentagonal neutrosophic set, neutrosophic rough set, interval valued neutrosophic set and 
plithogeneic environments. 
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Abstract: The quadripartitioned single-valued neutrosophic set (QSVNS) is developed to understand the 
concept of indeterminacy more clearly. It takes care of the diverse approaches while dealing with uncertainty 
under single-valued neutrosophic environment. To make the QSVNS more functional and logical, the notion of 


quadripartioned single-valued neutrosophic Pythagorean set (QSVNPS) is introduced. In QSVNPS, the 
components T7,C,U,F are dependent in such a manner that 7+F< 1, C+U <1 , and 


T° +C°+U°+F’ <2. So, the QSVNPS is a powerful framework for modeling the imprecise human 


knowledge in a specific manner. To calculate the arithmetic operations, we consider the quadripartitioned 
single-valued neutrosophic Pythagorean numbers (QSVNPNs) associated with QSVNPSs. The main advantage 
of using QSVNPNs is that it allows the decision-makers to carry out the calculation on uncertain 
parameters. The present paper aims to study Dombi operators and to establish some new Dombi weight 
aggregate operators and develop some properties under QSVNPN environment for solving multi-criteria 
decision-making(MCDM) problems that we encounter in our day-to-day life process. Then we define the score 
and accuracy functions for ranking the QSVNPNs to choose the best-preferred alternative that goes through 
under a set of certain criteria. A model for MCDM problems based on Dombi operators under QSVNPNs has 
been introduced. To check the feasibility of the new approach, a numerical example is demonstrated that shows 
the effectiveness of the proposed model for multi-criteria decision-making. Finally, a comparative analysis 
between the rankings, obtained by using the proposed model, of the given set of alternatives under a certain set 


of criteria gives the optimal choice. 


Keywords: Pythagorean fuzzy set; Quadripartitioned neutrosophic Pythagorean set; Dombi operator; MCDM. 


1. Introduction 
The introduction of the fuzzy set(FS)[1] proposed by Zadeh is a conceptual framework to be formed 
by replacing the two-valued characteristic function with the fuzzy membership function to define 


the imprecise information that we encounter in physical world phenomenon. It has the rich potential 
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to address ambiguous issues. Due to the novelty of the FS, it has a wide range of applicability in 
information communication, pattern recognition, artificial intelligence, operation research, medical 
diagnosis, computer science, game theory, economics, environmental science, engineering, 
robotics, etc. In FS, every object of the universe is characterized by a membership function and the 
degree of membership is ranging between 0 and 1. Some contributed works related to fuzzy sets are 
proposed in the literature given in [2-6]. Later on, after critical investigation, it has been identified by 
the researchers that, the concept of hesitancy that is natural in human thinking cannot be described 
by FS due to its inherent difficulty. So, there is an information gap in FS and to eradicate such gap a 
new mathematical structure called intuitionistic fuzzy set (IFS) [7, 8] is introduced by adding a 
non-membership degree to the FS. In IFS, every object of the universe has a membership and a 
non-membership degree, and their sum cannot exceed 1. The hesitancy membership can be obtained 
by subtracting the sum of the membership and the non-membership degree from 1. Thus, the 
IFS provides incomplete information to the decision-maker and it can be viewed as an extension of 
FS. IFS can be reduced to an FS when its non-membership degree is 0. Some recent works on IFS are 
proposed in the literature given in [9-12]. 

However, researchers find the existence of an environment which cannot be addressed by FS and 
IFS. For example, suppose under a certain environment, the membership and the non-membership 
degrees of an object provided to the decision-maker are 0.5 and 0.7. Then, their sum 
is0.5+0.7=1.2>1. So, this type of phenomenon cannot be defined by FS and IFS. We need 
another powerful tool that can easily solve this problem. For the demand of the situation, the 
Pythagorean fuzzy set (PFS) [13] is introduced where the sum of the squares of the membership and 
the non-membership degree cannot exceed 1. With the help of PFS, the above problem can be easily 
defined, as 0.5°+0.7° =0.74<1 . Therefore, the Pythagorean environment is capable to 
accommodate both the fuzzy and the intuitionistic fuzzy environment to solve diverse problems. In 
PFS, with the help of Pythagorean fuzzy membership and non-membership function, we can 
enhance the applicability of FS and IFS. Different authors use PFS from different angles and develop 
some new operators which are capable to solve real decision-making problems. Some significant 
works related to PFSs are studied in the proposed literature given in [14-18]. 

There is another aspect of extending the notion of IFS and it is due to the unavailability of 
indeterminacy membership in IFS. The concept of indeterminacy is found relevant in human 
thinking. For example, in a certain class, a teacher asks a true-false type question to a group of 30 
students in that class. The response of the students recorded as 20 says true, 5 say false and 
according to the remaining 5 students, it is neither true nor false. This gives a clear idea about how 
indeterminacy exists in our communication information. In 2005, Smarandache[19]introduced 
neutrosophic set(NS) as a generalization of the crisp set, FS, IFS, paraconsistent set, PFS, etc. Later 
on, for scientific and technical application, Wang et al. [20] introduced a single-valued neutrosophic 
set (SVNS) to develop the operators used in NS. In SVNS, each object of the universe is characterized 
by the three membership functions called truth-membership, indeterminacy-membership, and 
falsity-membership function in such a way that the sum of the three membership values cannot 


exceed 3. So, the SVNS is enabled to take care of the issues that contain uncertainty that contains 
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indeterminacy. In [21], Jansi et al. introduced the correlation measures for Pythagorean neutrosophic 
sets (PNSs) with truth and falsity as dependent components. Furthermore, sometimes while 
working with NS, there is a doubt in the mind of the researchers that the indeterminacy to an 
element occurs due to the belongingness or non-belongingness. Such issues were presented by 
Chatterjee et al. [22] by introducing a quadripartitioned single-valued neutrosophic set (QSVNS). 
The QSVNS is a more generalized framework than SVNS and the motivation behind adopting this 
idea is due to Smarandache’s four-valued neutrosophic logic and Belnap’s four-valued logic. In 
QSNS, the indeterminacy component is being divided into two parts, namely, contradiction and 
unknown. By combining QSVNS and PFS, Radha et al. [23] introduced a new model known as 
a quadripartitioned single-valued neutrosophic Pythagorean set (QSVNPS). In QSVNPS, truth and 
falsity make one pair of a dependent component on the other hand contradiction and an unknown or 
ignorance make another pair of dependent components. Therefore, it looks quite logical to apply 
Pythagorean property on QSVNS. 

The relationship of different types of sets in the context of the proposed study is exhibited in the 


form of an arrow diagram given as: 


T 


LY 

a —_ = 
J L 
| — ee — eee — eee 


Fig 1. Arrow diagram to represent the relationship of different types of sets 


Dombi operators have an excellent potential with operational parameters and due to these 
operational parameters, it is flexible to operate. In 1982, Dombi[24] introduced triangular t-norm and 
t-conorm operators. Roychoudhury et al. [25] generalize the Dombi class, intuitionistic fuzzy Dombi 
aggregation operator and their application to MADM proposed in [26], Dombi prioritized weighted 
aggregation operator on single-valued neutrosophic set for MADM is given by Wei et al. [27], Jana et 
al.[28]presented the bipolar fuzzy Dombi aggregation operators, Ashraf et al. [29] introduced the 
spherical fuzzy Dombi aggregation operator and their application in GDM, Garg et al. [30] initiated 
the neutrality operations based Pythagorean fuzzy aggregation operators and its application to 
MAGDM, Qiyas et al. [31] defined linguistic picture fuzzy aggregation operator. Furthermore, the 
Pythagorean Dombi fuzzy aggregation operator presented by Akram et al. [32], Khan et al. [33] 
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introduced the Pythagorean fuzzy Dombi aggregation operators and their application in decision 
support system, Jana et al. [34] described the Pythagorean fuzzy Dombi aggregation operators and 
their application in MADM, Akram et al. [35] extended the Dombi aggregation operator for DM 
under m-polar fuzzy information, bipolar neutrosophic Dombi aggregation operators with 
application in MADM problems are introduced by Mahmood et al. [36], etc. 

Over the last decades, decision-making (DM) is an effective scientific approach for making decisions 
by assessing a set of alternatives and achieve the best results. There are various DM approaches or 
strategies that help to choose the optimal choice. In real-life scenarios, uncertainty plays an 
important role in decision-making and it captures considerable attention in various research areas. 
For getting more information about decision-making we discuss the following: correlation 
coefficient based TOPSIS method under interval-valued intuitionistic fuzzy soft environment and 
their aggregate operators for DM are defined in [37]. In [38], Zulgarnain et al. presented a correlation 
coefficient based TOPSIS method under Pythagorean fuzzy soft environment and apply it in green 
supply chain management. DM approach under interval-valued neutrosophic hypersoft set defined 
in [39]. Development of TOPSIS method under Pythagorean fuzzy hypersoft set for the selection of 
antivirus mask is given in [40]. In [41], an algorithm is introduced by using the generalized 
multipolar neutrosophic soft set for medical diagnosis DM problems. An extension of the TOPSIS 
technique based on the correlation coefficient under the neutrosophic hypersoft set is proposed for 
the selection of effective hand sanitizer to reduce the covid-19 effects as defined in [42]. Another 
extension of the TOPSIS method under intuitionistic fuzzy hypersoft environment is to solve the DM 
problem in [43]. Using the matrix representation of the neutrosophic hypersoft set, the MADM 
problems are solved in [44]. Some other popular DM approaches under different environments were 
studied in [45-51]. 


Motivated by the above discussion, we introduce QSVNPNs and studied various operational laws 
and properties on them. In addition, based on QSVNPNs, we define score function, accuracy 
function, and the operators QSVNPWA and QSVPWG. Furthermore, based on Dombi t-norm and 
t-co-norm operators, we introduce two new aggregate operators for the MCDM problem. Some 
properties based on these two new operators are also investigated in the study. A new model has 
been proposed by using the new aggregate operators. Also, we execute the model by taking a 
suitable example. 

1.1 Motivation 

The Dombi aggregate operators under quadripartitioned single-valued neutrosophic Pythagorean 
numbers environment has not yet been studied till date. This gives us the motivation to present the 
proposed study. 

The rest of the paper is organized in the form: In section 2, we review some basic definitions that are 
useful for the subsequent sections. In section 3, we establish some Dombi operators on QSVNPNs. In 
section 4, we propose the Dombi weighted aggregation operators under QSVNPNs environment. 


Further, in section 5, we initiate an algorithm-based model for MCDM using QSVNP Information. A 
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practical application based on the proposed model is discussed in section 6. Conclusion and the 


future scope are presented in section 7. 


2. Preliminaries 
In this section, we recall some basic definitions that are fundamental to the proposed topic. 


Definition 2.1 [13-15] A PFS © over the set of the universe [I is an object of the 


form Q = {(S, He (5% (s)) [Se r} , Where Lo :-T75 [0,1] and Yo :-T5 [0, 1] are respectively 

the membership and the non-membership functions with the restriction that 
2 2 

O< ( Ho (s)) + (Vo (s)) <1 and the hesitancy is measured 


by II, (s) = 1-(4g (s)) -(Yo (s)) . We represent the Pythagorean fuzzy number (PFN) 


as Q = (Pas Va)s 
Definition 2.2 [20] A SVNS © over the set of theuniverse I is an object of the 
form Q={(s,T,(s),o(s),Fa(s)):s eT} , where T,:1 [0,1] : I, :T >[0,]] and 


For > [0, 1] are respectively the truth, indeterminacy and falsity membership functions with the 


restrictionO <T, (s) eee (s) aa ae (s) <3.The SVNN is represented by Q = Chess, Ti F,) ; 


Definition 2.3 [22] A QSVNS © over the set of the universe [I is an object of the 
form Q={(s,Ta (8),Co(5),Ua(8),Fa(s)):9 eT}, where Ty (5),Co(8),Uq (8), and Fe (s) ar 


e respectively the truth, contradiction, unknown and falsity membership values with the 


condition 0 < T, (s) +C, (s) +0, (s) oe at (s) <4. 


Definition 2.4 [23] A QSVNPS ©) with dependent neutrosophic components over the universe of 


discourse [I is an object of the form Q={(s,Tp (5),Ca(8),Uo(s),Fa(s)):s eT} 


where 7, (s) Ge (s) atlas (s ) ,and fy, (s) are respectively the truth, contradiction, unknown and 


falsity membership values with the condition 


T, (8) + Fo(s)<1,Cg(s)+Ug(s)<1, and 0ST’, (s)+C’g(s)+U’,(8)+ FQ (8) <2. The 
QSVNPN is denoted by Q=(Ty,Cg,Ug, Fa). 
Definition 2.5 For any two QSVNPNs Q, = (To, ; Co, ; Ug, : Fo ) and Q, = (Ts. ; Co, : Ug, : Fo ) 


We have the following properties: 
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1.Q,cQ, iff for any eel 
Tn, (€)<Tp, (€),Cn, (€) $C, (€) and Up, (€)2Up, (€),Fa (6)2 Fa, (6) 

2.0, =O, iff Q,cQ,and Q,cQ, 

3.0, UQ, = (max (Tp, ,To, ),»max (Co,,Co, ),min (Up, Uo, ),min (Fo, Fo, )) 

4.2, 0Q, = (min (To, Ta, )smin (Ca, ,Co, max (Ug, Uo, )-max (Fo, Fo, )) 

5:0, S( FA U5. T 


Definition 2.6 For two QSVNPNs Q, = (Tp,»Co, Ua, Fo, ) and Q, = (To, »Co, Uo, »Fo,)» the 


basic operational laws between them are given by: 


f G@Oy = AtsCsUear ® (ECU seh s 
(jie Ts eT OAC Cr OU, Uadh 
» Q, ®Q, - iG Co Uagk: ) @ a Cs Oke ) = 


ta TNE C102 202 0 Ue Pe 
3. For any K>0, nr=(fi-(1-T) 1-1-2) Uh) 


4. For any kK =0, ar-(T3.Ch.gl-(I-uay vyi-(I- 2) ) 


Definition 2.7 For any QSVNPN Q = (T,,Cg,U9, Fa) the score function @©(Q)and the accuracy 
function A (Q) can be defined as 

@(Q)=T? +C* -U2-F°, where @(Q)e[-11] and A(Q)=7?+C>+U2+I° , where 
A(Q)e€[0,1] 

Definition 2.8 Let Q, =(To,,Co, Uo,» Fo, )andQ, = (Tp, Co, Ua,» Fo, ) be two QSVNPNs over 


the common universe of discourse I’and their corresponding score and accuracy functions are 


respectively @(Q,),O(Q,) and A(Q,),A(Q, ). Then we consider the following: 
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1. 1fO(Q,)< @(Q,), then Q, <Q, 

2. 1FO(Q,) > O(Q,), then Q, > Q, 

3. If O(Q, ) = ©(Q, ), then we compare their accuracy function as: 

(alt A(Q,)< A(Q,), then A, <A, 

(bylf A(Q, ) > A(Q,), then A, > A, 


(c) IE A(Q,)=A(Q,), then A, * A, 


Theorem 2.9 
For any three QSVNPNs_ Q, =(Tp,sCo,Ua,>Fo,) + 22=(To,»Ca,Vo,»Fo,) and Q, = 


(To, +Ca,+Ua, » Fo, )over the universe of discourse and «,,x, > 0. Then, 
1. Q,@Q, =Q, OQ, 

2, Q, @Q, =Q, @®Q, 

3. (Q, ®Q,) OQ, =Q, 6(Q, @Q,) 

4. (Q, @Q,)@Q, =Q, @(Q, @Q,) 

5. «K,(Q, €Q,)=KQ, O«KQ,,«K, >0 

6. (Q, @Q,)" =OF @Q},«, >0 

7. KQ, Ox«,Q, =(K +K,)Q,, x, andx, >0 


8. OF @OP =O8",«, and, >0 


Proof: All proofs are obvious. 


Definition 2.10 a OQ, = pee Oe ER be a collection of QSVPNs in I 


where m = 1, 2, 3,....,n. 
Then the quadripartitioned single-valued neutrosophic Pythagorean weighted averaging 


a, (1,235.47) where @,, 20 and Yo, =lis 


m=1 


(QSVNPWA)operator with weight vector 
given by 
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n 


OSVNPWA(Q,,Q,,...,Q,,) = Qo, 


m=1 


Definition 2.11 Let QO, = EC. Oh) be a collection of QSVPNs in I 


where m = 1, 2, 3,....,n. 
Then the  quadripartitioned single-valued neutrosophic Pythagorean weighted 
= = 
geometric (QSVNPWG)operator with weight vector ®m (m ee n) where: Gm Oand 


y. @,, =1is given by 


m=1 


OSVNPWA(Q,,Q),...,Q,,)=[](@,,)” - 
m=1 
3. Dombi Operations on QSVNPNs 
Definition 3.1 [24] Let p and q be any two real numbers where ( Pq ) = (0, 1) x (0, 1) withé >1. 


Then Dombi’s t-norms and t-co-norms are defined as 


ss 1 
H(p.q)= ; aie and 
P q 
A 1 ; 
G(p.q) =] 7 respectively. 


$ 6 
1 | | cae) al oe 
l-p l-q 
Based on definition 3.1, we define the following Dombi’s t-norms and t-co-norms operational laws 
on QSVNPNs: 
Definition 3.2 Let Q, = a , Co , Ug F Fo ) and Q, = Ts ‘ Co, Wes Fo, ) be two QSVNPNs over 
[with «2OQandé 21. Then the Dombi’s t-norms and t-co-norms operational laws defined on 


QSVNPNS are given by: 


Cc Cc 
1+ 71 + a 
jae 1-ce 
Q Q5 
1. Q) @Q, = 
1 1 
Woe 
é 6 /é 6 6 1/é 
12y 1-U 1-F 1-F 
Q) Q5 Qy Q5 
1 + 1+ } 
U U F F 
Q, Q, Q Q, 
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2. 


Example 3.2.1 Let Q, =(0.6,0.4,0.6,0.3) and Q, = (0.3,0.6,0.4,0.5) be two QSVNPNs over 


I with «=0.5 and € =1.4. Then we compute the above Dombi’s t-norms and t-co-norms 


operators based on QSVNPNs as follows: 
Q) ® Q., = (0.611,0.627,0.372,0.261) 


Q, @Q, = (0.276, 0.353, 0.627, 0.522) 
0.5 Q, = (0.505, 0.322, 0.711,0.412) 


ore (0.71 1,0.522,0.505, 0.238) 
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4. Dombi Weighted Aggregation Operators under QSVNPNs environment 

In this section, based on Dombi operational laws on QSVNPNs, two Dombi ordered weighted 
aggregation operators, namely, quadripartitioned single-valued neutrosophic Pythagorean Dombi 
ordered weighted arithmetic aggregation(QSVNPDOWAA) operator and quadripartitioned 
single-valued neutrosophic Pythagorean Dombi ordered weighted = geometric 
aggregation(QSVNPDOWGA) operator are formed. After that, some significant results based on 


these two operators are investigated. 


Definition 4.1 Let Q,, = (To og 6U Gost )be a collection of QSVNPNs with the weight vector 


[=I 
OSVNPDOWAA: Q” +. is defined as 


OSVNPDOWAA(Q,,Q5,..,2,,)=BH, Qay where (Q,(),Qoeays-» eum) is the 


y 


permutation of (O05 .0f0)) such that Q. = oe for all/ =1,2,...,m. 


(1) (!) 
Theorem 4.2 If Q,, = (To Gis, & eegee )be a collection of QSVNPNs, then the resulting of these 


numbers by using QSVNPDOWAA operator defined above is again a QSVNPN and the resulting 


number can be obtained by using the following formula: 


(!) 


OSVNPDOWAA(Q,,Q,,....2,,)= 8a, Q, 


Proof: By mathematical induction, we can prove the theorem given as. 


Based on the Dombi operational laws of QSVNPNs for m=2, we have 
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OSVNPDOWAA(Q,,Q,) = 0,2, ®a,Q, = 


Now, we shall have to show that the equation (1) is true for m=p+1 whenever it is already true for 
m=p 


OSVNPDOWAA(Q,,Q),.--.2,.2,.1) 
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Thus, by the principle of mathematical induction, equation (1) holds for any natural number. 


Example 4.2.1 Four farmers namely F,, F,,/,and F, want to check the expected fertility of a field 


for cultivation. The level of fertility of the field can be determined by using QSVNPNs under 
considering certain criteria by the decision-maker. According to the four farmers, the level of fertility 


of the soil is specified under the QSVNPN_ environment is given 


by Q,=(0.4,0.3,0.5,0.3) , OQ, =(0.6,0.4,0.2,0.3) , Q,=(0.2,0.3,0.4,0.6) and 
OQ, = (0.3, 0.4, 0.6, 0.4) respectively and the corresponding weight vector of the farmers is given by 
W =(0.4,0.25,0.15,0.2). 


First, we determine the score of each Q, ( =1,2,3, 4) given by, 
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@(Q,) =0.4° +0.3° -0.5° —0.3° = -0.09 

Similarly, ©(Q,)=0.39, @(Q,)=—0.39 and O(Q,)=-0.27 

Thus, @(Q,)>@(Q,)> @(Q,)>O(Q,) 


Therefore, Q., =Q,,,Q,,) = QQ, =Q4,.0Q.,,, =Q, 


(1) (2) (3) (4) 
Thus, by using the QSVNPDOWAA operator with € =2 we have, 
OSVNPDOWAA(Q,,Q,,Q,,.Q,) 


= (0.486, 0.358, 0.312,0.33 1) 


Therefore, OQSVNPDOWAA(Q,,Q,,,Q,Q,)=(0.486, 0.358, 0.312, 0.331) 


So, the aggregate of four QSVNPNs under Dombi operation is again a QSVNPN. We can generalize 


it for any finite numbers. 


Theorem 4.3 (Idempotency) For any QSVNPN Q= (Tes Oe Cee ) we have 


OSVNPDOWAA(Q,,Q,,Q, ....00-++ ,Q)=Q. 


Proof: Assuming Q, =Q ( = 2. 2, m) and then applying equation (1), we have 
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OSVNPDOWAA(Q,,.Q,,..., 


Hence proved. 


Theorem 4.4 (Boundedness) Consider the collection of QSVNPNs (On O5, aes oe, , where 


OQ, = (FosCo, Ua,» Fo, )E=1,2,..51 in such a manner that Onin = min {Q,,Q,, rae ,Q,,} 


and Qua, = Max {Q,,Q,,.....,Q,, +. Then, Q,,;, < OSVNPDOWAA(Q, ,.Q,,..., Qn) S Qinax 
Proof: Suppose that 

Quin = MIN {QQ} 00...) = (Tr CU, F) and 
Odae = MAK {OQ Qs cine. Oat Cr) 


C’ =max{C,},U" =min{U,}, F =min{F} 


Therefore, we have the following inequalities for the membership, contradictory, ignorance, and 


falsity membership respectively 


Somen Debnath, Quadripartitioned Single Valued Neutrosophic Pythagorean Dombi Aggregate Operators in MCDM 
Problems 


Neutrosophic Sets and Systems, Vol. 46, 2021 194 


Theorem 4.5 (Monotonicity) suppose the two collections of QSVNPNs are {23 Os, sate ,Q . and 


Ni 


$1,.C, Co, andU. 2U,,F, 2 Fo . Then 


y 


T.. 
In such a manner that 2°: 


OSVNPDOWAA (Q,,Q,,.....,Q,,) =(T,C,U, F). At first, we shall show thatT <T. 


T*. T° 
Since, T, i => “ < “ 
! l 1-T 0, 1-T . 


. Using this result we can write, 


1 
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Hence, T <T. Similarly, we can show that C<C,U >Uand I >I. 


Theorem 4.6 (Reducibility) suppose {Q, cere, Q,,} be a collection of QSVNPNs in such a manner 


that QO, = (To, ‘ Co, sU/, Q,? Fo is =1,2,....m with the corresponding weight 


t 
. Then we can write 
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Definition 4.7 Let Q,, = cn Ca Vasko )be a collection of QSVNPNs with the weight vector 


[=I 
QSVNPDOWGA: Q” +]. is defined as 


OSVNPDOWGA(Q,,Q5,.-,2,)= BF, Qayy Where (QQ) Qoim) 8 the 


2 m 


permutation of (505524,0,,) such that Q./,,. 2. Q.,/, for alll =1,2,...,m. 


(1) (!) 


Theorem 4.8 If ©, = (Tp B Orage: © eee oe )be a collection of QSVNPNs, then the resulting of these 


numbers by using QSVNPDOWGA operator defined above is again a QSVNPN and the aggregate 


number can be obtained by using the following formula: 


OSVNPDOWGA(Q,,Q,,...,Q,,,) = ©, Qo) = 


I I 
eVe° 


m (1-T 
1+ > a, ol 
mt Foy 


Proof: the proof is similar to the proof of Theorem 4.2 


Example 4.8.1 Revisiting example 4.2.1, we can obtain the Q9VNPDOWGA operator as follows 


4 
OSVNPDOWGA(Q,,.Q,,.Q;,Q,) = @o, Qo = 
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= (0.320, 0.333, 0.502, 0.445) 


The aggregate is of four QSVNPNs under the OSVNPDOWGA operator is again a QSVNPN. 


Theorem 4.9 (Idempotency) for any QSVNPN Q = (T,,Cy,Ug, Fa) we have 
OSVNPDOWGA(Q, Q,Q,.......4: )=Q: 

Theorem 4.10 (Boundedness) Consider the collection of QSVNPNs CLO ae soot , where 

OQ, = (To,Co, Uo,» Fo, )1=1,2,....m in such a manner 


that QQ. = min {Q,,Q,, bess Boer, and Q = max {Q 


Theorem 4.11 (Monotonicity) suppose the two collection of QSVNPNs are $22;:2,, band Q band 


m 


< < > > 
In such a manner that Ty, a To, i Co, = Co, ae Uo, 7 Uo, , Fy 3 Fo, - Then 


QSVNPDOWGA (2,2, = .Q1,,)< OSVNPDOWGA (Q,,Q,,.....,Q,,). 
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Theorem 4.12 (Reducibility) suppose Loney des ,Q,,} be a collection of QSVNPNs in such a 
manner that QO, = (To, : Co, JU @,? Fy ),l =1,2,....m with the corresponding 


1 


t 
1 
weight vector W =(D,D55-.Ty,) -( — — |. Then we can write 
m m 


OSVNPDOWGA(2, 24, an 95.)= 


Theorem 4.13 (Commutativity) 


suppose {Q,, OO? 1, = Us : Co, ; Ug ; Fo ),l =1,2,...,mbea collection of QOSVNPNs and 


Q oy = i Co Uy Fy ),t = 1,2,...,mbe a permutation of {Q,,Q,, bases sO.) : 


Doeeeee ’ m 


5. Model for MCDM Using Quadripartitioned Single-Valued Neutrosophic Pythagorean 
Information 

In this section, a model for MCDM by using quadripartitioned single-valued Pythagorean 
information is proposed. Here the decision-maker gives the information in the form of 


quadripartitioned single-valued neutrosophic number form. 


Let A= {a,,a, cea 1a, } denotes the set of attributes or alternatives denoted by a, for 
i=1,2,..m and C= Wore io ,c,, | indicates the set of criteria denoted by c, for j = 1,2,...n. 


An expert is engaged to provide his/her evaluation of an alternative d;ona criterion Cc j in the form 


of QSVNPN. The expert information is recorded in the form of a decision matrix denoted 


by DY = ker ie where Q,, = (7; CO al. ) . Also, W = (a, > ,....,@, ) is the weight vector of 


Pry yr g 
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the decision-maker where ya e =1 and a, >O. The criteria can be of two types called benefit 
p=l 


y 


criteria and cost criteria. If in the decision matrix, there is any cost type criteria then it can be 


converted into the normalized decision matrix and it is given by: 
QO, = (Ty Cy Uy» Fy). for benefit criteria 


ND” =|s, |= 
bss] OY, = (Fy sUigsCysTy,)s for cost criteria 


The algorithm for the proposed model is given by: 


Algorithm 


Input: 
Step1: Input the QSVNPNs given by the expert in the form of a decision matrix(DM). 


Computations: 
Step2: Normalize the decision matrix if it is required. 
Step3: Calculate the collective information by using the proposed Dombi operators to evaluate the 


alternative preference values with associated weights. 


Step4: Find the score (A, ) and accuracy A(A, ) values of the cumulative preference values. 


Output: 

Step5: Rank the alternatives and choose the best which has a maximum score value. 
We utilize this algorithm in the following practical application. 

6. An Application 


Suppose Mr. X wants to buy a smartphone and for this, he has six available alternatives denoted by 


the set M = {M »M,,M,,M,,M,,M ah He wants to select the best alternative based on certain 


criteria denoted by the set 


C=1C 0. CCe Gs} , where C;, =price, C, =battery capacity, C, =storage space, C, =camera 


quality, and C, =looks. 


But there are certain issues with selecting the best alternative. All criteria have different units as 
price represents in a dollar, storage space in GB, battery capacity in MHA, camera quality in MP. So, 
we can’t compare criteria with different units. Another issue is the use of linguistic terms. For 
example, we do not express the looks or appearance of mobile in units as it depends on the choice of 
the customers. Moreover, criteria are of two types, namely, non-beneficial and beneficial. 
Non-beneficial are those criteria whose lower value is desirable. For example, price or cost, we desire 
a product having a lower cost. On the other hand, beneficial criteria are those whose higher value is 
desirable. For example, we always desire a mobile with higher storage, having a high megapixel 


camera with excellent looks, and have high-quality battery. Because of this Mr. X engages a 
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decision-maker or an expert. Firstly, the decision-maker assigns the weight vector associated with 


each criterion is given by W = (0. 1,0.2, 0.3, 0.3, 0. 1) . The performance of all the alternatives based 


on the given criteria is determined by the decision-maker in the form of a decision matrix using the 


QSVNP information is given by: 


Step1: 
q Cc C; Cc, 
M\) (0.3,0.4,0.5,0.2) (0.3,0.1,0.4,0.4)  (0.3,0.5,0.3,0.1) (0.2,0.5,0.4,0.3) 
M,| (0.6,0.7,0.3,0.2) (0.5,0.3,0.2,0.4) (0.3,0.4,0.5,0.3) (0.5,0.7,0.2,0.3) 
p™ —™3| (0.4,0.3,0.5,0.4)  (0.5,0.3,0.4,0.4)  (0.2,0.4,0.3,0.4) (0.3,0.5,0.3, 0.4) 
M4} (0,3,0.6,0.4,0.3) (0.2,0.1,0.3,0.4)  (0.6,0.3,0.4,0.3) (0.1,0.2, 0.2, 0.4) 
Ms} (0.5,0.5,0.4,0.3) (0.4,0.3,0.2,0.2) (0.3,0.3,0.5,0.3) (0.3,0.5,0.5, 0.3) 
M.\ (0.4,0.6,0.2,0.4) (0.1,0.4,0.4,0.6) (0.2,0.4,0.3,0.6) (0.7, 0.3,0.5,0.1) 


( 
( 
(0.2,0.1,0.4,0.6 
( 
( 
( 


Cs 
0.3, 0.5, 0.1,0.6 
0.3,0.2,0.6,0.7 


0.5, 0.6, 0.4,0.3 
0.3, 0.2, 0.4, 0.6 
0.5,0.3,0.1,0.3 


As the criteria cost is a non-beneficiary criterion, therefore in the second step, we normalize the 


decision matrix: 


Step2: 
C QC C; Cy 
M,) (0.2,0.5,0.4,0.3) (0.3,0.1,0.4,0.4) (0.3,0.5,0.3,0.1)  (0.2,0.5,0.4,0.3)  ( 
M,! (0.2,0.3,0.7,0.6) (0.5,0.3,0.2,0.4) (0.3,0.4,0.5,0.3) (0.5,0.7,0.2,0.3) 
wp" =“3| (0.4,0.5,0.3,0.4) (0.5,0.3,0.4,0.4) (0.2,0.4,0.3,0.4) (0.3,0.5,0.3,0.4)  ( 
M4} (0.3,0.4,0.6,0.3) (0.2,0.1,0.3,0.4) (0.6,0.3,0.4,0.3) (0.1,0.2,0.2,0.4) ( 
Ms! (0.3,0.4,0.5,0.5) (0.4,0.3,0.2,0.2) (0.3,0.3,0.5,0.3) (0.3,0.5,0.5,0.3) 
M.| (0.4,0.2,0.6,0.4) (0.1,0.4,0.4,0.6) (0.2,0.4,0.3,0.6) (0.7, 0.3, 0.5,0.1) 


0.3,0.2,0.6,0.7 


0.5, 0.6, 0.4, 0.3 
0.3, 0.2, 0.4, 0.6 
(0.5, 0.3, 0.1,0.3 


on 


Step3: Compute the aggregate preference value of each alternative under all the criteria using the 


Dombi operator with & =3 defined in Theorem 4.2, given as 


M, ( (0.279, 0.486, 0.189, 0.141) 
M,| (0.458, 0.626, 0.238, 0.330) 
M,| (0.411,0.452,0.317,0.407) 
M,| (0.527, 0.458, 0.259, 0.332) 
M,| (0.338, 0.433, 0.294, 0.267) 
M,,| (0.626, 0.368, 0.189, 0.142) 


Step4: Next we calculate the score of each alternative given by: 


@(M,)=0.258 , ©(M,) =0.436 , ©(M,)=0.107 , @(M,)=0.310 , ©(M,)=0.144 and 


©(M,)=0.471 
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Step5: Rank the scores of all the alternatives, we have 


@(M,)> O(M,)> O(M,)> O(M,)> O(M,)> O(M,) 
Since the alternative M , is the best alternative as it has the highest rank among all. Therefore, Mr. X 
will buy M «mobile. If it is not available in the market then he will prefer the second-highest rank 


alternativeie. M,. 


Aliter: 
We repeat up to step2. 


Step3: Compute the aggregate preference value of each alternative under all the criteria using the 
Dombi operator with ¢ =3 defined in Theorem 4.8, given as 


M, ( (0.237,0.159, 0.375, 0.460) 
(0.304, 0.308, 0.573, 0.568) 
3| (0.243, 0.190, 0.350, 0.473) 
(0.139, 0.153, 0.464, 0.369) 
(0.311,0.296, 0.479, 0.468) 
«| (0.154, 0.297, 0.488, 0.556) 


Step4: By using definition 2.7, the scores of each alternative are calculated as: 


@(M,)=-0.270,0(M,) =-0.463,@(M,)=-0.251,0(M,)=—0.308 ,@(M,) =—0.264 


and O(M,) =—0.435 

Step5: Ranking of the alternatives is given by: 
@(M,)>O(M,)> O(M,)> O(M,)> O(M,)> O(M,) 
Here, M , is the best alternative. 


To compare the results of the two methods, we consider the following table: 


Table-1 
Alternatives Ranking Absolute Modified Rank 
QSVNPDOWAA | QSVNPDOWGA |_ Difference 
M, - 3 1 5.5 
M, 2 6 4 2.5 
M, 6 1 5 1 
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M, 3 4 1 5.5 
M, 5 2 3 4 
M, 1 5 4 2.5 


As the two methods give two different optimal choices, therefore there is a hesitation for a decision-maker to 


choose the best alternative. To sort out such an issue, we consider the table-1, where we have determined the 


modified rank against each alternative. As _M has the highest modified rank, so Mis our preferred choice. In 


the case of a tie, there is more than one alternative under consideration. 


Remark: Instead of taking ¢ =3 we can choose any value higher than or equal to 1. For each value 
of & we get the same rank of the alternatives. 

7. Conclusion 

In the present paper, we have studied the notion of QSVNPNs and their various operational laws 
based on Dombi operators. We also introduced two new Dombi operators, namely QOVNPDOWAA 
and QSVNPDOWGA in the quadripartitioned single-valued neutrosophic Pythagorean information. 
Based on these two operators we have studied different properties such as monotonicity, 
commutativity, reducibility, boundedness, and idempotency. Moreover, we have proposed a model 
for MCDM problems under the QSVNPN environment. Finally, for the practical application of the 
proposed model, a real-life based example is given by which we justify the feasibility and rationality 
of the model and shows that how it is effective in decision-making problem. In the future, the 
proposed model can be applied for risk management, disease diagnosis, control theory, MADM, 
game theory, and many other diverse fields for decision-making. 
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Abstract: In this paper a new concept of neutrosophic closed sets called neutrosophic 6 generalized a closed 
set is introduced and their properties are thoroughly studied and analyzed and also discuss their 
relationship between basic closed sets in neutrosophic topological spaces. Some new interesting theorems 
are presented using newly introduced set. 


Keywords: Neutrosophic 8 generalized a closed sets. 


1. Introduction 
The concept of intuitionistic fuzzy sets introduced by Atanassov(1), intuitionistic fuzzy topological spac by 
Coker(2),after that Floretin Smarandache(3) in 1999 extended the neutrosophic sets, neutrosophic 
topological spaces by A. A. Salama and S. A. Alblowi(9). Further the basic sets like neutrosophic open 
sets(N-OS), neutrosophic semi open sets(N-SOS), neutrosophic pre open sets(N-POS), neutrosophic a open 
sets(N- aOS), neutrosophic regular open sets(N-ROS), neutrosophic 6 open sets(N- fos), neutrosophic b 
open sets(N-bOS) are introduced in neutrosophic topological spaces and their properties are studied by 
various authors(8,10). 

The main aim of this paper is to analyze a new concept of neutrosophic closed sets called neutrosophic 


6 generalized a closed sets also specialized some of their basic properties with examples. 
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2. Preliminaries: 
Here in this paper (X, t) is the neutrosophic topological space .Also the neutrosophic interior is 
denoted by N-Int(A), neutrosophic closure is denoted by N-Cl(A) and 
the complement of a neutrosophic set A is denoted by N-C(A) and the empty and whole sets are denoted by 
0 and 1 respectively. 
Definition 2.1: Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object having the form A = 
{(x, LAs, OAC), VAC): XEX} where A(x) represent the degree of membership , oa(x) represent degree of 
indeterminacy and va(x) represent the degree of nonmembership 
Nonmembership respectively of each element x € X to the set A. 
A Neutrosophic set A = {(x, Law, OAc, VAcy): XEX} can be identified as an ordered triple ( pa, oa, va) 
in ]-0, 1+[ on X. 
Definition 2.2: Let A = ( pa, oa, va ) be a NS on X, then the complement Neutrosophic-C(A) may be defined 
as 
1. Neutrosophic -C (A) = {(x, (1-t1a (x)), (1- va(x)) ): x © X} 
2. Neutrosophic -C (A) = {(x, va(x), oa(X), Ha (x) ): x € X} 
3. Neutrosophic -C (A) = {(x, va(x), (1-oa(x)), Ha (x) ): x EX} 
Definition 2.3: For any two neutrosophic sets A = {(x, 1a (x), a(x), va(x) ): xEX} and 
B= {(x, Us (x), oB(x), vB(x) ): xEX} is 
1.(A SB) & wa (x) S$ us (x), oa(x) < on(x) and va(x) > va(x) V x EX 
2.(ASB) = wa(x) < us (x), oa(x) 2 n(x) and va(x) = va(x) V x €X 
3.(A O B) > pax) A us (xX), oa(x) A os(x) and va(x) V_ vB(x) 
4.(A OB) & wa(x) A ps (x), oa(x) V_ oB(x) and va(x) V_ vB(x) 
5.(A UB) & wua(x) V_ pp (x), oa(x) V_ on(x) and va(x) A. v(x) 
6.(A U B) & pax) V_ psB(x), oa(x) A oB(x) and va(x) A vs(x) 
Definition 2.4: A neutrosophic topology (NT) on a non-empty set X is a family t of neutrosophic subsets in 


X satisfies the following axioms: 
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(NT:) On, In € t 

(NT2) Gi M GET for any G1, GET 

(NTs) U Gert V {Gi:ie]J} St 

In this case the pair (X, t) is a neutrosophic topological space (NTS) and any neutrosophic set in t is known 
as a neutrosophic open set (N-OS) in X. A neutrosophic set A is a neutrosophic closed set (NCS) if and only 
if its complement N-C(A) is a neutrosophic open set in X. 

Definition 2.6: A neutrosophic set A of a NTS X is said to be 

(i) A neutrosophic pre-open set (NP-OS) if AG NInt(NCI(A)) 

(ii) A neutrosophic semi-open set (NS-OS) if A & NCI(NInt(A)) 

(iii) A neutrosophic a-open set (Na-OS) if AS NInt(NCI(NInt(A))) 

(iv) A neutrosophic B-open set (N B-OS) if A & N-cl(N-int(N-cl(A))). 

(v) Aneutrosophic regular open set (N-ROS) if N-int(N-cl(A)) = A, 


(vi) A neutrosophic b open set (N-bOS) if A & N-int(N-cl(A)) U N-cl(N-int(A)) 


Definition 2.7: A neutrosophic set A of a NTS X is said to be 

(i) A neutrosophic pre-closed set (NP-CS) if NCI(NInt(A)) & A 

(ii) A neutrosophic semi-closed set (NS-CS) if NInt(NCI(A)) & A 
(iii) A neutrosophic a-closed set (Na-CS) if NCI(NInt(NCI(A))) © A 
(iv) A neutrosophic B-closed set (Na-CS) if Nint(Nel(Nint(A))) S A 
(v)A neutrosophic regular closed set (N-RCS) if N-cl(N-int(A)) = A, 


(vi) A neutrosophic b closed set (N-bCS) if N-int(N-cl(A)) A N-cl(N-int(A)) € A 


Definition 2.8: 
Consider a NS A in NTS. The Neutrosophic beta interior & Neutrosophic beta closure of A are defined as 
Nfint(A)= UU {G, Gis a N-BOS in X and G GA} 


NGcl(A)=  {G, Gis a N-6OS in X and A € K} 
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Remark 2.9 : 

Consider a NS A in NTS, then 

(1) N6cl(A)=A Nint(Nel(Nint(A))), 

(2) NBint(A)=AnNcl(Nint(Ncl(A))). 

Definition 2.10: 

Consider a NS A in NTS. Then it is a Neutrosophic generalized beta closed set (N-GBCS) if N-Bcl(A) © U 


whenever AG UandU isaNoOS. 


3. Neutrosophic B generalized a closed sets in Topological spaces 


In this section we have introduced Neutrosophic B generalized a closed sets and studied some of 


their properties. 


Definition 3.1: An Neutrosophic set A in an NTS (X, 7) is said to be an neutrosophic 6 generalized a closed 


set (N6GaCS) if NBcl(A) CU whenever ACU and Uis an N-aOS in (X, 7). 


The family of all N-8GaCSs of an NTS (X, t) is denoted by N-BGaC(X). 


Example 3.2: Let X = fa, b} and Gi = (x, (0.5a 0.5»), (0.5a, 0.5»), (0.54, 0.5»)) and 


Go= (x, (0.42, 0.3b), (0.62, 0.74), (0.6a, 0.7b)). Then t = {0, Gi, G2, 1} is an NT on X. Here 


Let S = (x, (0.3s, 0.2), (0.7, 0.8»), (0.7a, 0.8»)) then S is called an N-BGaCS in X. 


Proposition 3.3: Every Neutrosophic-CS is an Neutrosophic -BGaCS in (X, t) but reverse process is not true 


in general. 


Proof: Let S be an N-CS in X. Let we take S c U where U is said to be an N-aOS in X. As N-Bcl(S) c N-cl(S) = 


Sc Uby hypothesis, we have N-6cl(S) c U. Thus S is an N-BGaCS in (X, 7). 


Example 34: Let X = fa, bl Gi = (x, (05a, 0.5»), (0.5, 0.5n),  (0.5a, 0.5»)) and 


G2. = (x, (04s, 0.3»), (0.62, 0.7a), (0.62, 0.7»)). Then t = {0, Gi, G, 1} is an NT on X. 
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Here we take S = (x, (0.32, 0.2»), (0.72, 0.8»), (0.72, 0.8»)) is an (N)-BGaCS but it not an (N)-CS in (X, 7) since 


N-cl(S) = Gie# S. 


Proposition 3.5: Every Neutrosophic -SCS is an Neutrosophic -8GaCS in (X, t) but reverse process is not 


true in general. 


Proof: Let A be an N-SCS in X. Let we take A c U and U is said to be an N-aOS in X. As N-feta closure(A) c 
N-semi closure(A) = A c U by hypothesis, we have N-Peta closure (A) c U. Then A is called an N-BGaCsS in 


(X, 1). 


Example 3.6: Let X = {a b}, Gi = (x, (05a, 0.5v), (0.54, 0.5b), (0.54, 0.5b)) and 
Go= (x, (0.42, 0.30), (0.62, 0.70), (0.6a, 0.7b)). Then t = {0, Gi, G2, 1} is an NT on X. 
Here we take a point S = (x, (0.3a, 0.2»), (0.7a, 0.8), (0.7, 0.8»)) which satisfy N-8GaCS but does not satisfy 


N-SCS in (X, t) since N-int(N-cl(S)) = N-int(Gi9) = Gig S. 


Proposition 3.7: Every Neutrosophic-PCS is an Neutrosophic -BGaCS in (X, Tt) but reverse process is not 


true in general. 


Proof: Let A be an N-PCS in X. Let we take A c U and U is said to be an N-aOS in X. As N-feta closure(A) c 
N-Pre closure(A) = A c U by hypothesis, we have N-feta closure (A) c U. Then A is called an N-6GaCS in 


(X, 1). 


Example 3.8: Let X = {a b}, Gi = (x, (05a, 0.60), (0.54, 0.40), (0.54, 0.4r)) and 
G2 = (x, (04a, 0.3r), (0.62, 0.7), (0.62, 0.7r) ). Then t = {0, Gi, G, 1} is an NT on X. Here 
we take A = (x, (0.42, 0.3»), (0.6a, 0.7»), (0.6a, 0.7b)) which satisfy N-@GaCS but does not satisfy N-PCS in (X, t) 


as N-cl(N-int(A)) = N-cl(G2) =Gieg A. 


Proposition 3.9: Every Neutrosophic-aCs is an Neutrosophic-BGaCS in (X, t) but not conversely in general. 


Proof: Let A be an N-aCS in X. Let as assume A c U and U is said to be an N-aOS in X. As N-Bcl(A) C 


N-acl(A) = A c U by hypothesis, we have N-fcl(A) c U. Then A is an N-BGaCS in (X, 7). 
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Example 3.10: Let X = {a b}, Gi = (x, (0.5a, 0.50), (0.52, 0.5b), (0.5a, 0.5v)) and 
G2 = (x, (0.4a, 0.36), (0.62, 0.7»), (0.64, 0.7») ). Then t = {0, Gi, G, 1} is an IFT on X. Here 
we take S = (x, (0.3a, 0.2), (0.7, 0.8»), (0.7a, 0.8b)) which satisfy N-8GaCS but does not satisfy N-aCsS in (X, 


t) since N-cl(N-int(N-cl(S))) = N-cl(N-int(G19)) = N-cl(G1) = Gir S. 


Proposition 3.11: Every Neutrosophic-bCS is an Neutrosophic-BGaCsS in (X, t) but reverse process is not 


true in general. 


Proof: Let A be an NbCS in X. Let as assume A c U and U is said to be an N-aOS in X. As N-Bcl(A) c 


N-bcl(A) = A c U by hypothesis, we have N-fcl(A) c U. Then A is an N-BGaCS in (X, 7). 


Example 3.12: Let X = {a bl, Gi = (x, (0.5s, 0.3»), (05a, 0.7»), (0.52, 0.7»)) and 
G2 = (x, (0.4, 0.3»), (0.62, 0.7»), (0.6a, 0.7»)). Then t = {0, Gi, Gz 1} is an NT on X. Here 


we assume A = (x, (0.4, 0.6»), (0.4a, 0.4»), (0.4a, 0.4v)) which satisfy N-§GaCS but does not satisfy N-bCS in 


(X, t) since N-int(N-cl(A)) M N-cl(N-int(A)) = Gi Gie= Gig A. 


Proposition 3.13: Every Neutrosophic-RCS is an Neutrosophic-8GaCs in (X, t) but reverse process is not 


true in general. 


Proof: Let A be an N-RCS in X. Then A is an N-CS as every N-RCS is an N-CS, A is an N-8GaCS in (X, 7). 


Example 3.14: Let X = {a b}, Gi = (x, (0.5s, 0.6), (0.52, 0.40), (0.52, 0.4»)) and 


Go= (x, (0.4, 0.30), (0.62, 0.7»), (0.6a, 0.7b)). Then t = {0, Gi, G2, 1} is an NT on X. Here we take A = (x, (0.4a, 
0.3b), (0.6a, 0.7»)) which satisfy N-8GaCS but does not satisfy N-RCS in (X, t) as N-cl(N-int(A)) = 


N-cl(G2) = Gic# A. 


Proposition 3.15: Every Neutrosophic-6CS is an Neutrosophic-BGaCS in (X, t) but reverse process is not 


true in general. 


Proof: Let A be an N-6CS in X. Let as assume A c U and U is said to be an N-aOS in X. Now N-fcl(A) = A c 


U, by hypothesis. Therefore we have N-fcl(A) c U. Hence A is an N-BGaCS in (X, 7). 
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Example 3.16: Let X = {a b}, Gi = (x, (0.5a, 0.30), (0.52, 0.7»), (0.5a,  0.7»)) and 
G2 = (x, (0.4a, 0.3»), (0.6a, 0.7), (0.62, 0.7»)). Then t = {0, Gi, G, 1} is an NT on X. Here 
A = (x, (0.4a, 0.6), (0.4, 0.4), (0.4, 0.4b)) which satisfy N-6GaCS but does not satisfy N-@CS in (X, Tt) as 


N-int(N-cl(N-int(A))) = N-int(N-cl(G2)) = N-int(Gr) = Gig A. 


In the following diagram, we have provided the relation between various types of neutrosophic 


closedness. 


Remark 3.17: The union of any two N-BGaCSs is not an N-6GaCS in general as seen in the following 


example. 


Example 3.18: Let us assume X = {a, b}, Gi = (x, (0.5a, 0.60), (0.5a, 0.4»), (0.5a, 0.4b)), 
Go= (x, (0.2a, 0.3), (0.8a, 0.7), (0.82, 0.7b)) and G3= (x, (0.62, 0.7»), (0.4a, 0.30), (0.4a, 0.3b)). Then t be {0, Gi, G2, 


Gs, 1} is an Neutrosophic Topology on X. 
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The NSs A = (x, (0.1a, 0.5), (0.9a, 0.5), (0.9a, 0.5b)), B = (x, (0.5a, 0.25), (0.5a, 0.80), (0.5a, 0.8b)) are N-BGaCSs in 
(X, t). But A UB is not an N-BGaCS as A UB = (x, (0.5a, 0.50), (0.5a, 0.5), (0.5a, 0.5»)) & Gi but N-Bcl(A U B) = 


(x, (0.62, 0.7), (0.42, 0.36), (0.4, 0.30)) £ Gi. 


Remark 3.19: The intersection of any two N-BGaCSs is not an N-8GaCS in general as seen in the following 


example. 


Example 3.20: Let X = {a bl Gi = (x, (05a, 0.6), (05s 0.4»), (0.52, 0.4»), 
Go= (x, (0.2a, 0.30), (0.82, 0.70), (0.82, 0.7v)) and G3= (x, (0.6a, 0.7»), (0.42, 0.3»), (0.42, 0.3»). Then t= {0, Gi, G2, Gs, 
1} is an NT on X. The IFSs A = (x, (0.52, 0.88), (0.52, 0.2b), (0.52, 0.2b)), B = (x, (0.82, 0.66), (0.2a, 0.4») are 
N-BGaCSs in (X, t). But ANB is not an N-BGaCS as ANB = (x, (0.52, 0.66), (0.52, 0.4»), (0.52, 0.4»)) © Gi but 


N-Bcl(A 1B) = (x, (0.62, 0.7), (0.42, 0.30), (0.42, 0.30)) ¢ Gi. 


Proposition 3.21: Let (X, t) be an NTS. Then for every A € N-BGaC(X) and for every B € NS(X), A C B 


CN-Bel(A) 3B € N-BGaC(X). 


Proof: Let B C U and also U be an N-a open set in X. Then since A C B, A C U. By hypothesis B 
CN-fcl(A). Therefore N-6cl(B) CG N-fcl(N-Bcl(A)) = N-Bcl(A) C U, since A is an N-BGaCS in X. Hence 


B € N-BGaC(X). 


Proposition 3.22: If R is an N-aOS and an N-BGaCS _ in (X, 1), then Ris an N-BCS_ in (X, 7). 


Proof: Since R CR and R is an N-aOS in X, by hypothesis N-Bcl(R) GC R. But R CN-fcl(R). Therefore 


N-fcl(R) = R. Then R is an N-BCS in (X, 7). 


Proposition 3.23: Let H GC R C X where R is said to be an N-aOS and it is an N-6GaCS in X. Then H is an 


N-BGaCS in R if and only if His an N-BGaCS in X. 


Proof: Necessity: Let as assume J be an N-aOS in X and F C J. Also let H be an N-6GaCS in R. Then 
clearly H CRnJ and RnJ is an N-aOS in A. Hence neutrosophic beta closure of Hin R, N-6clr(H) C RoJ 


and by Proposition 3.22, R is an N-BCS. Therefore N-fcl(R) = R. Now neutrosophic beta closure of H in X, 
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N-Bcl(H) © N-Gcl(H) n N-fel(R) = N-Gcl(H) n R = N-Belx(H) C RJ Cl, that is N-Bcl(H) C R, 


whenever H C R. Hence H is called N-8GaCS in X. 


Sufficiency: Let V be an N-aOS in A, such that F C V. Since A is an N-aOS in X, V is an N-aOS in X. 
Therefore N-GBcl(F) C V,as Fis an N-6GaCS in X. Thus, N-6cla(F)=N-Bcl(F) DA GC VnA C V. Hence 


Fis an N-BGaCS in A. 
Proposition 3.24: An NS A is both an N-OS and an N-8GaCS _ if and only if A is an N-ROS in X. 


Proof: Necessity: Let A be both an N-OS and an N-BGaCS in X. Then A is an N-aOS and an N-BGaCS. By 
Proposition 3.22, A is an N-BCS and N-int(N-cl(N-int(A))) CG A. Since A is an N-OS, N-int(A) = A. 
Therefore N-int(N-cl(A)) © A. Since A is an N-OS, it is an N-POS. Hence A CN-int(N-cl(A)). Therefore A 


= N-int(N-cl(A)) and A is an N-ROS in X. 


Sufficiency: Let A be an N-ROS in X then A= N-int(N-cl(A)). Since every N-ROS is an N-OS, A is an N-OS. 
We know N-int(N-cl(N-int(A))) = N-int(N-cl(A)) = A © A. Therefore A is an Neutrosophic 6 Closed set in 


X, and by Proposition 3.15, A is an N-BGaCS in X. 


Proposition 3.25: Let (X, t) be an NTS. Then N-BC(X) = N-BGaC(X) if every IFS in (X, t) is an N-aOS in X. 
Proof: Suppose that every NS in (X, t) is an N-aOS in X. Let A € N-BGaC(X). Then A is also an N-aOS by 
hypothesis. We know that A is an N-6CS. Therefore A€ N-6C(X). 

Hence N-BGaC(X) c N-BC(X) -__y (i) 

Let A € N-6C(X). Then by Proposition 3.15, A is an N-BGaCS and A € N-BGaC(X). Hence N-6C(X) ¢ 


N-BGaC(X) (ii). Fr8m (i) and (ii) N-BC(X) = N-BGaC(X). 


Proposition 3.26: Let R be an N-aOS and an N-BGaCS of (X, t). Then RN F is an N-BGaCS_ of 


(X, t) where F is an N-CS of X. 


Proof: Suppose that R is an N-aOS and an N-BGaCS of (X, t), then by Proposition 3.22, R is an N-BCS. 
But F is an N-CS in X. Hence Rn F is an N-BCS as every N-CS is an N-BCS. Then RF isan N-BGaCS in 


Xx. 
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Abstract: In this paper, the concepts of Pentapartitioned Neutrosophic Pythagorean resolvable , 
Pentapartitioned Neutrosophic Pythagorean irresolvable, Pentapartitioned Neutrosophic 
Pythagorean open hereditarily irresolvable and maximally Pentapartitioned Neutrosophic 
Pythagorean irresolvable spaces are introduced. Also we investigated several properties of the 
Pentapartitioned Neutrosophic Pythagorean open hereditarily irresolvable spaces besides giving 
characterization of these spaces by means of somewhat Pentapartitioned Neutrosophic Pythagorean 
continuous functions and somewhat Pentapartitioned Neutrosophic Pythagorean open functions. 


Keywords: Pentapartitioned neutrosophic pythagorean resolvable, pentapartitioned neutrosophic 
pythagorean open hereditarily irresolvable, somewhat pentapartitioned neutrosophic pythagorean 
irresolvable, pentapartitioned neutrosophic pythagorean continuous and open functions. 


1. Introduction 


Zadeh[16] introduced the important and useful concept of a fuzzy set which has invaded almost 
all branches of mathematics. The speculation of fuzzy topological space was studied and 
developed by CL. Chang [4]. The paper of Chang sealed the approach for the 
following tremendous growth of the various fuzzy topological ideas. Since then a lot of attention 
has been paid to generalize the fundamental ideas of general topology in fuzzy setting 
and therefore a contemporary theory of fuzzy topology has been developed. Atanassov and plenty 
of researchers [1] worked on intuitionistic fuzzy sets within the literature. Florentin 
Smarandache [13] introduced the idea of Neutrosophic set in 1995 that provides the information of 
neutral thought by introducing the newissuereferred to as uncertainty within 
the set. Thus neutrosophic set was framed and it includes the partsof truth membership 
function(T), indeterminacy membership function(I), and falsity membership function(F) severally. 
Neutrosophic sets deals with non normal interval of ]-0 1+[. Pentapartitioned neutrosophic set and 
its properties were introduced by Rama Malik and Surpati Pramanik [12]. In this case, 


indeterminacy is divided into three components: contradiction, ignorance, and an unknown 
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membership function. The concept of Pentapartitioned neutrosophic pythagorean sets was 
initiated by R. Radha and A. Stanis Arul Mary . The concept of neutrosophic fuzzy resolvable 
spaces and irresolvable spaces was introduced by M. Caldas et.al[3]. Now we extend the concepts 


to pentapartitioned neutrosophic pythagorean sets. 


In this Paper we initiated the new concept of Pentapartitioned neutrosophic pythagorean resolvable, 
pentapartitioned neutrosophic pythagorean open  hereditarily irresolvable, somewhat 
pentapartitioned neutrosophic pythagorean  irresolvable, pentapartitioned neutrosophic 
pythagorean continuous and open functions and discussed some of its properties. 


2. Preliminaries 


2.1 Definition [13] 
Let X be a universe. A Neutrosophic set A on X can be defined as follows: 
A= {< x,T,(x), I,(x), Fa(x) >: x € X} 
Where T, ,1,,F4:U > [0,1] and 0 < T,(x) +1,(x) + Fy (x) S$ 3 
Here, T,(x) is the degree of membership, [,(x) is the degree of inderminancy and F,(x) is the 


degree of non-membership. 


2.2 Definition [7] 
Let X be a universe. A Pentapartitioned neutrosophic pythagorean [PNP] set A with T, F, C and U as 
dependent neutrosophic components and I as independent component for A on X is an object of the 
form 
A= (<x, Ty Carla, Ua Fy Dix © X} 

Where T, + Fy <1,C, +U, < 1and 

(Ty)? + (Cay +) +E) S38 
Here, T,(x) is the truth membership, C,(x) is contradiction membership, U,(x) is ignorance 


membership, F,(x) is the false membership and Ia (x) is an unknown membership. 


2.3 Definition [12] 

Let P be a non-empty set. A Pentapartitioned neutrosophic set A over P characterizes each element p 
in P a truth -membership function T, , a contradiction membership function C,, an ignorance 
membership function G,, unknown membership function U, and a false membership function F, 
, such that for each p in P 

Tt C4 G4 Ue FSS, 


2.4 Definition [7] 

The complement of a pentapartitioned neutrosophic pythagorean set A on R is denoted by AC or A* 
and is defined as 

AC= {< x, F,(x), Uy (x), 1 — Gy(x), Cy (x), T, (x) >: x € X} 
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2.5 Definition [7] 
Let A = <x,7,4(x), C4(x), Gy(x), U4(x), Fy(x) > and B = < x,Tpg(x), Ce(x), Gg (x), Up(X), F p(x) > 
are pentapartitioned neutrosophic pythagorean sets. Then 
A UB=< x,max(T,(x),Tp(x)),max(C,4(x), Cy (x)), min(G,(x), G g(x)), min(U, (x), U g(x), 
min(F4(x), Fa (x)),> 
A NB= <x, min(T, (x), Tp (x)), min(C,(x), Cp (x)), max(G,4(x),G p(x)) 
,max(U,(x), Up (x)), max (Fy (x), F p(Xx)) > 
2.6 Definition[7] 
A PNP topology t ona nonempty set R is a family of a PNP sets in R satisfying the following axioms 
1) Olet 
2) R, NR, Et for any R,,R2 ET 
3) UR; €t forany Riel St 


The complement R* of PNP open set (PNPOS, in short) in PNP topological space [PNPTS] (R,1), is 
called a PNP closed set [PNPCS]. 


2.7 Definition [7] 


Let (R,t) be a PNPTS and L be a PNPTS in R. Then the PNP interior and PNP Closure of R denoted 
by 


CI(L) = N{K: Kis a PNPCS in Rand LE K}. 


Int(L) = U{G: G is a PNPOS in R and GE L}. 


3. Pentapartitioned Neutrosophic Pythagorean Resolvable and Irresolvable Spaces 

3.1 Definition 

A Pentapartitioned neutrosophic pythagorean (PNP) set P in Pentapartitioned neutrosophic 

pythagorean topological space (PNPTS) (R, 1) is called pentapartitioned neutrosophic pythagorean 

dense if there exists no pentapartitioned neutrosophic pythagorean closed set Q in (R, tT) such that 
PCOCIr 

Note: If P is a PNP open set , then the complement of PNP set P is a PNP closed set and it is denoted 

by P*. 

3.2 Example 


Let R={ e, f} and define the pentapartitioned neutrosophic pythagorean set P as 


: eerie 
~ Uf, 0.5,0.3,0.6,0.1,0.2} 
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Then t = {0p,1z,P} is a pentapartitioned neutrosophic pythagorean topology on R. Hence P is a 
PNP dense set in (R, T}. 


3.3 Definition 
A PNPTS (R, T) is called PNP resolvable if there exists a PNP dense set P in (R, tT) such that PNPCl 
(P*) = 1p. Otherwise (R, T) is called PNP irresolvable. 


3.4 Example 
Let R={ e, f} and define the pentapartitioned neutrosophic pythagorean set P,Q and R_ as 
P= i. 0.3,0.4,0.3,0.3,0.1} 

~ Uf, 0.4,0.2,0.6,0.5,0.3Y 


{e, 0.4,0.2,0.7,0.1,0.3} 


Q= ate ae a 


ane ea aa 
~ Uf, 0.5,0.4,0.3,0.2,0.1} ° 


It can be seen that t = {0p,1p,P} is a pentapartitioned neutrosophic pythagorean topology on R. 
Then (R, T) is a pentapartitioned neutrosophic topological space. Now PNPInt(Q) = 0g, PNPInt(R) = 
Or, PNPCI (Q) = 1g and PNPCI(R) = 1p . Thus P and Q are PNP dense sets in (R, tT) such that 
PNPCI (Q*) = 12 and PNPCI(R*) = 1p. Hence the PNP topological space (R, tT) is PNP resolvable. 


3.5 Example 
Let R={ e, f} and define the pentapartitioned neutrosophic pythagorean set P,Q and R_ as 


a ase 
~ Uf, 0.1,0.2,0.5,0.5,0.3} 


, 0.4,0.5,0.5,0.4,0.3 
= fe } and 


{f,0.5,0.4,0.4,0.3,0.2} 


ae Tee 

{f, 0.2,0.3,0.5 ,0.2,0.1} ° 
It can be seen that t = {0p,1p,P} is a pentapartitioned neutrosophic pythagorean topology on R. 
Then (R, tT) is a pentapartitioned neutrosophic topological space. Now PNPInt(Q) = A, PNPInt(R) = 
A, PNPCI (Q) = 1g and PNPCI(R)= 1g . Thus P and Q are PNP dense sets in (R, T) such that 
PNPCI (Q*) = P* and PNPCI(R*) =P*. Hence the PNP topological space (R, tT) is PNP irresolvable. 


3.6 Theorem 
A PNPTS (R, T) isa PNP resolvable space iff (R, t) has a pair of PNP dense set Ki and Kzsuch that 
Kic kK. 
Proof 

Let (R, t) be a PNPTS and (R, tT) be PNP resolvable space. Suppose that for all PNP dense sets K; 
and Kj, we have k; ¢ Kj. Then K; > Kj. Then PNPCI(K;) > PNPCI(K;) which implies that 1r > 
PNPCI(K;’). Then PNPCI(k;) # Ir. Also kK; > Kj, then PNPCI(K;) > PNPCI(K;)) which implies that 
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1r > PNPCI(K;'). Therefore PNPCI (K;') # 1x. Hence PNPCI(K;) = 1r, but PNPCI(K;) # 1k for all 
PNP set K; in (R, Tt) which is a contradiction. Hence (R, T) has a pair of PNP dense set Ki and Ke 
such that Ki€ Kj. 

Conversely, suppose that the PNP topological space (R, tT) has a pair of PNP dense set 
Kiand K2such that K, & Kz. Suppose that (R, T) is a PNP irresolvable space, Then for all PNP dense 
sets K, and kK, in(R, T), we have PNPCI(K;) # 1g. Then PNPCI(Kz) # 1g implies that there exists 
a PNP closed set L in (R, tT) such that Ky C L C 1p. Then Kk, © Ky C L © 1, implies that K, c L 


C 1,. But this is a contradiction. Hence (R, T) isa PNP resolvable space. 


3.7 Theorem 

If (R, Tt) is a PNP irresolvable space iff PNInt(P) # 0 for all PNP dense set P in (R, 1). 

Proof 

Since (R, tT) is PNP irresolvable space for all PNP dense set P in (R, tT), PNPCI(P*) # 1z.Then 
(PNPInt(P)* # 1p which implies PNPInt(P) # 0g. 

Conversely PNPInt(P) # 0p, for all PNP dense set P in (R, T). Suppose that (R, t) is PNP resolvable. 
Then there exists a PNP dense set P in (R, t) such that PNPCI(P*) = 1p. This implies that 
(PNPInt(P)* = 1g which again implies PNPInt(P) = 0p. But this is a contradiction. Hence (R, T) is 
PNP resolvable space. 


3.8 Definition 
A PNP topological space (R, tT) is called a PNP submaximal space if for each PNP set P in (R, 7), 
PNPCI(P) = 1k. 


3.9 Proposition 

If the PNP topological space (R, t) is PNP submaximal, then (R, t) is PNP irresolvable. 
Proof. Let (R, t) be a PNP submaximal space. Assume that (R, tT) is a PNP resolvable space. Let P be 
a PNP dense set in (R, t). Then PNPCI(P*) = Ir. Hence (PNPInt(P)* = 1p which implies that 
PNPInt(P) =0r. Then P ¢ t. This is a contradiction. Hence (R, t) is PNP irresolvable space. 
The converse of the above theorem is not true, which can be shown by the following example. See 


example 3.5. 


3.10 Definition 
A PNP topological space (R, t) is called a maximal PNP irresolvable space if (R, t) is PNP irresolvable 


and every PNP dense set P of (R, t) is PNP open. 


3.11 Example 
Let R={e, f} and define the pentapartitioned neutrosophic pythagorean set Qand Ras 


{e, 0.3,0.4,0.3,0.3,0.1} 


Q= liao oneness a 
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— Ce 
~ Uf, 0.5,0.4,0.3,0.2,0.1} * 


It can be seen that t = {0z,1z,P} is a pentapartitioned neutrosophic pythagorean topology on R. 
Then (R, T) is a pentapartitioned neutrosophic topological space. Now PNPInt(Q*) = 0g, PNPInt(R*) 
= Or, PNPCI (Q) = 1g and PNPCI(R) = 1g . Thus P and Q are PNP dense sets in (R, tT) such that 
PNPCI (Q*) = Q* and PNPCI(R*) =R*.Thus (R, tT) is PNP irresolvable and every PNP dense set of 

(R, Tt) is PNP open. Therefore PNP topological space (R, T) is maximally PNP irresolvable. 


4 PNP open hereditarily Irresolvable space 


4.1 Definition 
A PNP topological space (R, t) is said to be PNP open hereditarily irresolvable if 
PNPInt(PNPCI(P))# Or and PNPInt(P)# Or, for any PNP set P in (R, 1). 


4.2 Example 


Let R={e, f} and define the pentapartitioned neutrosophic pythagorean setQ as 


_ Caen 
~ Uf, 0.1,0.2,0.6,0.5,0.4} 


It can be seen that tT = {0z,1p,P} is a pentapartitioned neutrosophic pythagorean topology on R. 


Then (R, tT) is a pentapartitioned neutrosophic topological space. Now PNPInt(P) = P # Og and 
PNPInt(PNPCI(P)) =PNPInt(P*) =P # Op . Thus (R, t) is PNP open hereditarily irresolvable space. 


4.3 Theorem 

Let (R, Tt) be a PNP topological space. If (R, t) is PNP open hereditarily irresolvable, then (R, T) is 
PNP irresolvable. 
Proof 

Let P be a PNP dense set in (R, tT). Then PNPCI(P) = 1p which implies that PNPInt(PNPCI(P) = 1p 
# Op . Since (R, Tt) is PNP open hereditarily irresolvable, we have PNPInt(P) # 0g. Therefore by 
theorem 3.7, PNPInt(P) # Op for all PNP dense set in (R, T) implies that (R, t) is PNP irresolvable. 


The converse of the above theorem is not true. See Example 4.4. 


a 
4.4 Example 
Let R={ e, f} and define the pentapartitioned neutrosophic pythagorean set P,Q,RandS_ as 


: ene ieee 
~ Uf, 0.2,0.3,0.6,0.3,0.3Y 


x (fe 0.4,0.5,0.1,0.2,0.4} 
~ Uf, 0.3,0.2,0.7,0.2,0.1} 
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R and 


fe, 0.4,0.5,0.1,0.2,0.4} 
{f, 0.3,0.3,0.6 ,0.2,0.1} 


ee else 
~ Uf, 0.1,0.2,0.6 ,0.5,0.4} ° 


It can be seen that tT = {0p,1z, P,Q, R} is a pentapartitioned neutrosophic pythagorean topology on 
R. Then (R, T) is a pentapartitioned neutrosophic topological space. Now PNPCI(P) = 12, PNPCI(Q) 
= 1p, PNPCI(R) = 1p and PNPCI (S)= 1g . Thus P, Q,R and S are PNP dense sets in (R, tT) such that 
PNPCI (P*) = P* ,PNPC](Q*) = Q* and PNPCI(R*) =R* and PNPCI (S*) = P*. Hence the PNP 
topological space (R, tT) is PNP irresolvable. But PNPInt(PNPCI(S*) = PNPInt(P*) = Op. Therefore 


(R, T) is not a PNP open hereditarily irresolvable space. 


4.5 Theorem 
Let (R, t) be a PNP open hereditarily irresolvable. Then PNPInt(P) ¢ PNPInt(Q)* for any two PNP 


dense sets P and Q in (R, 1). 

Proof. 

Let P and Q be any two PNP dense sets in (R, tT). Then PNPCI(P) = 1p and PNPCI(Q) =1z implies 
that PNPInt(PNPCI(P))# 0g and PNPInt(PNPCI(Q)# 0p. Since (R, tT) is PNP open hereditarily 
irresolvable, PNPInt(P) # 0g and PNPInt(Q) # Op. Hence by theorem 3.6, P¢ Q*. Therefore 
PNPInt(P) S P € Q* & (PNPInt(Q))*. Hence we have PNPInt(P) & (PNPInt(Q))* for any two PNP 
dense sets P and Q in (R, 1). 


4.6 Theorem 

Let (R, Tt) be a PNP topological space. If (R, t) is PNP open hereditarily irresolvable, then PNPInt(P) 
= Og for any nonzero PNP dense set Pin (R, t) which implies that PNPInt(PNPCI(P)) = Og. 

Proof: 

Let P be a PNP set in (R, tT) such that PNPInt(P) = 0g . We claim that PNPInt(PNPcl(P)) = 0g. 
Suppose that PNPInt(PNPCI(P)) = 0p. Since (R, t) is PNP open hereditarily irresolvable, we have 
PNPInt(P) # 0g which is a contradiction to PNPInt(P) = 0g. Hence PNPInt(PNPCI(P) = Op. 


4.7 Theorem 

Let (R, t) beaPNP topological space. If (R, t) is PNP open hereditarily irresolvable, then PNPCI(P) 
= 1p for any nonzero PNP dense set P in(R, t) which implies that PNPCI(PNPInt(P) = Op. 

Proof 

Let Pbea PNP setin(R, t) such that PNPCI(P)= 1p.Then we have (PNPCI(P))* = 0g which implies 
that PNPInt(P*) = 0p.Since (R, t) is PNP open hereditarily irresolvable by theorem 4.6. We have 
PNPInt(PNPCI(P*)) = 0g. Therefore (PNPCI(PNPInt(P))* = 0p implies that PNPCI(PNPInt(P)) = 1,. 
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5 Somewhat PNP Continuous and PNP Somewhat PNP open 


5.1 Definition 

Let (R, tT) and (M,o) be any two PNP topological spaces. A function f: (R, tT) > (M,o) is called 
somewhat PNP continuous if foraP € o and f~1(P) # Og, there exists aQ € Tt suchthat Q# Op and 
Qc f'(P). 


5.2 Definition 
Let (R, t) and (M,o) be any two PNP topological spaces. A function f: (R, tT) > (M,o) is called 
somewhat PNP open if foraP € o and P # Op, there existsaQ €T such that Q# Op and QE f(P). 


5.3 Theorem 


Let (R, tT) and (M,o) be any two PNP topological spaces. A function f: (R, t) > (M,o) is called 
somewhat PNP continuous and injective. If PNPInt(P) = 0g for any non-zero PNP set P in (R, 1), 
then PNPInt(f(P)) = Oy in (M,o). 

Proof 

Let P be a non-zero PNP set in (R, Tt) such that PNPInt(P) = 02. Now we prove that PNPInt(f(P)) = 
Oy . Suppose that PNPInt(f(P)) #0, in (M,o).Then there exists a nonzero PNP set Q_ in 
(M, o) such that Q € f(P). Thus, we have f~1(Q) & f~1(f(P)). Since f is somewhat PNP continuous, 
there exists aS €t such that S # 0g andS © f~*(Q). Hence S © f~*(Q) © P which implies that 
PNPInt(P) # 0g .This is a contradiction. Hence PNPInt(f(P)) = 04 in (M,o). 


5.4 Theorem 

Let (R, t) and (M,o) be any two PNP topological spaces. A function f: (R, tT) > (M,o) is called 
somewhat PNP continuous , injective and PNPInt(PNPCI(P)) = 0p for any non-zero PNP set P in 
(R, T), then PNPInt(PNPCI(f(P))) = Oy in (M,o). 

Proof 

Let P be a non-zero PNP set in (R, tT) such that PNPInt(PNPCI(P)) = 0g. Now we claim that 
(PNPCI(£(P))) = 04 . Suppose that PNPInt(PNPCI(f(P))) # 0, in (M,o) .Then PNPCI(f(P) # 0,4 
and PNPCI(f(P))* # 04. Now PNPCI(f(P))* # 04 € M. Since f is somewhat PNP continuous, there 
exists a Q €t such that Q #0 and Q ©C f71((PNPCI(f(P)))*). Observe that Q ¢& 
f-*((PNPCI(f(P)))*) which implies that f~1(PNPCI(F(P))) € Q’. 

Since f is injective, thus P ¢ f 1(f(P) S f~*(PNPCI(f(P))) S Q* which implies that P © Q*. 
Therefore Q € P*. This implies that PNPInt(P* ) # 0g.Let PNPInt(P* ) = S #0. Then we have 
PNPCI(PNPInt( P*)) = PNPCI(S) #12 which implies that PNPInt(PNPCI(P)) # Op .This is a 
contradiction. Hence PNPInt(PNPCI(f(P))) = 0, in (M,o). 

5.5 Theorem 
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Let (R, tT) and (M,o) be any two PNP topological spaces. If the function f: (R, t) > (M,o) is 

somewhat PNP open and PNPInt((P)) = Og for any non-zero PNP set P in (M,o), then 

PNPInt(f~?*(P)) = Og in (R,T). 

Proof 

Let P be anon-zero PNP set in (M,o) such that PNPInt(P) = 0g. Now we claim that PNPInt(f~1(P)) 

= Op in(R, Tt). Suppose that (PNPInt(f~+(P)) # Og in(R, tT). Then there exists a non-zero PNP open 

set Qin (R, t) such thatQ © f~1(P). Thus we have f(Q) © f(f~1(P)) S P.This implies that f(Q) © 
P. Since f is somewhat PNP open, there exists aS€ t such thatS # Og andS & f(Q). Therefore 

S € f(Q) & P which implies that S € A. Hence PNPInt((P) # 0p which is a contradiction. Hence 

PNPInt(f~1(P)) = 0g in(R, 7). 

5.6 Theorem 

Let (R, t) and (M,o) be any two PNP topological spaces Let (R, t) be a PNP open hereditarily 

irresolvable space. If the function f: (R, t) — (M,o) is somewhat PNP open, somewhat PNP 

continuous and a bijective function, then (M,o) isa PNP open hereditarily irresolvable space. 

Proof 

Let P be a non-zero PNP set in (M,o) such that PNPInt(P) = 0g. Now PNPInt(P) = Op and f is 

somewhat PNP open which implies PNPInt(f~*(P)) = 0p in (R, tT) by theorem 5.5. Since (R, T) is a 

PNP open hereditarily irresolvable ,;we have Suppose that PNPInt(PNPCl(f~7(P))) = Og in(R, T) by 

theorem 4.6.Since PNPInt(PNPCl(f~*(P))) = 0g and f is somewhat PNP continuous by theorem 5.4, 

we have that PNPInt(PNPCI(f(f~7(P)))) = Og. Since f is onto, thus PNPInt(PNPCI(P) = 0p. Hence, by 

theorem 4.6, (M,o) is a PNP open hereditarily irresolvable space. 


5. Conclusion 


In this paper we have proposed Pentapartitioned neutrosophic pythagorean resolvable and 
irresolvable spaces and studied some of its properties. Furthermore we also characterized 
Pentapartitioned Neutrosophic Pythagorean open hereditarily spaces and open functions in 
Pentapartitioned neutrosophic pythagorean topological spaces. In the future work, we extend the 
concept to Pentapartitioned Pythagorean almost resolvable and irresolvable spaces. 
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Abstract: In this article, we have examined the Wiener index in neutrosophic graphs. Wiener index 
is one of the most important topological indices. This index is a distance-based index that is 
calculated based on the geodesic distance between two vertices. Here, after defining the Wiener 
index in neutrosophic graphs, we calculated this index for some special modes such as the complete 
neutrosophic graph, cycle, and tree. In the following, by presenting a several theorems, we 
compared this index with the connectivity index, which is one of the most important degree-based 
indicators. 


Keywords: Wiener index; partial Wiener index; totally Wiener index; neutrosophic graph; 
neutrosophic tree; strong spanning tree; connectivity index 


1. Introduction 


The theory of fuzzy sets was first proposed by Zadeh [20] in 1965, and the concept of fuzzy 
graph was first introduced by Rosenfeld [13] in 1975. Since then, much research has been done on 
fuzzy graphs, their properties, and applications. One of these problems was the calculation of degree- 
based topological indices and distance-based indices in fuzzy graphs. These indicators help by 
providing a numerical value for each graph so that we can have a good criterion for comparing 
graphs with the same number of vertices. 

After that, Atanassov [6] proposed the theory of intuitionistic fuzzy set. Finally, with the 
generalization of fuzzy theory by Smarandache [15] in 1995, new sets called neutrosophic sets were 
born. By presenting this theory, researchers tried to introduce other mathematical concepts in this 
field. Among them was the concept of graphs, which led to the new concept of neutrosophic graphs. 

In recent years, many features and applications of neutrosophic graphs have been proposed by 
theorists in this field. One of them is the problem of the Decision-Making [1], Solving the supply chain 
problem [2], application in the NeutroHyperAlgebra and AntiHyper Algebra [16], and Energy and 
Spectrum [7]. One of these topics is the study of topological indices and its applications in 
neutrosophic graphs. In [8-10], we examined some of these indicators and their applications. 

In this paper, we try to define the Wiener index, which is one of the most important topological 
indices based on distance, in neutrosophic graphs, and then calculate this index for certain conditions. 
The calculation of this index in neutrosophic graphs is done for the first time in this paper. Finally, 
we compare the connectivity index, which is one of the most important degree-based indices, with 
the Wiener index and present the results. 


2. Preliminaries 
This section, provides some definitions and theorems needed. 
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Definition 1. [5] Let G = (N,M) bea single-valued Neutrosophic graph, where N is a Neutrosophic 
seton V and, M isa Neutrosophic set on EF, which satisfy the following 


Tu (u,v) < min(Ty (u), Ty (v)), 
Ty (u,v) = max (Iy(u), ly (v)), 
Fy (u,v) = max(Fy(u), Fy(v)), 


where u and v are two vertices of G, and (u,v) € E is anedge of G. 


Definition 2. [5] Let G = (NV, M) be a Single-Valued Neutrosophic Graph and P isapathin G. P is 
a collection of different vertices, v9, V1, V2, ...,V_ such that (Ty (Yj-1,¥), Iu (Vi-1 Vi), Fu Vi-1, Vi) > 0 
for 0 <i <n. P isa Neutrosophic cycle if vy = v, and n= 3. 


Definition 3. [5] Suppose G = (N,M) asingle-valued Neutrosophic graph. G@ is a connected Single- 
Valued Neutrosophic Graph if there exists no isolated vertex in G. (v € Vg is the isolated vertex, if 
there exists no incident edge to the vertex v.) 


Definition 4. [9] Let G = (N,M) be the connected Neutrosophic Graph. The partial connectivity 
index of G is defined as 


PCI,(G) = by Ty (u)Ty(v)CONNp, (u, v), 


u,v EN 


PCI,(G) = > ly (u)Iy (v) CONN, (u,v), 


u,v EN 
PCIe(G) =). Fy(u)Fy(v)CONNeg (u,v), 
u,v EN 
where CONN,,(u,v) is the strength of truth, CONN,,(u,v) the strength of indeterminacy and 
CONN,,,(u,v) the strength of falsity between two vertices u and v. We have 


CONN,, (u,v) = max{min Ty (e) |e € P and P is a path between u and v}, 
CONN,,(u, v) = min{maxIy(e) |e € P and P is a path between uand v}, 
CONN;,,(u,v) = min{max Fy(e) |e € P and P is a path between u and v}. 


Also, the totally connectivity index of G is defined as 
4+ 2PCI7(G) — 2PCI;(G) — PCI,(G 
are n(G) ~ 2PCIn(G) ~ PCH(G) 
6 
Theorem 1. [9] Let G = (N,M) be a complete neutrosophic graph whit V = {v,v2,...,U,} such that 
tStpS0 Sh Sis: Si,and ff 2f,2° =f, where t = Ty (v;), ij = Iv (vj) and fj = 
Fy(v) for j = 1,2,...,n. Then 


n-1 n n-1 n n-1 n 
PCIr(G) = >. t? 3 te, PCI (G)= 5 2 > i PCIe(G) =) f? >; -, 
j=l k=jt1 j=l k=j41 j=l k=j+1 
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3. Wiener Index in Neutrosophic Graphs 


In this section, which is the main part of the article, we will introduce the Wiener index in 
neutrosophic graphs. The Wiener index is a distance-based index that is widely used in symmetric 
graphs. 

Like the connectivity index, we divide the Wiener index into a Totally and Partial Wiener index 
and define it as follows 
Definition 5. Let G = (NV, M) be the Neutrosophic Graph and v,,v2 € V. A strong path P from 1, 
to v2 is called a neutrosophic geodesic if there is no strong shorter path between v, and v2. 

Note that in the above definition, the shortest strong path must be calculated separately for each of 


truth (T), indeterminacy (J), and falsity (F) states. 


Definition 6. Let G = (N, M) be the Neutrosophic Graph. The Partial Wiener Index (PWI) of G is 
defined as 


PWIp(G) =) Ty(u)Ty(v)dep(u, v), 


PWI(G)= ) Iv@ly(v)ds,(u, v), 
PWIp(G)= ) Fy(u)Fy(v)dsp(u, v), 


when d,(u,v) is the minimum, the sum of the weights of the edges in geodesic between wu and v. 
Also, the Totally Wiener Index (TWI) of G is defined by 


4+ 2PCWI,(G) — 2PWI,(G) — PWI,(G) 


TWI(G) = 7 


Example 1. Consider the Neutrosophic Graph G = (N,M) as shown in figure 1, with the vertex set 
V = {a,b,c,d} where (Ty, Iy, Fy)(a) = (0.4, 0.3, 0.2), (Ty, ly, Fy)(b) = (0.6, 0.5,0.2), (Ty, Iy, Fy)(c) = 
(0.7, 0.2,0.2), and (Ty, ly, Fy)(d) = (0.4, 0.2, 0.3), whit the edge set (Ty, ly, Fy)(a, b) = (0.3, 0.3, 0.3), 
(Tu, Iu,» Fy)(a,c) = (0.4,0.3,0.2) ,  (Tyrty,Fy)(a,d) = (0.3,0.3,0.2) , (Ty, ly, Fy)(b,d) = 
(0.4, 0.4, 0.3), (Tu,ty»Fy)(c,d) = (0.4, 0.2, 0.2), We have, 


a= (0.4,0.3,0.2) 


6 = (0.6,0.5,0.2) < 


d = (0.4,0.2,0.3) 


Figure 1. A neutrosophic graph G 
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Table 1. The sum of the weights of the edges in geodesic between each pair of vertices u and v. 


d,,. (u,v) d,, (u,v) d,,, (u,v) 
a,b 0.44+0.4+0.4 = 1.2 0.3 0.3 
a,c 0.4 0.3 0.2 
a,d 0.4+ 0.4 = 0.8 0.3 0.2 
b,c 0.4+ 0.4 = 0.8 0.3 + 0.3 = 0.6 0.2+0.3 =0.5 
b,d 0.4 0.3 + 0.3 = 0.6 0.3 
c,d 0.4 0.2 0.2 


PWir(G) = >. Ty(u)Ty(v)ds,(u, ») 


= (0.4)(0.6) (1.2) + (0.4) (0.7)(0.4) + (0.4)(0.4) (0.8) + (0.6) (0.7)(0.8) 
+ (0.6)(0.4)(0.4) + (0.7)(0.4) (0.4) = 0.288 + 0.112 + 0.128 + 0.336 + 0.096 + 0.112 
= 1,072, 


PWI(G) = >. Iy(u)Iy(W)dg (u,v) 


= (0.3)(0.5)(0.3) + (0.3)(0.2)(0.3) + (0.3)(0.2)(0.3) + (0.5)(0.2)(0.6) 
+ (0.5)(0.2)(0.6) + (0.2)(0.2)(0.2) = 0.045 + 0.018 + 0.018 + 0.060 + 0.060 + 0.008 
= 0.209, 


PWIp(G)= Fy (u)Fy(v)dgp(u, v) 


= (0.2)(0.2)(0.3) + (0.2)(0.2)(0.2) + (0.2)(0.3)(0.2) + (0.2)(0.2)(0.5) 
+ (0.2)(0.3)(0.3) + (0.2)(0.3)(0.2) = 0.012 + 0.008 + 0.012 + 0.020 + 0.018 + 0.012 
= 0.082. 


4 + 2PCWI;(G) — 2PWIp(G) — PWI,(G) _ 4 + 2(1.072) — 2(0.209) — (0.082) 5.644 
6 = 6 ~ 6 


TWI(G) = 
= 0.941. 
Theorem 2. Let G = (N,M) be acomplete neutrosophic graph whit V = {v,v2,...,U,} such that t, < 


<i, and f,2=f,2°" =f, where t = Ty (vj), i= Iy(v;) and fj = 
Fy(¥) for j = 1,2,...,n. Then 


Ben < th, Keane 


n 


n n-1 
PWI,(G) = ye » t,,  PWI,(G) =) ¢ > its rar = 9 i y ie 
k=j+1 j 


j=l k=j+1 =1 k=j+1 


Proof. Consider neutrosophic graph G = (N,M) with the conditions given in the theorem. According 
to the definition of the Wiener index 
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PWIp(G)= ) Ty(u)Ty(v)dep(u, v), (1) 


u,v EN 


Since G isacomplete neutrosophic graph, there is a path of length one between the two vertices. 
We show that the path is geodesic. Let u = v,. Then for any 2 <i<n, wehave t, < t;, it is easy to 
see that 


d, (vy, vuj=t, 2Sisn, 
now, we have for v3, 
d,.(V2, vi) = to, 3<i< n, 
for Vx, 
d, (Vg, ViJ=th k+1sisn, 


and, we have for v;_1, 


ds-(Un—1) Un) = thw 


now, we get by placing the above relation in (1) 


PWIp(G) = Ty (Vy) Ty (2) ty + + Ty) Ty (Un )tr + Ty (V2) Ty (V3) te +0 + Ty (V2) Ty (Up )ta + 
+ Ty (Vx) Ty Uxsate +o + Ty eT Wn) te + + Ty n-D Tn Wn) tn-1 
= tytot, +--+ ttt, + totgt, te + lotyts tet tyteayth to t+ tytyt, + °° 
oe tn—-1tntn—1 
= tP(tg te t+ty) + th(tg te t+ty) tet Rte tot ty) t+ riith 


n-1 n 


2 
tj >. tr: 


j=1 k=j+1 


Similarly, PWI,(G) and PWI;(G) can be proved. 


Corollary 1. Consider the complete neutrosophic graph G=(N,M) with the above theorem 
conditions, then 


PWI,(G) = PCI,(G), 
PWI,(G) = PCI,(G), 
PWI,(G) = PCI,(G). 
Also, TWI(G) = TCI(G). 


Proof. According to theorem 1, and the above theorem is clear. 


Theorem 3. Let G = (N,M) be aneutrosophic graph with |N*| =n, such that G” is a tree. If for each 
uv € M, G—uv has two connecting components w, and w2, it has | and k vertices, respectively 


such that 1+ k =n. Then 
l 


PWI,(G) = > Ty (uv) ) Ty (Uj) .y Ty (4), 
j=l 


uUveG i=1 
l kK 
PWI(G)= >. In(uv) > Inu) > In(v)), 
uveG i=1 j=1 
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l 


PWI-(G)= > Fu(uv) ) neay Fy(v)). 
j=l 


uveG i=1 


Proof. Let G = (N,M) be a neutrosophic graph with |N*| =n, and G* is a tree. Now suppose we 
remove the desired edge uv, uv € M, from G. Graph G is divided into two connecting components 
W, and w2, so that w, will contain | vertices and w, will contain k =n-—TI vertices. If !=1 and 
k =n-1,and v, Ew, then 


PWIr(G) =). Ty(u)Ty(v)dop (ev) 


= Ty)Ty2)T yur) + Ty1)T 3) (T yur) + e1) + 


+T VT Nn) yUv) +--+ em) + Y. TwU)Ty dsp (t,). 
u,v EN-Vy 
where e; € M, and e; # uv. Repeat the same process for Yin» ew-v, Ty (U)Ty (v)ds,(u, v). We continue 
this until only one vertex remains in w2. Then, by factoring and summing the number of vertices of 
the two components, we reach the desired result. Similarly, PWI;(G) and PWI;(G) can be proved. 


Theorem 4. Let G = (N,M) be aconnected neutrosophic graph with the unique strong spanning tree 
T. then 

PWI,(G) = PWI,(T), | PWI,(G) = PWI,(T), PWI,(G) = PWI,(T). 
Hence TWI(G) = TWI(T). 


Proof. Let G be a connected neutrosophic graph and T is the unique strong spanning tree of G. By 
definition of strong spanning tree, if u and v are two vertices of G, we have 


d,.(uv)(G)=d,.uv)(T), d,(uv)\G)=d,(uv)(T), ds,(u,v)(G) =d,,(u,v) (7). 
Since, it is clear from the above relation that 
PWI,(G) = PWI,(T), | PWI,(G) = PWI,(T), PWI,(G) = PWI,(T). 


Therefore TWI(G) = TWI(T). 


Theorem 5. Let G = (N,M) be a neutrosophic graph with G* = C,. Let M be a constant function. 
Then 
1. For n=2mmeN 


n 
x71 


PWI,(G) = y kt y Ty (uj)Ty (ttn) | + xt 


k=1 j=l 


Ty (U)) Ty (u,42), 


n 
Qk n 


n 
In (uy (Uj+n) a 2 L 
1 


Mu TM] sie 
I 


PWI,(G) = » ki 


k=1 j 


Iy Udy U2), 


~ 
ll 
a 
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PWIn(G) =) kf | >. Fey Fov(tyse) | + Sf >, Fe Qu)Fiv (th, 
k=1 j=l 1=1 


2. Forn=2m+1,meN 


PWIr(G) = >. kt > Ty(u)T (esx) J 

PWI,(G) = y ki (3 Ty (Uj Uj+n) | 
k=1 j=l 

PWIe(G)= > kf (> Fu(u)Fuy+x) } 
k=1 j=l 


Note that for j+k >n, ujix = Ug, thisis, j +k =d (mode n). 


Also for G — uv, we have 


n-1 n-k 

PWI;(G — uv) = kt Ty (uj)Ty (Uj+x) |, 
k=1 j=l 
n-1 n-k 

PWI,(G — uv) = »: ki{ Sy Cuy)ly yan) |, 
k=1 j=l 
n-1 n-k 

PWIp(G—uv) =) kf | > Fy(u)Fy tye) 
k=1 j=1 


Where M = (t,i, f) is a constant function. 


235 


Proof. First, we assume that G* is a cycle of even length, and M = (¢t,i,f) is a constant function. 


Hence each edge of G is a neutral edge. Then, the maximum length of a neutrosophic geodesic in G 


is : Now consider a case where the distance between two vertices is less than Suppose the distance 


between u and v is equal to k, where k is less than In that case, we define the geodesic length 


between the two vertices u and v as follows 


P, = {(u,v) € N* x N*,kis equal to the geodetic length between u and v }, 


On the other hand, we know that there are 7 pairs of vertices (u,v) such that the geodesic 


length between them is exactly equal to . (t,i, f), for these : pairs of vertices, it is sufficient to obtain 


a product of Ty(u) in Ty(v) [Similarly, Iy(u) in Iy(v), and Fy(u) in Fy(v)]. And then sum on u 


and v. Then we get 


> T(t) Tw (,,2), () 


=1 


N/ 3 


~ 
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[Similarly for J and F]. Now back to the state that 1< k < = For each vertex such as u on the cycle 


C,, there is a vertex with distance kt from it. Suppose k = 1,s0 we have 
Ty (Uy )Ty Uz) + Ty U2) Ty (Ug) +0 + Ty (u;) Tv (4441) tet Ty (Un) Ty (Uns1), 
since n+ 1=1 (mode n), hence Ty(un)Ty (Uns1) = Ty (Un)Ty (ur). Then 
for k = 1, we have 
n 
Lxtx ) Ty (uy (usr), 

j=1 

for k = 2, 


n 
2xtx »: Ty (uj Tr (uj+2), 
j=1 


for k =m, m <5, 


n 
mxtx » Ty (uj) Tw (Uj4m): 
j=1 


by continuing this process and summing on k, we get 


Yk Y ty (uy) Tw jae) |, (2) 
k=1 j=1 
use from (1) and (2), 
PWIr(G) = (1) + (2) =) kt | > TwCeu)Tw(tyend) } + 56>, Tw Cou) Tn (um). 
k=1 j=l 1=1 


To prove that n is odd, note that the maximum distance between the vertices u, and v is . 


The continuation of the proof is similar to the case where n is even. 


Theorem 6. Let G = (N,M) be aneutrosophic tree |N*| > 3. Then 
PCI,(G) < PWI,(G), — PCI,(G) < PWI,(G), —- PCIp(G) < PWI,(G). 
But, TCI(G) need not be less than or equal to TWI(G). 


Proof. Let G = (N,M) be aneutrosophic tree and |N*| = 3. Since in the neutrosophic tree, there is a 
unique strong path between vertices u and v, for any u and v. hence this path is the unique 
strongest path from u to v. then, d,.(u,v), for each u and v, is equal the sum of the truth- 
membership values of edges where those edges belong to the strong path from u to v. In other 
hands, CONNr,(u,v) is truth-membership values of the weakest edge of the (u—v) —path. It 
follows that 

CONN;,(u,v) S d,,.(u, Vv), 
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In the above relation, equality occurs when uv is a strong edge. Otherwise 
CONN;,(u,v) < d,,.(u, v), 

hhen, we have 


PCI,(G) < PWI,(G). 


Similarly, PWI,(G) and PWI;(G) can be proved. 


Here we show with an example that TCI(G) dose not always have to be less than TWI(G). 
Example 2. Consider the Neutrosophic tree G = (N, M) as shown in figure 2, 


(0.2, 0.5, 0.6) 


b (0.6, 0.3, 0.6) 


d = (0.5,0.2.0.3) 
Figure 2. A neutrosophic tree with V = {a,b,c, d} 
Note that here bc is a weak edge. 


Table 2. The strength of connectedness and the geodesic between each pair of vertices u and v. 


CONN r¢(u,v) | CONNig(u,v) | CONNgg(u,v) | dsp Vv) | ds,(u,v) d,,(u, V) 
a,b 0.4 0.3 0.3 0.4 0.3 0.3 
a,c 0.3 0.4 0.5 0.3 0.4 0.5 
a,d 0.4 0.2 0.3 0.4 0.2 0.3 
b,c 0.3 0.4 0.5 0.7 0.7 0.8 
b,d 0.4 0.3 0.3 0.8 0.5 0.6 
c,d 0.3 0.4 0.5 0.7 0.6 0.8 


By direct calculations, we have 


PCIp(G) = y Ty (u) Ty (v) CONN, (u, v) 


u,v EN 
= 0.4+*0.6*0.4+4 0.4 * 0.3 * 0.3 + 0.4 * 0.5 * 0.4 + 0.6 * 0.3 * 0.3 + 0.6 * 0.5 * 0.4 
+ 0.3 * 0.5 * 0.3 = 0.096 + 0.036 + 0.080 + 0.054 + 0.120 + 0.045 = 0.431, 
PCI,(G) = y Iy(u)Iy (v)CONN,,, (u, v) = 0.036 + 0.080 + 0.016 + 0.060 + 0.018 + 0.040 = 0.25, 


u,v EN 


PCI, (G) = > Fy (u)Fy(v)CONN,, (u,v) = 0.072 + 0.14 + 0.036 + 0.21 + 0.054 + 0.105 = 0.617, 


u,v EN 
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4+ 2PCIp(G) — 2PCI,(G) — PCI,(G) _ 3.378 
6 ~ 6 


TCI(G) = = 0.563. 


PWI,(G) = y Ty (U)Ty (v)ds,.(u, v) = 0.096 + 0.036 + 0.08 + 0.126 + 0.24 + 0.105 = 0.683, 


u,v EN 


PWI,(G) = >». Iy (W)Iy(v)d,,(u, v) = 0.036 + 0.08 + 0.016 + 0.105 + 0.03 + 0.060 = 0.327, 


u,v EN 
PWI,(G) = > Fy(u)Fy(v)d;,,(u, v) = 0.072 + 0.14 + 0.036 + 0.336 + 0.108 + 0.168 = 0.86, 
u,v EN 


4+ 2PCWIr(G) — 2PWI,(G) — PWI,(G) _ 3.319 


TWI(G) = 7 


= 0.553. 


As seen in this example 
PCI,(G) = 0.431 < PWI;(G) = 0.683, 
PCI,(G) = 0.25 < PWI,(G) = 0.327, 
PCIp(G) = 0.617 < PWI,(G) = 0.86. 
But, we have TCI(G) = 0.563 > TWI(G) = 0.553. 


The neutrosophic graph shown in the figure below is also a tree in which PCI;(G) < PWI,;(G), 
PCI,(G) < PWI,(G), PClp(G) < PWI,(G). And, TCI(G) < TWI(G). 


(0.2, 0.5, 0.6) \ 


6 = (0.6,0.3,0.2} 


¢ = (0.5,0.2,0.1) 


Figure 3. A neutrosophic tree with V = {a,b,c, d} 


Theorem 7. Let G = (N,M) be aneutrosophic tree |N*| = 3, With G* is a star. Let M be a constant 
function. if v, is the center vertex and v2, V3,...,V, are the vertices adjacent to vertex v,, then 


PWI,(G) = a>. Ty (vj) » Ty (Vx) — Tus) >. T(%), 
j=l i=e 


k=jt1 


PW1,(G) = 2i > In(vy) » Iy(P_) = tly (vs) 1(Y)), 
j=l is 


k=jt1 


PWIp(G) =2f > Fu(%)) >. Fu(e) = fFw (vr) > Fs 
j=l j=2 


k=j4+1 
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where M = (t,i, f). 


Proof. Let G = (N,M) be a neutrosophic tree |N*| = 3, With G* is a star. Since = (t,i,f) is a 
constant function and v; is the center vertex, for each v;, 1 <i <n, we have 


d,.(V1, v;) a t, d, (v4, v;) = i, d;,(V1, v;) = f. 
Also, for v; and v, Lj #1, then 


d,,.(vj, vi) = 2t, d,(v;,v;) = 2i, d,,.(vj, vi) = 2f. 


Then 
PWI,(G) = » Ty (vi) Tu (%;)ds,(vir ¥;) 
Vj,Vj EN 
= Ty (V1) Ty (v;)ds, (v1, v;) + > Ty (v;)Ty(¥; ds, (vi, v;) 
vj EN Vj,Vj EN 
‘ i#1 
= tTu(vs) > T(v;) + 2t > Ty (Vi)Ty (vj) ds, (vi, v;) 
{sz Viv; EN 
i#1 
n n-1 n n 
= Tus) >. T(v;) + i). Ty (v;) Y Typ = 2tT > T(v;) 
j=2 j=l k=j+1 j=2 
n-1 n n 
= at) Ty (v;) > Ty (¥;%) — Tyr) >, T(v,). 
j=l k=j+1 j=2 


Similarly, PWI,(G) and PWI,(G) can be proved. 


4. Applications 


One of the most important topics is the use of neutrosophic sets in other sciences and also the 
use of these assemblies to model various problems. Many applications have been discussed by 
experts so far. Which can be referred to as application of neutrosophic in graphs [12, 17-19], 
application in algebraic topics [11, 14], application in intelligent systems and optimization [3, 4]. 

Here the Wiener index is calculated for a neutrosophic graph associated with a real-time 
example. You can see this issue and its explanation on the website www.pantechsolutions.net. The 
neutrosophic graph of this issue is also given in [5]. There, the author examines energy, Laplacian 
energy, and signless Laplacian energy. We also use the modeling used in [5] here. This neutrosophic 
graph is intended for four different time periods. According to each time period, we define a 
neutrosophic graph in the following order: 

e G, from 16 January 2018 to 15 February 2018 (figure 3); 
e G, from 16 February 2018 to 15 March 2018 (figure 4); 
e G3 from 16 March 2018 to 15 April 2018 (figure 5); 

e G, from 16 April 2018 to 15 May 2018 (figure 6); 

We now calculate the Wiener index (partial Wiener index and totally Wiener index) for each of 
the above time periods. 
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a (0.2.0.3,0.1) 


(0.1, 0.2, 0.3) 


b (0.3, 0.1, 0.2) ec (04,0.1,0.3 


Figure 4. Neutrosophic graph G; 


Table 3. The sum of the weights of the edges in geodesic between each pair of vertices u and v. 


is, (u,v) d,, (u,v) Gen (u,v) 
a,b 0.1 0.3+0.2 = 0.5 0.4 
a,c 0.1 0.3 0.4+ 0.3 = 0.7 
a,d 0.1+0.2 = 0.3 0.3 + 0.4 = 0.7 0.4+ 0.4 = 0.8 
b,c 0.2+0.3 = 0.5 0.2 0.3 
b,d 0.2 0.3 0.3 + 0.3 = 0.6 
c,d 0.3 0.2+0.3 = 0.5 0.3 


PWIr(G:) =) Ty(u)Ty(v)dsp(u,v) 


= (0.2)(0.3)(0.1) + (0.2)(0.4)(0.1) + (0.2)(0.5)(0.3) + (0.3)(0.4)(0.5) 
+ (0.3)(0.5)(0.2) + (0.4)(0.5)(0.3) = 0.194, 
PWI(G,)= > Iy(u)ly(v)ds,(u,v) 


= (0.3)(0.1)(0.5) + (0.3)(0.1)(0.3) + (0.3)(0.2)(0.7) + (0.1)(0.1) (0.2) 
+ (0.1)(0.2)(0.3) + (0.1)(0.2)(0.5) = 0.084, 

PWIe(G:) = |) Fy(u)Fy(v)dsp(u, ») 
= (0.1) (0.2) (0.4) + (0.1)(0.3)(0.7) + (0.1) (0.1) (0.8) + (0.2)(0.3)(0.3) 
+ (0.2)(0.1)(0.6) + (0.3)(0.1)(0.3) = 0.076, 


TWI(G,) = 
G,) : ; 


= 0.692. 


Masoud Ghods*, Zahra Rostami, Wiener index and applications in the Neutrosophic graphs 


240 


4 + 2PCWI7(G,) — 2PWIp(G,) — PWI,(G,) _ 4 + 2(0.194) — 2(0.076) — (0.084) _ 4.152 
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a = (0.6.0.3,0.2) 


(0.2, 0.7, 0.4) 


4 {0.4.0.2.0.1) 


Figure 5. Neutrosophic graph Gz 


Table 4. The sum of the weights of the edges in geodesic between each pair of vertices u and v. 


d,.(u, Vv) d,,(u, Vv) d,,(u, Vv) 
a,b 0.3 0.4 0.2 
a,c 0.2 0.5 0.3 
a,d 0.3 0.3 + 0.5 = 0.8 0.2+0.3 = 0.5 
b,c 0.2 0.4+0.5 = 0.9 0.2+0.3 = 0.5 
b,d 0.3 0.4+0.5 +0.3 = 1.2 0.3 
c,d 0.2+0.3 = 0.5 0.3 0.3 +0.2 + 0.3 = 0.8 


PWI,(Gy) = y Ty (U)Ty(v) ds, (u,v) = 0.072 + 0.036 + 0.090 + 0.024 + 0.060 + 0.075 = 0.357, 


u,v EN 


PWI,(G>) = > Iy (W)Iy(v)d,, (u,v) = 0.024 + 0.015 + 0.048 + 0.018 + 0.048 + 0.006 = 0.159, 


u,v EN 


PWI,(G>) = » Fy(u)Fy(v) ds, (u,v) = 0.004 + 0.018 + 0.010 + 0.015 + 0.003 + 0.024 = 0.074, 


u,v EN 


4 + 2PCWI7(Gp) — 2PWIp (Gz) — PWI,(G2) _ 4+ 2(0.357) — 2(0.074) — (0.159) _ 4.307 


TWI(G) = - - 7 


= 0.718. 
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(0.6.0.1,0.2) 


(0.2,0.5,0.3 


4 (0.8.0.4,0.1) (0.4, 0.5, 0.6) (0.7,0.3.0.1) 


Figure 6. Neutrosophic graph G3 


Table 5. The sum of the weights of the edges in geodesic between each pair of vertices u and v. 


di. (u,v) d,, (u,v) d,., (u,v) 
a,b 0.6 0.5+0.6 = 1.1 0.4 
a,c 0.5 0.6 0.3 
a,d 0.5 +0.1 = 0.6 0.6+0.5 +0.5 = 1.6 0.3 + 0.4 = 0.7 
b,c 0.6+0.5 = 1.1 0.5 0.4+ 0.3 = 0.7 
b,d 0.1 0.5 0.4+0.3+0.4=1.1 
c,d 0.1 05+05=1 0.4 


PWI,(G3) = y Ty (u)Ty (v)d,,,(u, v) = 0.288 + 0.210 + 0.072 + 0.616 + 0.016 + 0.014 = 1.216, 


u,v EN 


PWI,(G3) = > Iy(u)Iy(v) dg, (u, v) = 0.044 + 0.018 + 0.080 + 0.060 + 0.1 + 0.15 = 0.452, 


u,v EN 


PWI,(G3) = > Fy(u)Fy(v)d,,,(u, v) = 0.008 + 0.006 + 0.042 + 0.007 + 0.033 + 0.012 = 0.108 


u,v EN 


4+ 2PCWI7(G3) — 2PWIp(G3) — PWI,(G3) _ 4+ 2(1.216) — 2(0.108) — (0.452) _ 5.548 


TWI(G3) = 7 7 7 


= 0.925. 
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(0.4.0.5, 0.3) 


_ 
X 


(0.1, 0.7, 0.3) 


& = (0.5.0.2,0.1) (0.6,0.3,0.2 


Figure 7. Neutrosophic graph G, 


Table 6. The sum of the weights of the edges in geodesic between each pair of vertices u and v. 


dz,(u, 0) d,,(u,v) d,(u,0) 
a,b 0.34+04+03=1 0.5 0.3 
a,c 0.3 0.6 0.3+0.3 = 0.6 
a,d 0.3 + 0.4 = 0.7 0.5 + 0.4 = 0.9 0.5+ 0.4 = 0.9 
b,c 0.3 + 0.4 = 0.7 0.5 + 0.6 = 1.1 0.3 
b,d 0.3 0.4 0.3 + 0.4 = 0.7 
c,d 0.4 0.6+0.5 = 1.1 0.4 
PWI7(G,) = Ty (u)Ty (v)d,,,(u, v) = 0.20 + 0.072 + 0.196 + 0.210 + 0.105 + 0.168 = 0.951, 
u,v EN 
PWI,(G,) = Iy (u)Iy(v) dg, (u, v) = 0.050 + 0.180 + 0.045 + 0.066 + 0.008 + 0.033 = 0.382, 


u,v EN 


PWI,(G,) = y Fy(u)Fy(v)d,,,(u, v) = 0.009 + 0.036 + 0.108 + 0.006 + 0.028 + 0.032 = 0.219, 


u,v EN 


4 + 2PCWI7(G,) — 2PWIp(G,) — PWI,(G4) _ 4 + 2(0.951) — 2(0.219) — (0.382) _ 5.082 


TWI(G,) = 7 - 


= 0.847. 


Now, using the Wiener index obtained for each of the neutrosophic graphs G,, G2, G3, and G4, 
we can compare these four components in the time intervals given in the problem. 
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Partial Wiener index and totally Wiener index for G_1, G_2, G_3, and G_4 


1.4 
1.2 
i 
0.8 
0.6 
0.4 
B, | iz faa a ; : 


16 Jan-15 Feb 16 Feb- 15 Mar 16 Mar- 15 April 16 April- 15 May 


mPWI(T) mPWI(I) Bm PWI(F) = TWI 
Figure 8. Wiener index comparison chart in G1, G2, G3, and G4 


As shown in Figure 7, they can be easily studied using the Wiener index and assigning a logical value 
to each of the neutrosophic graphs. 


Conclusion 

In this article, we examine the Wiener index in neutrosophic graphs. First, this index was defined 
for this group of graphs and then it was calculated for certain modes of neutrosophic graphs. In the 
following, we provide an example of the application of this index in real problems. As you can see 
here, this index, which is one of the most important topological indices based on distance, can be a 
good criterion for comparing neutrosophic graphs under the same conditions. This index can also be 
studied and used for bipolar and interval valued neutrosophic graphs. 
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Abstract: In this article, we introduce the concept of neutrosophic d-ideal of neutrosophic d-algebra. 


Also we have studied several properties of them. We also furnish some suitable examples. 


Keywords: Fuzzy Set; Intuitionistic Fuzzy Set; Neutrosophic Set; d-Algebra; d-Ideal; d-Sub-Algebra. 


1. Introduction: 

The concept of BCK algebra and BCI algebra are introduced by Imai & Iseki [18]. Thereafter, Negger 
& Kim [23] introduced the d-algebra as a generalization of BCK algebra. Negger et al. [22] discussed 
the ideal theory in d-algebra. In the year 1965, Zadeh introduced the idea of fuzzy set [26]. 
Thereafter, Atanassov introduced the notion of intuitionistic fuzzy set [1], which is the natural 
generalization of fuzzy set. Later on, Jun et al. [20] applied the notion of intuitionistic fuzzy set on 
d-algebra. Afterwards, the notion of intuitionistic fuzzy d-ideal of d-algebra was introduced by 
Hasan [16] in 2017. Thereafter, the concept of intuitionistic fuzzy d-filter was introduced by Hasan 
[17] in 2020. The concept of neutrosophic set was introduced by Smarandache [24]. In this article, we 
procure the notion of neutrosophic d-algebra and neutrosophic d-ideal by extending the notion of 


intuitionistic fuzzy d-ideal of d-algebra. 


Research gap: No investigation on neutrosophic d-algebra and neutrosophic d-ideal has been 
reported in the recent literature. 

Motivation: To fill the research gap, we introduce the neutrosophic d-algebra and neutrosophic 
d-ideal. 

The rest of the paper is designed as follows: 
In section-2, we recall d-algebra, d-ideal, fuzzy d-algebra, fuzzy d-ideal, intuitionistic fuzzy d-algebra, 
intuitionistic fuzzy d-ideal. In section-3, we introduce the notion of neutrosophic d-algebra, 
neutrosophic d-ideal, and the proofs of some propositions, theorems on neutrosophic d-algebra, and 


neutrosophic d-ideal. In section-4, we give the conclusions of work done in this paper. 
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2. Preliminaries and Some Results: 

Definition 2.1.[17] Assume that W be a non-empty set and 0 be a constant. Then, W with a binary 
operation * is called a d-algebra if it satisfies the following three axioms: 

(1) c xc =0, VV ce W 

(ii) 0 *c =0, Vce W 

(iii) c xd =0 and d *c=0>c=d, Vc,dew. 

We will refer to cxd by cd. And c < diff cd =0. 

Definition 2.2.[17] A d-algebra W is called commutative if c(cd)=d(dc), Vc, deW, and d(dc) is denoted 
by (cad). 

Definition 2.3.[17] A d-algebra W is called bounded if there exist a€W such that c < a for all cEW, ie. 
ca=0, VcEW. 

Definition 2.4.[17] Let W be a d-algebra with binary operator * and A CW. Then, A is said to be a 
d-sub-algebra of W, if c, deA >cdeA. 

Definition 2.5.[16] Let W be a d-algebra with binary operator * and a constant 0. Then, DCW is called 
a d-ideal of W if it satisfies the following: 

(i) asbeD and beD =a €D; 

(ii) aeD and beW = arbeD. 

Definition 2.6.[15] Let Y={(c,Ty(c)):ceW} be a fuzzy set over a d-algebra W. Then, A is called a fuzzy 
d-algebra if Ty(cd)= min{Ty(c), Ty(d)}, for all c, deW. 

Definition 2.7.[15] An fuzzy set Y={(c,Ty(c),Fy(c)): ceW} over a d-algebra W is called the fuzzy d-ideal 
if it satisfies the following inequalities: 

(i) Ty(c)= min{Tr(cd), Ty(d)}; 

(iii) Ty(cd)= Ty(c), for all c, deW. 

Definition 2.8.[14] Let Y={(c,Ty(c),Fr(c)): ce W} be an intuitionistic fuzzy set over a d-algebra W. Then, 
A is called an intuitionistic fuzzy d-algebra if it satisfies the followings: 

(i) Ty(cd)= min{Ty(c), Ty(d)}; 

(ii) Fy(cd)< max{ Fy(c), Fy(d)}; 

where c, deW. 

Proposition 2.1.[14] Every intuitionistic fuzzy d-algebra Y={(c,Ty(c),Fr(c)): ceW} of W satisfies the 
following inequalities: 

(i) Ty(0)= Ty(c), for all ceW; 

(ii) Fy(0)< Fy(c), for all ceW. 

Definition 2.9.[10] An intuitionistic fuzzy set Y={(c,Ty(c),Fy(c)): ceW} over a d-algebra W is called the 
intuitionistic fuzzy d-ideal if it satisfies the following inequalities: 

(i) Ty(c)= min{T (cd), Ty(d)}; 

(ii) Fy(c)< max{Fy(cd), Fy(d)}; 

(iii) Ty(cd)= Ty(c); 

(iv) Fy(cd)= Fr(c); for all c, deY. 
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Proposition 2.2.[10] Let Y={(c,Ty(c),Fr(c)): ceW} be an intuitionistic fuzzy d-ideal over a d-algebra W. 
Then, the following inequalities hold: 

Ty(0)= Ty(c), Fr(0)< Fy(c), for all ceW. 

Definition 2.10.[18] A neutrosophic set over a universal set W is defined as follows: 

H = {(y, Tu(y), In(y), Fu(y)): yeW}, where Tu(y), In(y) and Fu(y) (€]0,1'[) are the truth, indeterminacy 
and false membership value of y and ‘0 < Tu(y) + In(y) + Fu(y) < 3°. 

Definition 2.11.[18] The neutrosophic whole set (1) and neutrosophic null set (ON) over a universal 
set W is defined as follows: 

(i) 1n={(y,1,0,0): yeW}. 

(ii) On ={(y,0,0,1): yeW}. 

Definition 2.12.[18] Assume that H={(y, Tu(y), In(y), Fu(y)):yeW} and K={(y, Tx(y), Ix(y), Fx(y)):yeW} 
are any two neutrosophic sets over X. Then, 

(i) HUK= {(y,Tu(y)vTx(y), La(y)alk (y), Ex(y)AFK(y)): ye W}; 

(ii) HOK= {(y, Taly)ATe(y), ln (y)vIe(y), Euty)VEKy)): YEW); 

(iii) He= {(y, 1-Ta(y), 1-In(y), 1-Fa(y)): yeW); 

(iv) Ho K & Tu(y)sTx(y), In(y) 2 Ixy), Fu(y) 2Fx(y), for each ye W. 


3. Neutrosophic d-Algebra and Neutrosophic d-Ideal: 

Definition 3.1. Let Y={(c,Ty(c),1y(c),Fy(c)): ceW} be an neutrosophic set over a d-algebra W. Then, A is 
called a neutrosophic d-algebra if it satisfies the followings: 

(i) Ty(c*d)= min{Tr(c), Ty(d)}; 

(ii) Iy(c*d)< max{Iy(c), Iy(d)}; 

(iii) Fy(c*d)< max{Fy(c), Fy(d)}; 

where c, deW. 

Example 3.1. Take W = {0,c,d,w} with the following table 


* 0 Cc d w 


0 0 0 0 0 


c Cc 0 0 c 


d d d 0 0 


w w w d 0 


Note that if we define 


0.2 ifa = 0,c 0.09 ifa = 0,c 


0.05 ifa =0,c 
fa) ie fost lo ifa = d,w 


and. Fy(a) = ee ifa = d,w 


So we can show easily that Y = {(c, Ty(c),ly(c), Fy(c)): ceW} is a neutrosophic d-algebra 
Proposition 3.1. Every neutrosophic d-algebra Y={(c,Ty(c),Iv(c),Fy(c)): ceW} of W satisfies the 
following inequalities: 


(i) Ty(0)= Ty(c), for all ceW; 
(ii) Iy(0)s In(c), for all ceW; 
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(iii) Fy(0)< Fr(c), for all ceW. 
Proof. Assume that Y={(c,Ty(c),Iy(c),Fy(c)): ceW} be a neutrosophic d-algebra of W. Let ceW. Then 
(i) Ty(0)= Ty(c*c)2 min{ Ty(c), Ty(c)}= Ty(c), (using definition 2.1. & 3.1.) 
(ii) Iv(0)= In(c*c)s max{ Ir(c), Iv(c)}= In(c), (using definition 2.1. & 3.1.) 
(iii) Fy(0)= Fy(c*c)< max{ Fy(c), Fr(c)}= Fr(c), (using definition 2.1. & 3.1.) 
Theorem 3.1. Let {Yi: icA} be the family of neutrosophic d-algebra of W. Then, NieaY; is a 
neutrosophic d-algebra of W. 
Proof. Assume that {Yi: icA} be the family of neutrosophic d-algebra of W. Now, 
Nica Y=MCATy,(0),Vly,(0),VFy,(c)): ceW}. Let c, deW. Then, 
(1) ATy,(c#d)2 A min{Ty,(c), Ty,(4)}= min{ATy,(c),ATy,(@)} 
SATy, (c#d)2 min{ATy,(c),ATy,(@)}; 
(ii) VIy,(c#d)S v max{ly,(c), ly,(d)}= max{vly,(c),Aly,(4)} 
>vly,(c#d)< max{vly,(c),Aly,(@)}; 
(iii) VFy,(c#d)< v max{Fy,(c), Fy,(d)}= max{vFy, (c),AFy,(4)} 
>vFy,(c#d)< max{vFy,(c),AFy,(4)}; 
Therefore, Nic, Y; is also a neutrosophic d-algebra of W. 
Theorem 3.3. If Y={(c,Ty(c),Jy(c),Fy(c)): ceW} is a neutrosophic d-algebra of W, then the sets Wr={ce W: 
Ty(c)=Ty(0)}, We={ceW: Iv(c)=Iv(0)}, and Wr={ceW: Fr(c)=Fy(0)} are d-sub-algebras of W. 
Proof. Assume that Y={(c,Ty(c),Iy(c),Fy(c)): ceW} be a neutrosophic d-algebra of W. Given Wr{ce W: 
Ty(c)=Ty(0)}, We{ceW: Iv(c)=I(0)}, and Wr{ceW: Fr(c)=Fr(0)}. Let c, de Wr. Therefore, Ty(c)=Ty(0), 
Ty(d)=Ty(0). Now by definition 2.1, Ty(c*d)= min{Ty(c), Ty(d)}= min{Ty(0), Ty(0)}=Ty(0), ie. Ty(c*d)2 
Ty(0). Again from proposition 3.1, it is clear that Ty(0)s Ty(c*d). Therefore Ty(c*d)= Ty(0). This implies 
that c*de Wr. Hence c, de Wr = cxde Wr. Therefore the set Wr={ceW: Tr(c)=Ty(0)} is a d-sub-algebra 
of W. 

Similarly we can easily show that We{ceW: Iy(c)=Iy(0)} and Wr{ceW: Fr(c)=Fr(0)} are 
d-sub-algebras of W. 
Definition 3.2. Assume that Y = {(c,Ty(c),Iv(c),Fr(c)): ce W} be a neutrosophic set over W. Then, the 
sets W(Ty,a)={ceW:Tr(c)2a}, Wiy,a)={ceW:lr(c)sa}, WiFy,a)={ceW:Fr(c)sa} are respectively called 
T-level a-cut, I-level a-cut, F-level a-cut of Y. 
Theorem 3.4. Assume that Y={(c,Ty(c),Iy(c),Fy(c)):ceW} be a neutrosophic d-algebra of W. Then, for 
any ae€[0,1], the T-level a-cut, I-level a-cut, F-level a-cut of Y are d-sub-algebra of W. 
Proof. Assume that Y={(c,Ty(c),ly(c),Fy(c)):ceW} be a neutrosophic d-algebra of W. Then, T-level a-cut 
of Y= W(Ty,a)={ceW:Tr(c)2a}, I-level a-cut of Y= W(y,a)={ceW:Iy(c)<a}, and F-level a-cut of Y= 
W(Fy,a)={ceW:Fr(c)sa}. 

Let c, de W(Ty,a). Therefore, Ty(c)2a, Ty(d)2a. Now Ty(c*d) = min{ Ty(c), Ty(d)} = min{ a, a} a. 

This implies, c*d ¢ W(Ty,a). Hence, c, d ¢ W(Ty,a) => c*d € W(Ty,a). Therefore, W(Ty,a) i.e. T-level 
a-cut of Y is a d-sub-algebra of W. 


Similarly, we can easily show that I-level a-cut, F-level a-cut of Y are d-sub-algebra of W. 
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Definition 3.3. An neutrosophic set Y={(c,Ty(c),Iv(c),Fr(c)):ceW} over a d-algebra W is called a 
neutrosophic d-ideal if it satisfies the following inequalities: 

(i) Ty(c)=>min{Ty(cd), Ty(d)}; 

(ii) Fy(c)Smax{Fy(cd), Fy(d)}; 

(iii) Iv(c)<max{Iy(cd), Iy(d)}; 

(iv) Ty(cd)=Ty(c); 

(v) Fr(cd)=Fy(c); 

(vi) Iv(cd)=Iy(c), for all c, deY. 

Example 3.2. Take W = {0,c,d,w} with the following table 


x 0) Cc d 


0 0 0 0 


c d 0 d 


d 6 Cc 0) 


Note that if we define 
(09 ifa=0 (01  ifa=0 (02 ifa=0 
TAG) toot Haat iis ood Os ce ifa =c,d 


Then Y = {(c,Ty(c), ly(c), Fy(c)): ceW} is a neutrosophic d-ideal of d-algebra 


Proposition 3.2. If Y={(c,Ty(c),Iy(c),Fy(c)): ceW} is a neutrosophic d-ideal of W, then Ty(0)= Tr(c), Iv(0)s 
Ty(c), Fr(0)s Fy(c), for all ceW. 

Proof. Assume that Y={(c,Ty(c),ly(c),Fy(c)): ce W} is a neutrosophic d-ideal of W, and c be any arbitrary 
element of W. Since Ty(c*c)2 Tr(c), so Ty(0)2 Ty(c). Similarly, since Iy(c*c)s Iv(c), so Iy(0)S Ir(c). Again, 
since Fy(c*c)< Fr(c), so Fy(0)< Fy(c). 

Theorem 3.6. Assume that Y={(x,Ty(x),1v(x),Fy(x)):xeW} is a neutrosophic d-ideal of W. If x*y <z, then 
Ty(x)2 min{Tr(y), Ty(z)}, Iy(x)s max{Ir(y), Iv(z)}, Fr(x)s max{Fr(y), Fr(z)}. 

Proof. Assume that Y={(x,Ty(x),lv(x),Fy(x)):xeW} be an neutrosophic d-ideal of W. Let x, y, z be any 
three element of W such that x*y < z. Then by definition 2.1, (x*y)*z=0. 

Now, Tr(x)2 min{Tr(x*y), Ty(y)}2 min{min{Ty((x*y)*z), Ty(z)}, Tr(y)}= min{min{Ty(0),Ty(z)}, Tr(y)}2 
min{Ty(z), Ty(y)}. Therefore, Ty(x)2 min{Tr(y), Ty(z)}. 

Now, Iy(x)S max{ly(x*y), Iv(y)}s max{max{ly((x*y)*z), Iy(z}, Iv(y)}= max{max{ly(0),y(z)}, h(y)}s 
max{Iy(z), Iv(y)}. Therefore, Iy(x)< max{Iy(y), Iy(z)}. 

Again, Fr(x)s max{Fr(x*y), Fr(y)}< max{max{Fy((x*y)*z), Fr(z)}, Fy(y)}= max{max{Fy(0),Fr(z)}, Fr(y)}s 
max{Fy(z), Fy(y)}. Therefore, Fy(x)< max{Fr(y), Fr(z)}. 

Theorem 3.7. Assume that Y={(c,Ty(c),[y(c),Fy(c)): ceW} is a neutrosophic d-ideal of W. If x < z, then 
Ty(x)2Ty(z), Iy(x)SI(z), Fr(x)SFy(z). 

Proof. Assume that Y={(c,Ty(c),Iv(c),Fr(c)): ceW} is a neutrosophic d-ideal of W. Also let x, z be any 
two element of W such that x < z. Then by the definition 2.1, x*z=0. 

Now, Ty(x)2 min{Ty(x*z),Ty(z)}= min{Ty(0),Ty(z)}, Ty(z)}=Ty(z). Therefore, Ty(x)= Ty(z). 

Now, Iy(x)S max{ly(x*z),J1(z)}= max{Iy(0),J1(z)}, [y(z)}=h(z). Therefore, Iy(x)< l(z). 
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Now, Fr(x)< max{Fy(x*z),Fy(z)}= max{Fy(0),Fy(z)}, Fy(z)}=Fr(z). Therefore, Fy(x)< Fr(z). 
Theorem 3.10. If {Di: icA} be the collection of neutrosophic d-ideals of d-algebra W, then Nj<,D; is 
also a neutrosophic d-ideal of d-algebra W. 
Proof. Assume that {Di ie A} be the collection of neutrosophic d-ideals of d-algebra W. We have 
Nica Di= {(CATy, (0) Vy, (0),VFy,(c)): ceW}. 
Now ATy,(c)2 A{min{Ty (c*d),Ty,(d)}} 2 min{ATy, (c#d), ATy,(d)}, 
Vly,(c)S vimax{ly,(c*d),ly,(d)}} < max{vly,(c*d), vly,(d)}, 
and vly,(c)< v{max{ly,(c*d),ly,(d)}} < max{vly,(c*d), Vly,(d)}. 
Since Ty,(c*d)2Ty,(c), ly,(c*d)< ly,(c), ly,(c*d)S ly,(c), for all 1, we have ATy,(c*#d) 2 ATy,(c), Vly,(c*d) < 
VIy,(c), VIy,(c#d) < Vly,(c), for all 1. Hence Njea Di= {(CATy,(0),Vly,(0),VFy,(c)): ce W} is a neutrosophic 
d-ideal of W. 
Theorem 3.11. A neutrosophic set Y={(c,Ty(c),Fy(c),I(c)): ce W} is neutrosophic d-ideal of d-algebra W 
if and only if the corresponding fuzzy set {(c,Ty(c)): ceW}, {(c,1-Iy(c)): ceW}, {(c,1-Fr(c)): ceW} are 
fuzzy d-ideal of W. 
Proof. Assume that Y={(c,Ty(c),Fy(c),Iv(c)): ceW} be a neutrosophic d-ideal of W. Therefore for all 
cdeW, Tr(c)= min{Tr(cd), Ty(d)}; Ty(cd)=Ty(c); Iv(c)S max{Iy(cd), Iv(d)}; Iy(cd)sIn(c); Fr(c)S max{Fy(cd), 
Fy(d)}; Fy(cd)<Fy(c). 

Since for all c, deW, Ty(c)2 min{Ty(cd), Ty(d)}; Ty(cd)2Ty(c), so the fuzzy set {(c,Ty(c)): ceW} is a 
fuzzy d-ideal of W. 
Now, for all c, deW, 
Ty(c) < max{Iy(cd), Iv(d)} => 1-Iy(c)= min{1-I(cd), 1-Iv(d)}; 
Ty(cd) < In(c) > 1-I(cd) = 1-ly(c); 
Therefore, the fuzzy set {(c,1-Iy(c)): ceW} is a fuzzy d-ideal of W. 
Again, for all c, deW, 
Fy(c)< max{Fy(cd), Fy(d)} =>1-Fy(c)= min{1-Fy(cd), 1-Fy(d)}; 
Fy(cd)<Fy(c) >1-Fy(cd)21-Fy(c); 
Therefore, the fuzzy set {(c,1-Fy(c)): ceW} is a fuzzy d-ideal of W. 
Hence for an neutrosophic d-ideal Y={(c,Ty(c),Fy(c),Iv(c)): ceW} of W, the corresponding fuzzy sets 
{(c,Ty(c)): ceW}, {(c,1-Ir(c)): ceW}, {(c,1-Fr(c)): ceW} are fuzzy d-ideal of W. 
Theorem 3.12. If a neutrosophic set Y={(c,Ty(c),Fy(c),Iv(c)): ceW} is neutrosophic d-ideal of d-algebra 
W, then the sets W(Ty)={ceW: Ty(c)=Ty(0)}, WiIy)={ceW: Iy(c)=Iv(0)}, and W(Fy)={ce W: Fr(c)=Fy(0)} are 
d-ideal of W. 
Proof. Assume that Y={(c,Ty(c),Fr(c),1y(c)): ceW} be a neutrosophic d-ideal of a d-algebra W. 
Let axbe W(Ty) and be W(Ty). Therefore, Ty(a*b)=Ty(0) and Ty(b)=Ty(0). Since Y is a neutrosophic 
d-ideal of a d-algebra W, so Ty(a)2 min{Ty(a*b), Ty(b)}= min{ Ty(0), Ty(0)}= Ty(0). This implies that 
Ty(a)2Tv(0). Again by proposition 3.2, it is clear that Ty(0)=Ty(a). Hence Ty(a)=Ty(0), ie. ae W(Ty). 
Therefore, a*b—eW(Ty) and be W(Ty)=> ae W(TY). 
Again let aeW(Ty) and beW. Therefore, Ty(a)=Ty(0). Since Y is a neutrosophic d-ideal of a d-algebra 
W, so Ty(a*b)2Ty(a)=Ty(0). This implies that Ty(a*b)2Ty(0). From proposition 3.2, it is clear that Ty(0)= 


Suman Das and Ali Khalid Hasan, NEUTROSOPHIC d-IDEAL OF NEUTROSOPHIC d-ALGEBRA 


Neutrosophic Sets and Systems, Vol. 46, 2021 252 


Ty(a*b). Hence Ty(a*b)=Ty(0), i.e. asbeW(Ty). Therefore, aeW(Ty) and beW = axbeW(Ty). Hence the 
set W(Ty)={ce W: Ty(c)=Ty(0)} is a d-ideal of W. 

Similarly we can show that, the sets W(Iy)={ceW: Iy(c)=I(0)}, and W(Fy)={ceW: Fr(c)=Fy(0)} are 
d-ideal of W. 


5. Conclusions: 

In this article, we introduce the notion of neutrosophic d-ideals of d-algebra. Further we have 
investigated different properties and study some relations on neutrosophic d-algebra. By defining 
neutrosophic d-algebra, neutrosophic d-ideals, we prove some propositions, theorems on 
neutrosophic d-algebra and d-ideal. 

In the future, we hope that many new notions namely neutrosophic d-filter, neutrosophic 


d-topology can be introduce based on these notions of neutrosophic d-algebra. 
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1. Introduction 


Many investigators in business, science, economy and a variety of other branches deal with 
modeling unknown data on a regular basis. For these ambiguous and uncertainties, traditional 
techniques are not always successful. Lotfi A. Zadeh instigated the idea of membership 
or truth value to the elements of collection of well-defined objects called, sets. These systems 
can handle a variety of inputs, including ambiguous, distorted, or inaccurate data. The idea of 
fuzzy topology was initially developed by Chang |2| in 1967. Many topological structures and 
generalizations have developed in time utilizing fuzzy sets. In addition to the degree of truth 
membership, Atanassov |1| paired non-membership value called false membership, which was 
the generalization of fuzzy sets, called intuitionistic fuzzy sets. In 1997, intuitionistic fuzzy 
topology was found by Coker [4]. Along with the two membership values, Smarandache 
introduced the idea of indeterminacy membership function in 1999. Neutrosophic sets play 
an important part in many aspects like, decision making, medical diagnosis, etc., Wang and 


Smarandache introduced the notion of interval valued neutrosophic sets. 


Qualitative attributes can be easily expressed in linguistic terms, which was developed by 
Zadeh . The idea of linguistic variables was applied in decision making by Herrara etc.,al (9| 
in 2000 and Herrara-Viedma, Vergegay |8] in 1996. Su used linguistic preference informa- 
tion in group decision making. Chen, Liu, etc.,al introduced linguistic intuitionistic fuzzy 
number(LIFN) in 2015. As LIFN lacks indeterminacy, Ye in 2015, proposed the notion of 
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single valued neutrosophic linguistic numbers and developed an extended TOPSIS model for 
MAGDM approach utilizing SVNLNs. An extended COPRAS model for MAGDM based on 
SVN 2-tuple neutrosophic environment was developed by Wei, Wu, etc.,al (14. Fang, Zebo 
etc.,al (6) found linguistic neutrosophic numbers in 2017, with a concrete definition. This paper 
is categorized as follows: Section 2 deals with the basic definitions of LNNs. In Section 3, the 
idea of linguistic neutrosophic topology is introduced and some properties are discussed. Lin- 
guistic neutrosophic derived set is discussed in section 4. In last section, the notion of linguistic 
neutrosophic continuity and linguistic neutrosophic dense sets are defined and discussed with 


suitable examples. 


2. Preambles 


Definition 2.1. Let S be a space of points (objects), with a generic element in x denoted 
by S. A neutrosophic set A in S is characterized by a truth-membership function T'4, an 
indeterminacy membership function [4 and a falsity-membership function F'4. T(x), [4(x) 
and F'4(z) are real standard or non-standard subsets of ]0~,1+[. That is 

ss es S| Ps So 

There is no restriction on the sum of T,4(x), [4(a) and F'4(x), so 07 < sup T4(a)+ sup I4(x)+ 
sup Fa(x) < 3°. 


Definition 2.2. Let S be a space of points (objects), with a generic element in x denoted 
by S. A single valued neutrosophic set (SVNS) A in S is characterized by truth-membership 
function T'4, indeterminacy-membership function [4 and falsity-membership function F',. For 
each point S in S, T,4(«), [4(x), F(x) € [0,1]. 

When S is continuous, a SVNS A can be written as A = [ (T(x), I(x), F(x))/x € S. 

When S is discrete, a SVNS A can be written as A = )°(T (ai), I(ai), F(ai))/ai € S. 


Definition 2.3. (6| Let S = {sg|? = 0,1,2,.....,7} be a finite and totally ordered discrete 
term set, where 7 is the even value and sg represents a possible value for a linguistic variable. 
For example, when 7 = 6, S can be expressed as, S = {very bad, bad, fair, very fair, good, 


very good}. 


Su extended the discrete linguistic term set S into a continuous term set S = {so|# € 
[0, q]}, where, if sg € S, then we call sg the original term, otherwise it is called as a virtual 


term. 


Definition 2.4. (6| Let Q = {80, 51, 52,..., 5¢} be a linguistic term set (LTS) with odd cardi- 
nality t+1 and Q = {sp,/s0 < sp < s:,h € [0,t]}. Then, a linguistic single valued neutrosophic 
set A is defined by, 
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A = {(x,59(), $u(x), 8o(x))|a € S}, where so(x), 5y(x),8,(x) € Q represent the linguistic 
truth, linguistic indeterminacy and linguistic falsity degrees of S to A, respectively, with con- 
dition 0 < 6+W+0 < 3t. This triplet (sg, sy, 5.) is called a linguistic single valued neutrosophic 


number. 


Definition 2.5. (6) Let a = (89,8y,80),%1 = (891, 8y1)801),Q2 = (S62; 89,802) be three 
LSVNNs, then 

CL) af = (S65 S89); 

(2) ay Vag = (max(61, 62), min(W1, v2), min(o1, o2)); 
(3) ay Nae = (min(,, 02), max(q1, v2), Max(o1, 72)); 
(4) 


ay = 2 iff 0, = 02,01 = 2, 01 = 09; 


Definition 2.6. Let a = (/g,l,,1,) be a LSVNN. The set of all labels is, L = {lo, 11, la, ....-, Le}. 
Then the unit linguistic neutrosophic set (1zy) is defined as lpn = (l:,10,19), which is the 
truth membership,and the zero linguistic neutrosophic set (Oz) is defined as Opn = (lo, le, le), 


which is the falsehood membership. 


Example 2.7. For the linguistic neutrosophic set, L = {very bad, bad, fair, very fair, good, 
very good}, the set of all labels be, L = {lo, 11, la, 13, la, Is}. 

Then the unit LNs is defined as 1py = (l5,l0,l0), and the zero LNs is defined as Opn = 
(Io, ts, ts). 


3. Linguistic Neutrosophic Topology 


In this chapter, we introduce the concepts of linguistic neutrosophic topological spaces. 


Definition 3.1. For a linguistic neutrosophic topology a, the collection of linguistic neutro- 
sophic sets should obey, 

(1) Orn, lpn Eo 

(2) Ki ()\ Ko € om for any Ki, Ko € 7 

(3) UK, Ee 7, V{Ki: ie J} Cn 


We call, the pair (Sz1,7zn), a linguistic neutrosophic topological space. 


Remark 3.2. Let (Sz1,7 in) be a linguistic neutrosophic topological space (LNTS). Then, 
(Sztn,7zN)° is the dual LN topology, whose elements are K°,y for Kpn € (Spun, aL). Any 
open set in ty is known as linguistic neutrosophic open set(LNOsS). Any closed set in zy is 
known as linguistic neutrosophic closed set(LNCS) iff it’s complement is linguistic neutrosophic 


open set. 
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Example 3.3. Let Uzy be the universe of discourse Utpy = {u,v,w,z} and Spy = {u,v} 
and the linguistic term set be, L = { very poor, poor, very bad, bad, fair, good, very good} 
Then L can be taken as, L = {lo, 11, la, 13, la, Is, le}. 

Let Krn = {(u, (Is, 13, l4)), (v, (Ua, la, I3))}, 

That is, the element u’s degree of appurtenance to the set Ky,y is good(Is) 

the element u’s degree of indeterminate-appurtenance to the set Kz is bad(/3) 

the element u’s degree of non-appurtenance to the set Ky is fair(I4). 

And the element v’s degree of appurtenance to the set Ky is fair(I4) 

the element v’s degree of indeterminate-appurtenance to the set Kyy is very bad(I2) 
the element v’s degree of non-appurtenance to the set Kzy is bad(I3). 

Let, Hpn = {(u, (Ig, lo, l2)), (v, (le, t1, lo) } 

That is, the element u’s degree of appurtenance to the set Hpy is very good(I¢) 

the element u’s degree of indeterminate-appurtenance to the set Hzy is very bad(I2) 
the element u’s degree of non-appurtenance to the set Hzy is very bad(I2). 

And the element v’s degree of appurtenance to the set Hzy is very good(/¢) 

the element v’s degree of indeterminate-appurtenance to the set Hzy is poor(l1) 

the element v’s degree of non-appurtenance to the set Hzy is very poor(Ig). 
Similarly, let Mrn = {(u, (le, 13, l2)), (v, (le, l2, o)) } 

That is, the element u’s degree of appurtenance to the set Mzy is very good(/g) 

the element u’s degree of indeterminate-appurtenance to the set Mzy is bad(I3) 

the element u’s degree of non-appurtenance to the set Mzy is very bad(I2). 

And the element v’s degree of appurtenance to the set Myy is very good(I¢) 

the element v’s degree of indeterminate-appurtenance to the set Mzy is very bad(I2) 


the element v’s degree of non-appurtenance to the set Mzy is very poor(lo). 


Then the collection mpy = {O~n, Kin, Hin, Min, Kin V Hin, 11n} forms a LN topology 


on (SLN,TLN).- 


Definition 3.4. The linguistic neutrosophic closure and linguistic neutrosophic interior are 
given by, 
(i) LNint(Krn) = U{Orn/Otn is a LNOSinS,zn where Orn C Kzwn} and it is the 
largest LN open subset of Ayn. 
(ii) DNel(Hin) =(\MItn/Jin isa LNCSinS yn where Hin C Jpn} and it is the smallest 


LN closed set containing Hyy. 
Example 3.5. In example 3.3, LNint(Krn) = Nun and LNcl(Kzn) = lpn 


Theorem 3.6. Let (Spy, tin) be a LNTS and Kyn,Hrn € Stn. Then 
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(i Krn € LNcl(Kzn) 


(ii) Kyn is LN closed if and only if Kr~n = LNcl(Kzn) 
(iii) DNcl(érpn) = pn and LNel(Srn) = Sin. 


KEN C Ain > LNel(Kyrn) C LNcl(HzrNn) 


(v LNcl(Kyn U Ayn) = DNcl(Krn)U LNcl(HzN) 
(vi INc(Krn 9 Ayn) C ENed(Kyn)N LNel( Hyp) 
(vii) LNcl(LNel(Kyn)) = LNc(KrNn) 


Proof: 


) 
) 
) 
(iv) 
) 
) 
) 


(i) From the definition, Kz € LNcl(Kyn) 
(ii) If Kzn is LN closed, then Ayn is the smallest LN closed set containing Kyy. So, 


(iii) 


(iv) 


(vi) 


(vii) 


Kyun = LNel(Kyy). 
Conversely, if Kpy = LNcl(Kzyn), then Kyy is the smallest LN closed set containing 
Kyn and hence Kyzyn is LN closed. 


If Kyyn is LN closed, then Kpy = LNcl(Krn). As dry and Sry are LN closed, 
LNcl(¢yin) = oin and LNel(Srn) = Si. 

When Krn C Ayn, since Hpn C LNecl(Hypn) and Kyy C LNcl(Hyn). That is, 
LNcl(Hzn) is a LN closed set that contains K. But LNcl(Kzy) is the smallest LN 
closed set contains K. Thus, LNcl(Krn) C LNcl(Hzn) 

As Kin C KpnO Ayn and Ayn C Kpnn Ayn, LNecl(Kyn) C LNcl(KynN Hz) and 
ENcl(Hypn) C LNel(Krpn 1 Ayn). Thus, DNel(Kypy) 1 LNel(Azpn) C LNed( Kin n 
Hyn). Since, KtnUHzpN C LNel(Kpin)NLNecl(Azn), and since LNcl(KynUH zn) is 
the smallest LN closed set containing Kpy UHzy, LNcl(KrnUHAzNn) C LNel(Kyn)U 
LNel(Hzy). 

Thus, LNcl(K yn U Ayn) = LNel(Krn)ULNcl(Azn). 

Since (in fH) © Kew and UGw ff Hi) © Big, DN Fh Be) C 
LNel(Hpy) € LNel(Hyy). 

AS LNcl(Kzn) is a LN closed set, LNcl(LNcl(Kyn)) = LNcl(Kzn). 


Remark 3.7. If LNint(Kz,n) is LNcl(Kzn) is a LNCS, then we have, 


(i) LNint(Krn) = Kyzn if and only if Kzy is LNOS in (SrN,TLN)- 
(ii) DNel(KrNn) = Krn if and only if Kz is LNCS in (Szn, 7). 


Theorem 3.8. Let (Spy, tin) be a LNTS and Kyn € Szn. Then 


(i) S— LNint(Krn) = LNint(SiNn — Krn) 
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(ii) S — LNel(Kzrn) = LNel(Spn — Ky) 


Proof: (i): Let S € Spy—LNint(Krn) > S ¢ LNint(Kz,n). Thus, G Z KrnV LN open set G 
containing S, (i.e) Chyn(S—Kzrn) =4 ézNn,V LN open set G. Hence, S € LNcl(Szin — KzN) 
and Spy — LNint(Krin) C LNel(Srn — Krn). 

Conversely, if S € LNcl(Szn — Krpn), then Grn 1 (Stn — Kin) # oxw for every LN open 
set containing S, (i.e) G Z AV LN open set G containing S. That is, S ¢ LNint(A) > S € 
S—LNint(A). Then, LNecl(Spn —Kzrn) C Stn —LNint(Kyn). Thus, Spy —LNint(Krn) = 
LNint(Sin — Kr) 


(ii) Proof is similar to (i). 


Remark 3.9. On taking complements on both sides of Spj — LNint(Kz,n) = LNint(Spn — 
Krn) and Spy — LNcl(Krn) = LNecl(Sin — Kzn), we have, 
LNint(Kyrn) = Spn - LNcl(SiNn _ Krn) and LNcl(Krn) = Spn - LNint(Srin _ Krn) 


Theorem 3.10. Let (S~n,7z~n) be a LNTS and Krn,Hrn € Spn. Then 
(i) LNint(Kyin) = Kx if and only if Krn is LN open. 
(ii) LNint(é@rn) = din and LNint(Szn) = Sr. 

(iii) Kp © Hin > LNint(K,y)  LNint(Hzn) 

(iv) LNint(Krn) U LNint(Hzn) C LNint(Kyn U Ay) 

(iv) LNint(Kpn ON Ayn) = LNint(Kyn) 1 LNint(AzN) 

(vi) LNint(LNint(Ky,n)) = LNint(Kzn) 


vil 


Proof: (i): Kzy is LN open if and only if Szyj — Kyy is LN closed, if and only if, 
LNcl(Spn—Kyn) = Stn — Kin, if and only if, Spy -—LNel(Kyn) = Ky iff LNint(Kz,Nn) = 
Kyn bT remark. 

(ii): Since pw and Szy are LN open, LNint(dzn) = dpn and LNint(Sz~n) = Sin 

(iii): Krpy C Hin => Stn — Hitn C Stn — Kyn. Thus, LNecl(Spn — Hpn) C 
LENcl(Srn — Ky), (i.e)Spn — LNcl(Spn — Kpn) © Spn — LNecl(S_pn — Hyn). Therefore, 
LNint(Kzn) C LNint(Hy). 


Definition 3.11. Let Spy be a non-void set and Kyn = {(S,[TK,y,lK,n,FK,y|)} and 
Ayn = {(S, Ty, 1 lay, Fu,n|)} are LNSs in LNTS. 
(I) Krp~ U Arn can be defined as 
(a) New OU Bie = 18. i fl ees ee ae ie V Pe 
(II) Kp~ O Hyn can be defined as 
(a) Kin Arn = (4S, [Try A Tuy, Ikpy A Tay) FKiy V Fuzy|)} 
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(III) The complement of Krw = {(S, |[Tk, x, 1K; F'K,n])} is defined as, 
(a) Kin® = {(S, [1 — FxyysIkipy» 1 — Trzy])} 
(b) (Kin°)° = Kin 
(c) (Kin A Ayn)* = Kin° VU Az 
(d) (Kin U Ayn)? = Kin Ay 


Theorem 3.12. Let (Szny,a7~n) be a LNTS. S € LNcl(Kyn) iff UrnO Kin 4 Ox for every 


LN open set Utn containing S, where Kpn C Sry. 


Proof: 

If Ut isa LN open set and if S € LNcl(Kyy), thenS,n—Uzn is LN closed. If KpyNUzN = 
in, then Kypn C Spn — Un. 
That is, Sp~ — Uzy is LN closed set containing Kyy. Therefore, LNcl(Kyin) C Spn — Uzn, 
which is a contradiction, since S € LNcl(Krn) but S ¢ Spn—Uzn. Hence, KpnOUzn 4 ox, 
for every LN open set Uzw containing S. 
Conversely, if Kzpy 1 Utn # ozn, for every LN open set Uzy containing S and if S ¢ 
LNcl(Kzn),S € Spun — LNcl(Kyn) which is LN open. 
Hence, (Szpwy — LNcl(Krn))N Kin # orn. But Kpy C LNel(Kyn) and hence Spy — 
LNcl(Kzrn) C Spn — Ky, that implies (Spy — LNcl(Krn))N Kyin © (Stn — Kin) N Ky. 
Thus, (Spw — Krn) 1 Kyn # rN, which is a contradiction. Hence, S € LNcl(K zn). 


Definition 3.13. Let (Sz1,a7z~Nn) be a LNTS and azn = {0, Szn}. Then, z is called the LN 


indiscrete topology over S. 


Definition 3.14. Let 7 be the collection of all LN sets that can be defined over S;y. Then, 
(Szin,7zN) is the called the LN discrete topology over Sin. 


Theorem 3.15. Let (Szy,7'zn) and (Spn,77zNn) be two LNTSs, then (Spn, a! M72n) is 
a LNTS on Sypn. 


Proof: 
(1) clearly, Opn and lpy € ten Nr? LN 
(2) Let F; € m'pn N27? py. Then, F; € tpn and F; € nr pnVi € I. 
Therefore, Use; F; € tn and Uje Fj € 72 n. Thus, Uier Fe € wien 1 5N. 
(3) Let Kyy and AHypy € am!pnM72_N, which implies, Kpy,Hpy € mzpn and 
Kyn, Hrn € TEN. Since, Kpw~N Ayn € mtn and KpnN Ayn € 72pn, KtNNHLN © 
TEN OLN 


Thus, (Szv,7!zn ()77zNn) is a LNTS on Syy.. 


Remark 3.16. Union of two LNTSs may not be a LN topology over Szy.. 
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Example 3.17. Let the universe of discourse be U = {a,b,c} and S = {a}. The set of all 
linguistic term is, L = { very salt(lo), salt(l1), very sour(/2), sour(/3), bitter(l4), sweet(I5), very 
sweet (Ig) }. 

And myn = {0rn,1zn, Kin} where Kyy = {(a, (Ig, 13, 13))}, where the element a’s degree 
of appurtenance to the set Ky is very sweet(l¢), the element a’s degree of indeterminate- 
appurtenance to the set Ay is sour(/3), the element a’s degree of non-appurtenance to the 
set Ky is bitter(l4). 

Let 7?pn = {Orn,1zn,Hzin} where Hpn = {(a, (la4,l5,l2))$, where the element a’s de- 
gree of appurtenance to the set Hzy is bitter(l4), the element a’s degree of indeterminate- 
appurtenance to the set Hzy is sweet(l5), the element a’s degree of non-appurtenance to the 
set Hzwn is very sour(I2). 

Let 7; and m7z,N be two LN topologies on Spy. 

Then, tpn Ut? ry = {0zn, Lew, Kin, Hin} = {Onn, Len, {(a, (Ie, U3, 13))}, {(a, (Ie, ds, l2)) }}- 
Now, Kyyn U Arn = {(a, (Ig, Is, 12))} ¢ whan Ur? py. 

Kin 0 Ain = {(a, (la, ls, 13))} € t* tn Ur? ow. 

Therefore, union of any two linguistic neutrosophic topologies need not be a linguistic neutro- 


sophic topology. 


Definition 3.18. Let (Sz1,7~Nn) bea LNTS and Uzy bea LN set over Spy.. Then any point 
S is a LN interior point of Uzy, if there exists a LN open set Vzy such that S € Upn C Vz. 


Definition 3.19. Let (Sz1,7~Nn) be a LNTS and Uzy be a LN set over Szy.. Then, Vy is 
called a LN neighborhood if there exists a LN open set Vix such that S € Uppy C Vzn. 


Theorem 3.20. Let (S~n,7zNn) be a LNTS, then 


(1) each s € S has a neighborhood. 

(2) If Utn and Vin are LN neighborhoods of some x € Sry, then Urn N Vp is also a 
LN neighborhood of s. 

(3) IfUzn is a LN neighborhood of S and UpnNVzN, then Vzyn is also a LN neighborhood 
of se Srn. 


Proof: 

(1) : (2): Let Uzn and Vz; are LN neighborhoods of some s € S, then there exists U',, and 
V'tn €7 such that S € U'!;n C Uzn and 

SeéV'in C Vin 

Now, S € Uzn and S € Vzn implies that S € U';pynV'zn and Utzpy NV' zy € Tr. Sow 
have S€UypnAVi tn CULN OVEN. 

Thus, Uzn (\ Vin is a LN neighborhood of s. 

(3): Let Uzw is a LN neighborhood of s and Uzy (\ Vin. By definition, there exists a LN open 
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set U';n such that s € U'py C Upn C Vyn. 
Then, s € Upy C Vzn. 
Therefore, Viv is also a LN neighborhood of s € S. 


Theorem 3.21. Let (Szn,7zn) be a LNTS. For any LN open set Kin over S, Kn is a LN 
neighborhood of each point of NierAi- 


Proof: 
Let Kypn € myn. For any S € Mer Kzpn;, we have S € Ayvi € I. Thus, 
S © Kzn and hence Kzy is a LN neighborhood of S. 


4. Linguistic neutrosophic derived sets 


Definition 4.1. Let (Szy,7~n) be a LNTS and Kyzy C Spy. Let s € Spy. 8 is called as a 
LN limit point of Kyy if Epy 9 (Kin — {s}) 4 ¢ for every LN open set E;y containing s. 
The collection of all LN limit points of Ky;y is the LN derived set (LND(Kzwn))of Kyy. 


Theorem 4.2. LNcl(Kzn) = KypnU LND(Kyzn) where Kin C Stn 


Proof: 

If s € Ktn ULND(Kyn), then s € Kzy or S € LND(Kyy). If s € Kzn, then s € 
LNcl(Kzn). Therefore, let s ¢ Kypy. That is, s € LND(Kzn). Then, V LN open set Ezy 
containing s, Ezy 1 (Krn — s) #¢. Since s ¢ Kpn, Epn Ky € ¢. Thus, s € LNel(Kzn). 
Hence, Kryn ULND(Kzrn) C LNel(Kyy). If s € LNel(Kpn) and s € Kyn, then s € 
Kirn ULND(Kyn). If s € LNcl(Kz,n) but s ¢ Kypn, then EpwO Kyn ¢ ¢ for every LN 
open set En containing s and hence Ezpy~M(Kzn — s) ¢ d. Therefore, s € LND(Kzy), (i.e) 
s€ Krpyn ULND(Kyy). Thus, LNel(Kpn) C Kpn ULND(Kyn). Therefore, LNcl( Kin) = 
Kew ULN D(Kiy). 


Theorem 4.3. Jf the derived set of Krn is a subset of Krpn, then Kypyn is LN closed. 


Proof: 
Krn is LN closed if and only if DNcl(K,n) = Kyzy, iff Krn ULND(Kzn) = Kin, iff 
END (Ken) C Kaw. 


Theorem 4.4. If Ky is a singleton subset of Spy, then LND(Kzn) = LNel(Kyin)— Ky. 


Proof: 

If s € LND(K_zn), then for every LN open set En containing , Ep~wO(Krn—s) # ¢. Then 
s¢ Kyn. Suppose if s € Kyn, then Kry = {s}, and Ezy (Kzn — s) = ¢. It is true that, 
LND(Kzn) C LNel(Kyn). Then, s € LNel(Kyny) but s ¢ Krpn, when s € LND(Kzy). 
Thus, LND(Kiw) © LNel(Krw) — Kin. Thus, s € LNel(Kiw) — Kin,s € LNel(Kw) 
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but s ¢ Krn. Thus, Ezy N Kpn # ¢ for every LN open set Ey;y containing s, (i.e) 
En 1 (Kyn — 8) # 6 for every LN open set Fn containing s. Thus, s € LND(Kyzn). 
Thus, LNcl(Krn) — Krpn C LND(K zn). Hence, LND(Kzn) = LNel(Kzyn) — Ky, if Kin 


is a singleton set. 


Definition 4.5. (1) Linguistic Neutrosophic semi-closed set if LNint(LNcl(Kyn)) C 
Kin 
(2) Linguistic Neutrosophic semi-open set if Kpy C LNcl(LNint(Kzn)) 
(3) Linguistic Neutrosophic semi-pre closed if LNint(LNcl(LNint(K,n))c Kin 
(4) Linguistic Neutrosophic semi-pre open if Kz C LNel(LNint(LNcl(Kyn))) 
(5) Linguistic Neutrosophic pre-closed if LNcl(LNint(Kz,n) C Kyin -doubt 
(6) Linguistic Neutrosophic pre-open if Kpy C LNint(LNel(Kyn)) 
(7) Linguistic Neutrosophic regular closed if Ary = LNint(LNcl(Krn)) 
(8) 


Linguistic Neutrosophic regular open if Kp,y = LNcl(LNint(Kyn)) 


5. Linguistic Neutrosophic continuity 


Definition 5.1. Define the image and pre-image of linguistic neutrosophic sets. Let S74 and 


Trin be two non-void sets and f : Spn + Try be a function, then 


(i) If Epw = {(S, [Tey (S), Len (S), Fe, (S)])} is a LN set in Ty, then the pre image 
of Eryn under f is denoted by, f~!(Ezn) is defined by, 
f-"(Exw) = ((5, [f(T (S)), £7 Tey (8), £1" (Fein (S))))} 

(ii) If Few = {(S, [Tr x (S), Len (S), Fin F(S)]); 5 € Siw} is a LN set in Szy, then the 
image of Fn under f is denoted bT, 
f (Fun) = {UT Uf Crun(T)), flee (T)), f(Przy (TY) € Th} 


Definition 5.2. A function f : Spy — Tz is called a linguistic neutrosophic continuous func- 
tion if the inverse image of every linguistic neutrosophic open set F’,y is linguistic neutrosophic 


open in Szy. 


Example 5.3. Let the universe of discourse be Urn = {a,b,c,d, x,y, z,w} and $1 = {a,b,c} 
and S_ = {x,y,z}. The set of all linguistic term is, L = { very salt(Io), salt(l,), very sour(/2), 
sour(/3), bitter(/4), sweet(/5), very sweet(/g)}. Define linguistic neutrosophic sets Kzy and 
Hyn as Kypn = {81, (a, (lo, le, lo)), (0, (la, lo, l2)), (c, (la, l3,11))}, where the element a’s degree 
of appurtenance to the set Ayn is very sweet(lg), the element a’s degree of indeterminate- 
appurtenance to the set Ay is very sweet(lg), the element a’s degree of non-appurtenance to 


the set Ky is very salt(I). 
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Similarly, b’s degree of appurtenance to the set Ky is bitter(l4), b’s degree of indeterminate- 
appurtenance to the set Kyy is very salt(Io), b’s degree of non-appurtenance to the set Kz 
is very sour(l2). 

And, c’s degree of appurtenance to the set Ky is very sour(/2), c’s degree of indeterminate- 
appurtenance to the set Ay is sour(l3), c’s degree of non-appurtenance to the set Kz is 
very salt(1,). 

Also, let Hrn = _ {52, (2, (le, lo,lo)), (y, (lo, la; l2)), (z, (ls, do, t1))}. Then, tin = 
{Orn, lin, Kin} and nrw = {0zNn, 1tNn, Hrn} are linguistic neutrosophic topologies on 5}, S2 
respectively. Let g : ($1,7zn) — (S2,zn) be defined by g(a) = b, g(b) = a, g(c) = c. Then, g 


is linguistic neutrosophic continuous function. 


Theorem 5.4. A function f : Spn > Tyn is linguistic neutrosophic continuous if and only 
if the pre image of every linguistic neutrosophic closed set in Tin is linguistic neutrosophic 


closed in Spy. 


Proof: 

Let f be a LN continuous function and E;y be a LN closed set in Try, (ie) Trnw — Ezn is 
LN open in Try. f~!(Tzn — En) is a LN open set in Spy, as f is LN continuous function. 
Thus, Spy — f~!(Ezn) is LN open set in Spy. That is, f~'(E_n) is LN closed set in Spy. 
Conversely, let the inverse image of each LN closed set be LN closed. Let Fi, be a LN open 
set in Try, (ie) Tun — Fin is LN closed. Then, Szy — f~'(Frn) is LN closed set in Spy, 


which implies, f~'(Fr,n) is LN open set in Spy. Thus, f is LN continuous function on Syn. 


Theorem 5.5. A function f : Stn > Trin is LN continuous if and only if f(LNcl(KpNn)) © 
LNcl(f(Kzn)) for each subset Kyn of Sry. 


Proof: 

Let f be LN continuous function. If Kz C Srv, then f(kzn) C Try. As fis LN continuous 
and LNel(f(Kzn)) is LN closed in Try, f~!(LNel(f(Kzn))) is LN closed set in Sz. Since, 
f(Kin) C LNd(f(Kin)), Kin © f7'(LNel(f(K,y))), which implies, f~'(LNel(f(Kiw))) 
is the smallest LN closed set that contains Kpy. But, LNcl(K yy) is the smallest LN closed 
set that contains Kypy. Hence, LNel(Kyy) C f-'(LNel(f(Kzw))), (ie) f(LNel(Krn)) © 
LNcl(f(Kzrn)). Conversely, let f(LNcl(Hzrn)) C LNel(f(Hin)). If Hin is LN closed in 
Tin, f(LNel(f-!(Hrn))) © LNel(Hzrn). Thus, LNel(f-!(Hzpw)) C f7t((LNel(HzN))) 
f-"((Hin)). But, f-'((Hiw)) © LNel(f~'((Hin))), that implies, LNel(f~'((Hin))) = 
f-\((Hin)) = f-'((Hin)) is LN closed set in Szy for each LN closed set Hpy in Tpy. 


Therefore, f is LN continuous. 


Example 5.6. In example(5.3), g is a linguistic neutrosophic continuous function. Let 
Kin = {81, (a, (lo, 16; l0)), (6, (la, lo, f2)), (e, (da, l3,1))} CS (Si, 7zNn). Then, g(LNel(Kin)) = 
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{s1, (a, (16, 16, 16)), (0, (lo, ta, l2)), {e, (U3, U5, l4))}. 
But, LNcl(g(Kzrn)) = LNcl(Hzn) = Bo F {81, (a, (le, le, le)), (b, (lo, 14, l2)), (c, (U3, bs, la)) }, 


even though g is linguistic neutrosophic continuous function. Thus, equality is not necessarily 


holds when g is linguistic neutrosophic continuous function. 


Theorem 5.7. A function f : Sun + Tin is LN continuous if and only if LNcl(f~'(Ein)) © 
f-\(LNel(Ezn)) for each subset Eryn of Try. 


Proof: 

If f is LN continuous and Ezy C Tzyy, then LNcl(Ez,n) is LN closed in Tyy and hence 
f-(LNel(Ezn)) is LN closed in Szy. Thus, LNel(f~'(LNel(Ezn))) = f-1(LNel(Ezn)). 
Since, Exy C LNel(Ezn), f-'(Extn) © f7t(LNel(Ezy)). Therefore, LNel(f~'(Ern)) C 
LNel(f-1(LNel(Eyn))) = f i(LNel(Ezn)), (ie) DNel(f-'(Erw)) C fo(LNel(Ezn)). 
Conversely, let LNel(f~!(Ern))f~!(LNel(Ezn)) for all Epy of Try. If Exzn is LN 
closed, then LNel(E_y) = Exn. By assumption, LNcl(f~!(Ezn)) C f7'(LNel(Ezn)). 
Thus, LNel(f-(Etw)) C f-'(Ern). But, f-'\(Epny) C LNel(f-'(Ezn)). Thus, 
LNel(f~'(Ein)) = f-'(Exn), (ie) f~'(Eztw) is LN closed in Szy for every LN closed set 


Ezyn in Try. Hence, f is LN continuous. 


Theorem 5.8. A function f : Szpn — Trn is LN continuous if and only if 
f-'(LNint(Ey_n)) C LNint(f7!(Ezn)) for each subset Eryn of Try. 


Proof: 

Let f be LN continuous function and E C Try. Then, f~!(LNint(Ez,y)) is LN open in 
Srn. That means, f~'(LNint(Ezn)) = LNint(f~!(LNint(E,n))). As LNint(Epn) C 
Ezyn, implies f-'(LNint(Ezn)) C f-'(Ezn). Thus, LNint(f-'(LNint(Ezpn))) C 
LNint(f-!(Ezn)). Therefore,f—'(LNint(E,n)) C LNint(f-!(Ezw)). Conversely, let 
f-\(LNint(E_n)) C LNint(f~!(Epn)), for each subset Ezy of Try. If Ezy is LN 


open, then f—!(Ezw) C LNint(f-!(Ezn)). But, LNint(f—'(Ezn)) C f7'(Ezn). Thus, 
f-\(Exn) = LNint(f-!(Ezw)). Hence, f is LN continuous. 


Example 5.9. In example(5.3), Hzw = {52, (2, (le, lo, lo)), (y, (lo, la, la)), (2, (Us, la, ti) }. 
Then, g-l(LNel(Hrn)) = g7'(Hin*®) = {82, (2, (lo, 16, l0)), (y, (da, la, be)), (2, (le, Us, U3)) 3. 
And LNel(g-'(Hzin)) = Krin°. Thus, g-t(LNel(Epny)) C LNel(g-1(Ezn)). Similarly, 
g \(LNint(Er~n)) C LNint(g~'(Ezn)). Even if g is LN continuous, equality does not hold 
in theorems (5.7) and (5.8). 


Definition 5.10. Any subset of a LN topological space (Szy,7zn) is a LN dense set if 
LNcl(Kzn) = Stn). 
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Theorem 5.11. Let f : Spy > Try be an onto function and linguistic neutrosophic contin- 


uous function. If Upn is LN dense in Spn, then f(Uztn) is LN dense in Try. 


Proof: 

As Urn is LN dense in Spy, f(LNcl(Utn)) = f(Sztnw) = Tru, since f is onto. Also, 
f(LNcl(Urn)) GC LNcl(Uzn), as f is LN continuous. Thus, Typy~y = LNel(f(Uzn)). But 
LNcl(f(Utn)) C Tin. Hence,LNel(f(Uitn)) = Tin, which implies, f(Uzn) is LN dense set. 


Conclusion 


We have introduced a new type of topology called linguistic neutrosophic topology and it 
was established with apt examples. Moreover, the basic properties of linguistic neutrosophic 
were discussed. In addition to this, the ideas of linguistic neutrosophic continuity and linguistic 
neutrosophic neighborhood were introduced and established. Linguistic neutrosophic derived 


sets and linguistic neutrosophic dense sets were talked through. 
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Abstract. We introduce the concept of reverse subsystem and prove that the necessary and sufficient condition 
for Rng to be a reverse subsystem. Also, we prove that the union and intersection of reverse subsystems of 


interval neutrosophic automata is reverse subsystem. 


Keywords: Interval neutrosophic set, Interval neutrosophic automaton, Subsystem, Reverse Subsystem. 


1. Introduction 


Fuzzy set theory which is a generalization of conventional set theory was proposed by Lofti A. 
Zadeh in 1965 with his seminal paper ’Fuzzy Sets’ . Fuzzy set provides a simple mathematical 
tool to represent vagueness, uncertainty and imprecision inherently present in day to day life. 

Fuzzy Logic provides a simple way to arrive at a definite conclusion based on vague, ambigu- 
ous, imprecise, noisy or missing input information. Since 1965, fuzzy set theory has witnessed 
enormous development by several researchers. Fuzzy logic based applications range from con- 
sumer products and industrial systems to biomedicine, decision analysis, information sciences 
and control engineering. 

Fuzzy automata was introduced by W. G. Wee [17]. Subsequently, number of works have 
been contributed by many authors for development of generalizations of finite automata. Gen- 
eral fuzzy automata was introduced by Doostfatemeh in [3}. It deals the problem of assigning 


membership values to the active states. 
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The neutrosophic set is the generalization of classical sets, fuzzy set [18], intuitionstic fuzzy 
set [1], interval valued intuitionistic fuzzy sets (2, vague set |4| and so on. Florentin Smaran- 
dache in 1998 introduced the concept of neutrosophy and neutrosophic set. Single valued 
and interval valued neutrosophic sets were introuced by Wang etal. in (1516). Recently, neutro- 
sophic sets and systems have important applications in various fields especially in multicriteria 
decision making problems. 

Tahir Mahmood et. al in were introduced single valued and interval neutrosophic 
finite automata. Consequently, J. Kavikumar et.al were introduced neutrosophic general finite 
automata and composite neutrosophic finite automata (9}10). 

Subsystems of finite fuzzy state machines was discussed in [13]. Later, Retrievability, sub- 
systems, strong subsystems, and characterizations of submachines of Interval neutrosophic 
automata were discussed by V. Karthikeyan in [5H8}. In this paper, we introduce reverse sub- 
system (R.S) of interval neutrosophic automata and discuss their properties. We prove that the 
necessary and sufficient condition for Ry, to be a reverse subsystem, union and intersection 


of reverse subsystems of interval neutrosophic automata is reverse subsystems. 


2. Preliminaries 


Definition 2.1. Let U be the universe of discourse. A neutrosophic set (NS) N in U is 
defined by a truth membership Tn, indeterminacy membership Jy and a falsity membership 
Fy, where Ty, Iv, and Fy are real standard or non-standard subsets of ]0~,1*[. That is 

N = {(a, (Tn (2), In(x), Fn(x))) 2 € U, Ty, In, Fn € ]0~,17[ } and 

O- < sup Ty(x) + sup In(x) + sup F(x) < 37. We use the interval [0,1] instead of ]O~, 17. 
Definition 2.2. Interval neutrosophic set (INS for short) is of the form N = 
{(an (x), Bn (x), yw (x)) lw € UF 

= {(2, [inf ay(x), sup ay(2)], [inf Bn(x),sup By (x)], linf yw(x), supyw()])}, 

xz €U,an(z), Bn(x), yw(x) C [0,1] and 

0 <sup an(x) + sup By(x) + sup yn(z) < 3. 

Definition 2.3. An INS N is empty if inf ay(x) = sup an(x) = 0, inf By(x) = 
sup Bn(x) = 1, inf yv(x) = sup yn(x) = 1 forall x € U. 

Definition 2.4. Interval neutrosophic automaton M = (Q, &, N) (INAforshort), where 
@ and © are non-empty finite sets called the set of states and input symbols respectively, and 
N = {(an (2x), Pn (2), yn (z))} is an INS inQxuxQ. 

The set of all words of finite length of % is denoted by &*. The empty word is denoted by e, 
and the length of each x € b* is denoted by |z|. 

Definition 2.5. Let M = (Q, ©, N) be an interval neutrosophic automaton and extended 
interval neutrosophic set is defined as N* = {(ay+(x), Bn«(x), ynwx(x))} in Q x U* x Q by 
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1,1] ifg=—aq 
an*(Gi, € 9) = 

[0,0] ifqg=q; 
Bn«(Gi, & G) = : 

[1,1] ifa Aq 

[0,0] if q@ =a 
YN* (Gi, & Gy) = 


n+ (Gi, W, 95) = ON* (Gi, ZY, 93) = VareQlan* (Gi, 2, Or) A n+ (Gr, ¥5 95), 

Bn« (Gi, w, a3) = Be (Gi, TY, gj) = AqreQlBn« (Gi, 2, Gr) V BN* (Gr, Ys Y)I; 

YN« (Gis W, 95) = Yn* (Gi, TY, G) = AqreQlhyn« (Gis 2, Or) V Y* (Gr, ¥, 1, VG, a EQ, 
w=ry,ce S* andye™. 


3. Reverse Subsystems of Interval Neutrosophic Automata 


Definition 3.1. Let M = (Q, %, N) be an interval neutrosophic automaton and 
Rng be an interval neutrosophic set of Q. Let gq € Q, and Ry, is defined as Rung = 
{anne (di), Brvg (d)s Rng (a) } 

= { (4%, finforry, (41), 5uPoRy, (Gi) finfBreyg (di); SUPBRvg (4i)]> Lin? Rg (4) SUP Rive (4) }- 
Here, any, (Gi), PRvg (Gi)s Vg (%) S [0; 1. 

Then (Q, Rng, =, N) is said to be an reverse subsystem of M if Vqi,q; € Q and x € & such 
that Ry, (4) S VaeQtORng (Gi) A On (Gi 2, Oy) Fs 

BR (4s) 2 NqeQ{Brng (%) V Bn (Gi, #, 95)} and 

VRxg (dj) 2 NqeQl Rng (Gi) V IN (Gis G5) F- 

In this case, the reverse subsystem (Q, Rng: UN ) of M is denoted by Rng: 

Example 3.2. Let M =(Q, %, N) be an interval neutrosophic automaton, where 

Q= {u,,93,94,95}, H= {x}, and N, No(q), i= 1,2,3,4,5 are defined as below. 
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[0.5, 0.6], [0.1, 0.2],[0.2, 0.3] [0.3, 0.4], [0.2, 0.3],[0.5, 0.6] 


x | [0.7, 0.8], [0.1, 0.2],[0.2, 0.3] 


[0.1, 0.2], [0.5, 0.6],[0.8, 0.9] 


@) [s°0 ‘Z'0)‘[r'0 ‘€"0l ‘[e"0 ‘7°01 | x 


> 
x | [0.1, 0.2], [0.3, 0.4],[0.7, 0.8] 
[0.1, 0.2], [0.3, 0.4],[0.7, 0.8] [0.1, 0.2], [0.5, 0.6],[0.8, 0.9] 
Fig- 3.1 


In this case the above interval neutrosophic automaton M is said to be reverse subsystem. 
Theorem 3.3. Let M = (Q, %, N) be an interval neutrosophic automaton and Rv, = 
{ (ong: Brings Ing ) } be an interval neutrosophic subset in Q. Then Ryg is an reverse 
subsystem of M if and only if Vq,q; © Q, Vx € &*, 
ARN, (Ui) S VaieQtORng (GH) AON (Gi 2G) I, 
BRxg (dj) 2 NaeQ{Brng (%) V Bn (Gi, 95)} and 
VRng (Gy) S NaeQt Rng (G) V YN (Gis &, 95) }- 
Proof. Suppose Ry gis an reverse subsystem of M. Let gi,q; € Q and x € &*. We prove this 
by induction on |x| = n. If n = 0, then « = e. Now if q = qj, then 
ARN, (Gj) A ONn« (Gis & 7) = CR (WG); BRng (Qi) V Bn« (Gis 6 7) = BRxQ (Gj), and 
YRng (Qi) V YN (Gis 6 Oj) = VRxg (44)- 
Now if qi € qj, then 
OR, (Gi) \ On (Gi, 64) 2 Rng (Gj), BRng (Gi) V Bn (Gis 6 9) S BRyg (Gj), and 
YRng (i) V Ie (Gis 6G) S VRng (%): 
Therefore, the statement is true for n = 0. 
Assume the statement is true for all y € &* such that |y| =n—1,n > 0. 
Let x = ya,|y| =n—1,y € &*,a eX. Then 


VareQlORn, (qi) x an (di; LZ, qj) } = VaicQlORng (qi) x AN* (di, ya, q;)} 
= VaieQtORng (Gi) A {Vaneq {ON* (Gis Vs Me) AON (Te, a, a) EFF 
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= Vaca Vance {Ong (ai) A andi ¥s de) A an (aks 4, 45) }} 

> VaneQ {arwg (qk) A an (Qk; @, a} 

> ARN, (Wy): 

VareQlORng (Gi) NON (Gis ©, 9) } = ARx,g (G)- 

Thus, @Ryo (4j) S VareQlORng (Gi) A ON (Gis & G5) 

Nacatn, (Gi) V Bn (Gi ®, 95) F = AgeqtBrn, (Gi) V Bn (Gis Ya, a) t 

= NqcQlBRng(%) V (Aave@ {Bn (Gis Ys Ie) V Bn (Ges 2, a5) HS 

= Ngcat\aeg { Bran (40) (qi) V Bn (Gi, Ys dk) V BN (Gk, @, a)}} 

< AqueQ { Brexg (dk) V Bn (Gk, @, a)} 

S Bry, (%): 

AqeQ{PRyg (Gi) V BN (G29) } S BR (G) 

Thus, Gry, (ai) 2 AeqtPRng (%) V Bn (Gi @, q;)} and 

Magic Ql Rng (Gi) V YN (Gir & GG) F = AneQt Rng (Gi) V ING YA, I 

= NgeQt Rng (Wi) V (Aaveg {1+ (Gis Ys Me) VIN (Aes G5) EEF 

= NgcQtqne@ 4 VRxg (Gi) V IN* (Gis Ys Th) V YN (ks w)}} 

< Aqueq {Rg (ak) V YN (Qe; a, a} 

S Rng (Wi): 

NgeQt Rng (%) V IN (Gs #95) } S VR (G)- 

Thus, YRwg (Wj) = AaieQt Rng (%) V YN (Gi, G5)}- 

The converse part is obvious. 

Theorem 3.4. LetM = (Q, ©, N) be an interval neutrosophic automaton. Let Rng, and 
Rng, be reverse subsystems of M. Then Rng, V Rng, is an reverse subsystem of M. 
Proof. Since Rng, and Rng, are reverse subsystem of an interval neutrosophic automaton 


M. Then V qi,g; € Q anda € & such that 


ARN, (Wi) S VaeQtoRng, (Gi) A ON (Gi G)T, 


BRxg, WG) 2 AacQtBRng (Gi) V Bn (qi 2, 45); 

aie (4) = Ageat Rng, (%) V YN (Gis #, aj)} and 
on Ui) S VareQtORng, (Gi) A an (Gi, #45) }, 

os (qj) S Agea{Brrg (@) V Bn (qi, 2, 95) }, 


YRNg, (qj) = Aacal Png, (di) V YN (Gi, 2; qj)}- 
Now to prove Rng, V Rng, is reverse subsystem of interval neutrosophic automaton M, it is 


enough to prove that 

(CRng, V Rng, (Gi) S VareQt(ORng, V Rg, )(G) A an (Gis &, a5), 
(BRxg, V BRxg, (9) 2 NncQt(BRng, V BRxg, (Gi) V Bn (Gis #,4;)}, and 
(WRvg, V VRng, )(G) 2 Ancat{ORng, V VRvg, )(G) V ING @ Gy) }- 
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Now, (@RyQ, V Rng, (Ui) = (ORng, (4) V Ung, (%)) 

S {VaeQt@Rng, (Gi) Mon (Gi 2, GIT V (VaeqteRng, (Gi) A an (Gist, as) TF 

= {VacQlORng, (Gi) V ORvg, (Gi) A aN (Gi @ Gy) I} 

= VaeQl(@Rvg, ¥ ORng, (i) Man (Gi, ®, 4) 

Thus, (@2yQ, V Rng, (Ui) S VacQt(CRng, V Rng, (Gi) A On (Gi Gj) FO) 
(Brg, V BRxg, (Qi) = (Brg, (4) V Brg, (%)) 

2 (NqeQtBRng, (Gi) V Bn (Gis ®, Oy )ETV aeQtBRng, (ai) V Bn (Gi, ®, a) FF 

= {Ancet Rg, (Gi) V BRxg, (G) V Bn (a. @, 99) 

= NgeQt(BRng, V PRng, MG) VY BN (Gi 2, GI: 

Thus, (Srvg, V BRwg, (Gj) 2 Ancol (Brxg, VY BRvg, (qi) V Bn (Gi, @, 45)},—(2) and 
(YRxg, V YRng, (4) = Rng, (G) V YR, (4) 

> {NgcQl Rng, (Gi) VIG ® GIT Y net iRng, (G) VIN (di #95) F 

= (Agel YRng, (di) V VRxg, (Gi) V YW (Gis Bag) Ht 

= Mge@Qt Rng, V VRNg, (4) V IN (GiB G)}- 

Thus, (YRvg, V VRvg, (4) 2 AaeQt Rng, Y VRvg, )(G) V IN (Gs #, Gi) F-—(3) 
Hence from (1), (2), and (3),Rng, V Rng, is reverse subsystem of interval neutrosophic au- 


tomaton M. 


Theorem 3.5. LetM =(Q, %, N) be an interval neutrosophic automaton. and Rng,» and 
Rng, be reverse subsystems of M. Then Rng, A Rng, is reverse subsystem of M. 
Proof: 

Since Rng, and Rng, are reverse subsystem of interval neutrosophic automaton M. 
Then V qi,qj € Qand zx ¢€ »& such that 
AR, (Gj) S VacQtoRng, (Gi) MON (Gi, 2, GT 


Brg, (Gj) 2 AneotBRng, ‘(ai) V Bw (aise, qj)} 
Ing, (Gi) 2 NncQt Rng, (G) V IN (Gs qj) } and 
ARN, (Wi) S VareQtORng, (Gi) A On (Gi Gy) T, 
Brg, (W) < AncatFRng (a) V By (Gis, G)}, 


Ig, (Gi) S Na cat Rig, (i) V Yn (Gi, ©, G5) F- 

Now we have to prove Rng, A Rng, is a reverse subsystem of M. 

It is enough to prove that 

(QRxg, \ Rng, (di) S Vaeqt(@Rng, \ORng, (Gi) AON (Gi 2, a5) }, 
(BR, A Brno, (qj) Pa AgeQt(BRng, \ BRng, )(qi) Vv Bn(G; LZ, Qi)t; and 
(WRvg, A YRNg, Maj) = NgeQh Rng, i YRNg, )(G) V YN (Gs xv, qj)}- 

Now, (ORx, i CRN, )(q;) = (OR, (qj) \ Rng, (qj)) 

S {VqieQtORng, (Gi) Man (Gis & G)TTA (VaieQt@Rng, (Gi) \ an (dis &, a) FF 
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= {VaeQtORng, (i) A ORNg, (Gi) AON (Gi ©, a) TF 

=Vcal (Rng MORn, Mai) Nan ais 2, 45)} 

Thus, (@Rryg, \ Rng, (Gs) S Vaeqt@Rng, \ Rng, (di) A an (Gis ®,Gj)};—(4) (Beng, A 
BR, (dj) = (BRxg, (G) A BRxg, (G)) 

= {NqeQtRng, (Gi) V BN Git a)IT A acotbrng, (Gi) V Bn (Gis #95) Ft 

= {Ag cQ{FRng, (Gi) A Brg, (4) V Bn (Gis @, a5) }} 

= Nge@t(BRvg, \ BRxg, (qi) V Bn (Gis #,95)}, Thus, (BRyo A BRxg, (Qj) 2 Aneot(FRng, 
BRxg, Md) V Bn (Gi #, a) }.—(5) and 

(YRvg, \ IRQ, (Gi) = Rng, (Gi) A VR, (ai) 

2 (get Rng, (Gi) V ING ®, G)ITA Taieot Rng, (4) V YN (Gi ©, ag) Ht 

= (Agee iRng, (G) A VRvg, (Gi) ¥ IN (Gis ts ay) 

= Ngcol(Rng, \ VRvg, (Gi) V IN (Gs & W)} 

Thus, (Vrwg, A Ing, (Gi) 2 Ancet Rng, \ 1Rw9, )(4) V IW (Gi Gy) F—(6) 

Thus, From (4), (5) and (6) Rng, \ Rng, is reverse subsystem of interval neutrosophic au- 


tomaton M. 


4. Conclusions 


In this paper, we introduce reverse subsystem of interval neutrosophic automata with 
example. Also, we establish necessary and sufficient condition for Ry, to be a reverse sub- 
system in interval neutrosophic automaton. Finally, we prove that the union and intersection 
of reverse subsystems of interval neutrosophic automaton is reverse subsystem of an interval 


neutrosophic automaton. 
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Abstract. In this paper, we define the concept of continuous, sequentially continuous, and strongly continu- 
ous mappings neutrosophic normed spaces. Also, we have some important relationships between continuous, 
sequentially continuous, strongly continuous relationships mappings. Furthermore, the concept of neutrosophic 
Lipschitzian mapping is introduced and a neutrosophic version of Banach’s contraction principle is achieved. 


Finally, the definition of neutrosophic bounded and weakly bounded linear operators are discussed and studied. 


Keywords: Neutrosophic sets, neutrosophic normed spaces, continuous mappings, bounded linear operators, 
Banach spaces. 
Mathematics Subject Classication: 46540, 11B39, 03E72, 40G15. 


1. Introduction 


The concept of neutrosophic set, as a generalization of fuzzy set and intuitionistic fuzzy 
set |5| was introduced by smarandache (161/17). Since 2005, the notion of the neutrosophic set 
received by attantion and have many applications f1}{3}. The concept of neutrosophic normed 
space is a natural generalization of fuzzy normed space and intuitionistic fuzzy normed space. 
However, many different types of fuzzy normed spaces were introduced in |1011{/13}. In (6| Bag 
and Samanta introduced a new concept of fuzzy norm its more natural to the usual norm, they 
studied the properties of bounded sets and compact set in finite dimensional fuzzy normed 
linear spaces. Also, in |7| Bag and Samanta introduced types of continuous and bounded of 
linear operators. In Abdulgawad et al present the notion of fuzzy strongly continuous, 
sequentially continuous, and continuous mappings. As well as they discussed the bounded and 


isometry of the fuzzy linear operator between fuzzy normed. 
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Recently, the concept of neutrosophic normed space, as a generalization of fuzzy normed 
spaces and the intuitionistic fuzzy normed space was introduced in (|, they studied the prop- 
erties of convergence, completeness of such spaces. 

In this paper, we extend the definitions of continuous and bounded operators in neutrosophic 
normed spaces. Moreover, we establish the main properties of bounded linear operators and 
continuous linear operators. We obtain a generalized version of boundedness and continuity 
of intuitionistic fuzzy norms, while will play an important role in study neutrosophic analysis. 
Furthermore, we introduce the notion of neutrosophic Lipsechitzian mapping and neutrosophic 
Banach space. 

The paper is divided into the following sections: 

Section 2 includes some basic results. In section 3, we introduce and study some types 
of continuous linear operators in neutrosophic normed spaces and neutrosophic Lipschitzian 
mapping. In section 4, we define and study some types of bounded and isometry linear 


operators in neutrosophic normed spaces. In section 5, we draw some conclusions. 


2. Basic concepts 


In this section, we remember the basic concepts and results that are required for the present 


work. 


Definition 2.1. A continuous t-norm is a binary operation * : [0,1] x [0,1] — [0,1] with 
the following axioms: 
(i) * is commutative and associative. 
(it) * is continuous. 
(iid) 01 = 2, ,V £E [0,1]. 
(iv) oeyY Sue¥U,y Sv, eo <u and Z,y, u,v € [0,1]. 


Definition 2.2. A continuous t-co-norm is a binary operation ¢ : [0, 1] x [0,1] + [0, 1] 


with the following axioms: 


(i) © is commutative and associative. 


(it) © is continuous. 
(iti) 200=2,V 2E [0,1]. 
(iv) roy<uov,y<v,z2<uandz,y,u,v € [0,1]. 


Definition 2.3. Let N be the universe set. A neutrosophic set NV on N (NS NV) is defined 


N = {< a, p(a), (a), n(a) > la € N}. 


where p,&,7: N — [0,1]. 
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Definition 2.4. Let U be a linear space over R and *,¢o be a continuous t-norm, a 
continuous t-co-norm, respectively, then a neutrosophic subset N :< p,€,7 > on V x R bea 


neutrosophic norm on U if for a,b x U and c, t, s € R, if the following conditions hold. 


(1) 0 < p(a,t), €(a,t), n(a,t) < 1. 


(2) 0< p(a,t) + €(a,t) + n(a,t) < 3. 
(3) gla.) =0 with? = 0; 
(4) p(a,t) =1 with t > 0 iff =0. 
(5) p(ca,t) = p(z, =) Yo# 0, t> 0. 
(6) p(a, s) * p(b,t) < p(at+b,s+t) Vs,t ER. 
(7) p(a,.) is continuous non-decreasing function for t > 0, limy_... p(a,t) = 1. 
(8) €(a,t) = 1 with ¢t < 0. 
(9) €(a,t) =0 witht > 0 iffx=0. 
(io) eta, 3) ete =) Ve #0, t>0. 
(11) €(a,s) o€(b,t) > €(a+b,5 +t). 
(12) €(a,.) is continuous non-increasing function for t > 0, limy+o0 €(a,t) = 0. 
(13) n(a,t) = 1 with t < 0. 
(14) n(a,t) = 0 and t > 0 if and only if = 0. 
fis) atea) g(a) Ve #0, t>0. 
(16) n(a,s)on(b,t) > n(at+b,s+t). 
(17) n(a,.) is continuous non-increasing function for t > 0, limy-.o0 n(a, t) = 0 


Further (V, NV, *,©) is neutrosophic normed linear space (NNVLS). 


Definition 2.5. Let (a) be a sequence of points in an NNVLS (U,N,x,¢), then the 
sequence converges to a point a € U if and only if for given0 <e<1, t>04n9 € N such 
that, 


p(an —a,t) >1—e, E(an —a,t) <e, nlan —a,t) <<eVn>no. 
Jim pla, — a,t) = 1, im E(an — a, t) = 0, Jim (an —a,t)=0. 


Then the sequence (a,,) is called a convergent sequence in the NVLS (U,.N, *,°). 


Definition 2.6. Let (a,) be a sequence in an NNLS (U,N,*,¢), is said to be bounded 
for0O<e<1, t>0 if the following hold, 


p(an,t) > 1—e, E(an,t) <e, 4(Gn,t) <eVn Ee N. 


Definition 2.7. A sequence (a,,) of points in an NNLS (U,N,*,¢), is called a Cauchy 
sequence if for given 0<e<1, t>04n9€N such that, 


pP(@n — Am,t) > 1—e, (an — am,t) < e, N(an — Gm, t) <<eVn,m> no. 
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lim p(@n—@m,t)=1, lim €(an—am,t)=0, lim (an —am,t) =0. 


n,m—oo n,m—oo n,m— oo 


3. Continuous mappings 


In this section, we introduce the concept of continuous, sequentially continuous, and strongly 
continuous mappings neutrosophic normed spaces. Also, we study the relationships between 
continuous, sequentially continuous, strongly continuous mappings. Moreover, this study is 


enhanced with an application 


Definition 3.1. Let (U,Ny,*,°) and (V,Ny,*,©) be two neutrosophic normed spaces. The 
mapping 7 : (U,Nu,*,°) > (V,Nv,*,°) is said to be continuous at xo € U if for all x € U, 
for each 0 < € < 1 and t > 0, there exists 0 < 6 < 1 and s > 0, such that 


pv (Tl (@) =F (wa),4) > =e), 
Ev(T (z) — T (20), t) <€, 
nv (T(x) — T(a0),t) <e, 


whenever 
pu(x — xo, 8) > (1— 4), 
fy (x — Z0,8) < 4, 
nu (x — £0, 8) < 6, 
respectively. In other words: 
pu(z — Zo, 8) > (1-4) > pv (T (a2) — T(a0),t) > A), 
Ey (a — 20,8) < 6 > Ey(T (2) — T(a0),t) <e, (1) 
nu(x£ — £0, 8) <6 > ny (T(x) — T(a0),t) <«, 
T is continuous on U if it is continuous at every point in U. 
Definition 3.2. Let (U,Ny,*,°) and (V, Ny, *,°) be two neutrosophic normed spaces. The 


mapping 7 : (U,Nu,*,°) > (V,Nvy,*,°) is called sequentially continuous at 2g € U, any 


sequence (2,,) in U satisfying x, > Xo leads to T(xr,,) + T (20). In other words: 


lim py(an —2o,t) =1> lim py(T(en) — T(a0),t) =1, 


Jim nu (tn — £0, t) = 0 = lim ny (T (an) — T (20), t) = 0, 


where t > 0. We call 7 is sequentially continuous on U when 7 is sequentially continuous at 


each point of U 
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Definition 3.3. Let (U,Ny,*,°) and (V,Ny,*,°) be two neutrosophic normed spaces. The 
mapping 7 : (U,Nu,*,°) > (V,Ny,*,°) is called strongly continuous at xo € U if for each 
t>0.i4s>0 such that Vx ec U, 


pu(& — XO, s) = pv (T(x) = T (xo), t); 
fue = 2,8) = Ev (7 (2) — 7 (a0),4); (3) 
nu (x — £9, 8) = nv(T (x) — T(ao),t), 


we say 7 is strongly continuous on U when it is strongly continuous at every point in U. 


Theorem 3.4. Let (U,Nu,*,°) and (V,Ny,*,°) be two neutrosophic normed spaces. The 
mapping T : (U,Nu,*,°) > (V,Ny,*,°) be continuous at xo € U if and only if T is sequen- 


tially continuous at xp € U. 


Proof. Assume that 7 is continuous at xo € U, (x,) C U if for all x € U, for each 0 < € < 1 
andt>030<6<1ands>0, such that 


pu(£ — Xo, 8) > (1-4) = py (T(x) — T (20), t) > (1 —-€), 
fu (xz — 20,8) < 6 > Ey (T (2) — T (20), t) <€«, 


nu (x — 0,8) < 6 => nv(T (x) — T(20),t) <«, 
Since 2, > xo, then there exists ng € N such that 
pu(Ln — 0,8) > (1-94), 
£u(tn — Xo, 8) < 4, 


nu(&n — XO, s) <0. 


Hence 
pv(T (an) — T(20),t) > (1-6), 
Ev(T (an) — T(20),t) <€, 
nv (T (tn) — T (x0), t) < €, 
as 0 <e€ < 1 arbitrary; so T(2,) > 7 (ao). Thus, 7 is sequentially continuous at xo € U. 
Another direction, we suppose that 7 is sequentially continuous at x9 € U and T is not 


continuous at xg. Then there exists 0 < € < 1 andt > 0, such that for any 0 < 6 < 1 and 
s > 0, there exists x € U, such that 


pu(x — x0, 8) > (1-4) but py(T(x) — T (xo), t) < (1—), 
él = m,8) <0 but fy (7 (2) =7 (20), 4) = €, (4) 
nu (x — £0,8) <6 but nv(T (x) — T(20),t) > e. 
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So, for 6=1-——, ere n€ Nd zy such that 
pu (tn — 20, 5) > (=) but py(T (an) — T(ao),t) < (1-8) 
fu (0m — 0, >) < 1 = > but &v(T (en) = T(0),#) 2 « 
mu (tn — to, >) <1 = > but nv(T (en) = To); 1) 2 & 


Taking s > 0, there exists ng, such that 


il 
7 <s for all n > no then 


n+ 
ee 

= 7 
PU\En 0,5 nat? 
1 
_ ’ = i= ’ 
£u(£n — Xo, §) aa 
nu (tn — £0,8) <1—-~—_, 


hence 


Jim pu(tn — 0,8) = 1, 


lim €y(tn — Xo, 8) = 9, 
noo 


Jim nu (an — £0, 8) = 9, 


this lead to x, — 29. However by (4). 


pu (T (ta) — 7 (eo), 2) < (l=), 


Thus, 7 (an) does not converges to J (29) but x, — xo, which gives contradiction. Therefor, 


the mapping 7 is continuous at ro € U. 


Theorem 3.5. Let (U,Nu,*,°), (V,NV,*,°) be two neutrosophic normed spaces and T : 
(U, Ny, *,°) > (V,Nv,*,°). If T is a strongly continuous, then T is sequentially continuous 
atx € U. 


Proof. Suppose that 7 is strongly continuous at xo, then for each ¢ > 0, there exists s > 0 
such that for all 2 € U sequence (z,,) in U satisfying (3). Suppose that (x,,) is a sequence such 


that t, > xo. If we put x = zp, in (3), then we have 
pu (Xn — £0, 8) < pv(T (an) — T (20), t), 
Lu (fn — £0, 8) = Ev(T (fn) — T (20), t), 
nu (tn — £0, 8) = nv(T (rn) — T (20), t). 
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This implies that 


lim, py (tn — 0,8) < lim py(T (an) — T (00), 


NOOO 
Jim y(n — 20,8) > lim &y(T (an) — T(00),?), 


lim ny (tn — 20,8) > Jim. nv (T(&2n) — T (Zo), t). 


r-400 
Therefore, 
jim pv (T (an) — T (#0), t) = 1, 
dim &v (7 (tn) — T (x0), t) = 0, 
jim nv (T (an) — T (#0); t) = 0. 


Since t > 0 is arbitrary, we obtain that T(z,) + 7 (xo). Thus, 7 is sequentially continuous. 


Remark 3.6. The converse of the above Theorem [3.5] is not true, i.e., the sequentially conti- 


nuity does not imply the strongly continuity. 
Now, we give an example that illustrates the above remark. 


Example 3.7. Let (U = R,|| x ||) be a normed linear space, where || x ||=| x | Va € U, and 
axb=min {a,b}, aob = maz {a,b} Va,b € [0,1]. Define py, po, €1, £2, m1, 72: U x Rt > [0,1] 
by 


t t 
x,t) = ———, x,t) = ————_, c > 0, 
pi (x,t) fel p2(x,t) ae 
| x | c|a| 
ci) = i ie SB, 
£1(2, 4) i | "| é2(2,t) t+c|a| 
x C|az@ 
mrt) = m(e) =! oo. 


It is easy to see that (U,Ni,*,o) and (U,No,*,o) are NALS. Let us now define, f : 
4 

(U.Niv%2) + (U,Na.%0), fe) = pi 

quence in U such that x, > 29 in (U,N1, *, ©), that is, for all t > 0, 


for all x € U. Let xz € U and (ap) be a se- 


t 


Mein 28) = A ees, Sag] 
2. ae Cc | In — XO | —: 
jim €1(@n — £0, t) = Jim t+ | Ln — XO | 7 0 
lim m(amn—2o,t)= lim | tn — #0 | —0. 
noo nwo 
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In other hand, 


p2(f(an) — f (xo), #) = Pe] fle.) — f (zo) | 


t+c| 


l+a2 1 rs | 
_ t(1 + x7) (1+ 22) 
t(1 + 22)(1+ 2) +e¢| v4(1 4 22) — 2§(1 4 22) | 
t(1+a2)(1+ 22) 
~ t+ aR) + 0B) +e] (a + 26) (eR — a3 + wh2G (2 — 29) | 
t(1 + x7) (1 + 22) 
~ t(1+02)(1+ 22) +c| (tn — £0)(@n + Lo)(22 + 22 + 22.22) | 


So 


Jim pa(tn — Zo, t) = 1. 
c| f(@n) — f(£o) | 
t+c| f(tn) — f (zo) | 
_ C| (tn — 2o)(@n + 20) (x2 + x2 + 2.72) | 
—Faaa ee eae ee 


§2(f (an) — f (wo), t) = 


So 


lim £ (tn — £0, t) = 0. 
Noo 


Finally, 


C| f(an) — f(xo) | 
: 
_ €| (€n = £0)(€n + Bo) (ty + 29 + 22) | 
t | (1+ @2)(1 + 26) | 


na(f (tn) — f(xo),t) = 


2 


and this lead to 


Jim n2(tn — Xo, t) = 0. 


Thus, we see that f is sequentially continuous on U. 
Now, we will explain that f is not strongly continuous by a contradiction. Let f be strongly 
continuous, then it holds that for all x9 € U and for each t > 0 there exist s > 0 such that for 
all zp € U, 

pi(z — £0,8) < p2(f(x) — f(zo), 2), 

E(x _ £0, 8) = £o(f (2) = f (zo), +), 


m (a — £9,8) > n2(f(x) — f(x), t). 
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Firstly, from the calculation of example and 


ce | (x — x9)(x + xo) (a? + 22 + x? 22) | 2 | x — 2 


t | (1+ 2?)(1 + 29) | = s 
t| (1+ 2?)(1 + 22) | “6 
| (w+ xo)(a? + 2 + 202) | ~ t 
Then it holds that 
t | (1 +.2?)(1 + 22) | c 
i Soe 
nfecv {) (x + 20)(a? +42 + 002) [J 0° 


Thus, 3 = (0). Since k,t > 0 then it holds that s = 0. This gives a contradiction with the fact 


that s > 0. So f is not strongly continuous. 


3.1. Application 


Definition 3.8. A mapping T : (U,Nu,*,°) > (V,Nv,*,°) is said to be neutrosophic Lips- 


chitzian on U if 4 c > 0 such that 


pv(T (x) —T(y),t) > pule —y, ©); 


Cc 


&y(T (x) —T(y),t) < &u(w—9, ©); 


nv (T(x) — T(y),t) < nul — y, *), 


Vt >0, Vz, y € U. Ifc <1, we say that 7 is a neutrosophic contraction. 


Remark 3.9. If 7 is a neutrosophic Lipschitzian mapping, then 7 is a neutrosophic contin- 


uous. 


Definition 3.10. A neutrosophic Banach space is a complete neutrosophic normed linear 


space. 


Theorem 3.11. Let (U,Nu,*,°) be a neutrosophic Banach space and T : (U,Nu,*,°) > 


(U, Nu, *,°) be a neutrosophic contraction, then T has a unique fixed point. 


Proof. Let x be arbitary point in U, then {7"(zx)} is a Cauchy sequence. In fact, for t > 0 
and m € N — {0}, we get 


ATM) — Ta), 8) > (TM Ma) — THe), 5) >. > (Te) — 2,5), 
E(TPH (ae) — T"(0),t) S$ (TPH) — TH), =) Sn SET) — 2, 5), 
nT P(x) = T(x) t) (TM ae) = Tee), 2) SS (T(@) = 2, 5). 
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t 
As0<c< 1, we have that lim,_.., = =O. So 
Cc 


jim, o(T™ (2) — &, a) = 1, 
lim €(T(z) — ©, 5) =0, 
Jim n(T"(2) — 2, ) =0 
Thus, 
jim (T(x) — T*(a), t) = 1, 
lim E(T™*"(2) — T"(a),1) = 0, 
im (T(x) — T(2),t) = 0 


Since U is complete, we have that {7"(x)} is a convergent sequence. So there exists u € U 


such that limy+o 7”(x) = u. We find that 


u= lim T(x) = lim T(T"(2)) = T(u). 


noo n—-oco 


Now, we exhibit the uniqueness. Assume that du,v € U with uA v and u=T(u), v=T(v). 
As u # v, ds > 0 such that 


p(u—v,s)=a<1, 
E(u—v,s)=b>0, 
n(u—v,s)=c>0, 


then, for all n € N* we obtain 


a= p(v—w,8) = p(T"(v) —T"(w), 8) 2 pv — 4, |) > 1, 
b= E(v—u,8) = (Tv) —T"(u), 8) S E(v — uF) > 0, 
c=n(vu—u,s)=7(T"(v) —T"(u), 8) < n(v—-4, =) = 0, 


thus, a = 1,6 = 0,c = 0, which gives contradiction, hence the claims of theorem. 


4. Neutrosophic bounded 


In this section, we introduce the concept of boundedness and isometry of mappings neutro- 
sophic linear operators between neutrosophic normed spaces. Also, we study the relationships 


between bounded and weakly bounded linear operators. 
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Definition 4.1. Let (U,Nyu,*,°) and (V,Ny,*,¢) be two neutrosophic normed spaces. A 
mapping 7 : U — V is called neutrosophic isometry if for each « € U, t > 0 such that for all 
xreD, 


Ev (7 (2),t) = £u(z, ¢), (5) 


Definition 4.2. Let (U,Nu,*,°) and (V,Ny,*,¢) be two neutrosophic normed spaces and 
JT :U—-V bea linear operator. The operator 7 is called neutrosophic bounded if there exist 
a constant k € R — {0} such that for each x € U andt > 0, 


pv (T(x), t) > pu(ka, t), 
Ev(T (2), t) < u(ka,t), (6) 
nv (T(x), t) < nu(ka,t). 

Definition 4.3. Let (U,Ny,*,°) and (V,Nv,*,°) be two neutrosophic normed spaces and 


JT :U—-V bea linear operator. The operator 7 is called weakly neutrosophic bounded if for 
all 0 < r < 1 there exist a constant k € R — {0} such that for each x € U andt > 0, 


pu(kz,t) > 1—r = py(T(z),t) 21-7, 
éu(kz,t) <r = &v(T(z),t) <1, (7) 
nu(kx,t) <r => ny (T(z),t) <r. 
Theorem 4.4. Let (U,Ny,*,°) and (V,Ny,*,°) be two neutrosophic normed spaces. The 


linear operator T : (U,Nu,*,°) > (V,NVv,*,°) be neutrosophic bounded if T is weakly neu- 


trosophic bounded. 


Proof. Suppose that 7 is a neutrosophic bounded operator. Then there exist a constant 
k € R-— {0} such that for each « € U, t > 0, and satisfied (6). Using the fact that 
pu(ka,t), &u(kx,t), nu(kx,t) € [0,1], we obtain that for any 0 < r < 1 there exist a k;, 
depends on & such that 


pu(kx,t) > pu(krx,t) > 1—r, 
pu(k2x,t) < pu(kra,t) <r, 
po(ka,t) < pu (hew,t) <r. 
Since (6) it holds that 
pv (T(z),t) >1—r, 
Ev (T(z), t) <r, 
nv (T(x), t) <r. 
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Thus, T is weakly neutrosophic bounded 


Theorem 4.5. Let (U,Nu,*,°) and (V,Ny,*,°) be two neutrosophic normed spaces. The 


linear operator T : (U,Nu,*,°) > (V,Ny,*,°) is continuous iff it is neutrosophic bounded. 


Proof. The first direction, let T be continuous on (U, Ny, *,), then it is continuous at 0 € U. 
Thus, for all x € U, for each 0 < € < 1 and t > 0, there exists 0 < 6 < 1 and s > 0, such that 
if 
pu(x — 0,8) > (1-46) = pv(T(x) — T(0),t) > 1 —«), 
éu(a — 0, s) <d> Ev (T(z) _ T(0),t) <6, 
nu (x _ 0,8) <d=> nv (T (2) > T (0), t) <€. 
Now, any way there exists 0 < 6 < 1 such that 


pu (kx, t) _ (1 a 6), 


Ey (ka, t) < 6, 
nu (ka, t) <6. 
So 
pu (2, rap = py (x,t) > (1-9), 
Eu (a, rap = fy (ka, t) <6, 
nu (2, s = ny (ka,t) <6. 


t 
By putting s = —— we obtain that 


| | 
pu(x, 8) > (1-4) > pv(T(z),t) > (1-2), 
u(x, 8) <6 => Ev(T(2),t) <«, 
nu (a, 8) <6 = nv(T(a),t) <e. 
Hence 

pv (T(x), t) > pu (ka, t), 
Ev(T (2), t) < &u(ka,t), 
nv (T(x), t) < nu (ka, t). 


Therefore, 7 is neutrosophic bounded. 


For the other direction, suppose that 7 is neutrosophic bounded, then there exist a constant 
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k € R— {0} such that for each x € U, t > 0, and satisfied (6). We have 


pv(T(2),t) > pu (ka, t) = pu (a, rap = pu(2,8), 
&v(T(e),t) < (ka, t) = Ev (2, aL = fy (x, 8), (8) 
nv(T(a),t) < nuke, t) = nua, aL = nu (es) 
Let t € U,0<e <1, > 0, put 6=eand s= 7 >0. Suppose that 
we—a)) > W—9), 
£u(x — x0) < 4, 
nu (a — 29) <6 


Since it holds that 


Thus, 7 is continuous. 


5. Conclusions 


In this paper, we have extended the definitions of continuous and bounded operators in 
neutrosophic normed spaces. Also, we have introduced a type of continuous and bounded 
operators in neutrosophic normed spaces. Moreover, we have studied some interesting rela- 
tionships. These are illustrated by examples that are appropriate. 

Funding: This research received no external funding. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 


[1] Abdel-Basset, M., Mohamed, R., Zaied, A. E. N. H., & Smarandache, F. (2019). A hybrid plithogenic 
decision-making approach with quality function deployment for selecting supply chain sustainability met- 
rics. Symmetry, 11(7), 903. 

[2] Abdel-Basset, M., Atef, A., & Smarandache, F. (2019). A hybrid Neutrosophic multiple criteria group 
decision making approach for project selection. Cognitive Systems Research, 57, 216-227. 

[3] Abdel-Basset, M., Gamal, A., Chakrabortty, R. K., & Ryan, M. (2021). Development of a hybrid multi- 
criteria decision-making approach for sustainability evaluation of bioenergy production technologies: A 
case study. Journal of Cleaner Production, 290, 125805. 

[4] Al-Qubati, A. A., & Zedam, L. (2015). Properties of continuous maps and bounded linear operators in 
fuzzy normed spaces. Journal of Intelligent & Fuzzy Systems, 29(1), 127-133. 

[5] Atanassov, K. ( 1986 ). Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, 87 - 96. 


Saleh Omran and A. Elrawy, Continuous and bounded operators on neutrosophic normed spaces 


Neutrosophic Sets and Systems, Vol. 46, 2021 289 


6] Bag, T., & Samanta, S. K. (2003). Finite dimensional fuzzy normed linear spaces. Journal of Fuzzy Math- 
ematics, 11(3), 687-706. 

7| Bag, T., & Samanta, S. K. (2005). Fuzzy bounded linear operators. Fuzzy sets and Systems, 151(3), 
513-547. 

8] Bag, T., & Samanta, S. K. (2013). Finite dimensional intuitionistic fuzzy normed linear spaces. Ann. Fuzzy 
Math. Inform, 6(2), 45-57. 

9] Bera, T., & Mahapatra, N. K. (2018). Neutrosophic soft normed linear spaces. Neutrosophic Sets and 
Systems. 23, 52-71. 

[10] Cheng, S. C., & Mordeson, J. N. (1992). Fuzzy linear operators and fuzzy normed linear spaces. In First 


International Conference on Fuzzy Theory and Technology Proceedings, Abstracts and Summaries (pp. 
193-197). 
11] Felbin, C. (1992). Finite dimensional fuzzy normed linear space. Fuzzy sets and Systems, 48(2), 239-248. 
12] Issac, P., & Maya, K. (2012). On the Intuitionistic fuzzy normed linear space (R”, A), Inter. J. Fuzzy Math. 
And Systems, 2(2), 95-110. 
13] Katsaras, A. K. (1984). Fuzzy topological vector spaces II. Fuzzy sets and systems, 12(2), 143-154. 
14] Kirici, M., & imek, N. (2020). Neutrosophic normed spaces and statistical convergence. The Journal of 
Analysis, 28(4), 1059-1073. 
15] Muralikrishna, P., & Kumar, D. S. (2019). Neutrosophic approach on normed linear space. Neutrosophic 
Sets and Systems, 30, 255-240. 
16] Smarandache, F. (1998). Neutrosophy, Neutrosophic Probability, Set and logic, Amer.Res. Press, Rehoboth, 
USA, 105, http://fs.gallup.unm.edu/eBOOK- neutrosophics 4.pdf (fourth version). 
17] Smarandache, F. (2005). Neutrosophic set-a generalization of the intuitionistic fuzzy set. International 
journal of pure and applied mathematics, 24(3), 287. 
18] Zadeh, L. A. (1965). Information and control. Fuzzy sets, 8(3), 338-353. 


Received: May 14, 2021. Accepted: October 3, 2021 


Saleh Omran and A. Elrawy, Continuous and bounded operators on neutrosophic normed spaces 


To’) 
M@NSS Neutrosophic Sets and Systems, Vol. 46, 2021 


NM University of New Mexico 


~ o 


A neutrosophic folding on a neutrosophic fundamental group 


M. Abu-Saleem!* 
‘Department of Mathematics, Faculty of Science, Al-Balqa Applied University, Salt 19117, 
Jordan;m_abusaleem@bau.edu.jo 


“Correspondence: m_abusaleem@bau.edu.jo 


Abstract. In this paper, we create a new type of fundamental group called the neutrosophic fundamental 
group. We obtain some kinds of conditional foldings that are confined to the elements of the neutrosophic 
fundamental groups. Also, we deduce the limit foldings of a neutrosophic fundamental group. We present the 
variant and invariant of the neutrosophic fundamental group under the folding of the neutrosophic manifold 
into itself. We show that the neutrosophic fundamental group at the ending limits of neutrosophic foldings on 


the n-dimensional neutrosophic manifold into itself is the neutrosophic identity group. 


Keywords: Manifold; Neutrosophic folding; Neutrosophic fundamental group. 


1. Introduction 


In daily natural life, there are many uncertainties. However, standard mathematical logic is 
inadequate to account for these uncertainties to describe these uncertainties mathematically 
and to employ them in practice. The theory of the fuzzy set has occupied just about all areas 
of mathematics waz introduced by Zadeh (1). The concept of ” intuitionistic fuzzy set” was first 
introduced by Krassimir Atanassov [2]. A neutrosophic controller has been applied to many 
industrial applications, a neutrosophic controller uses scaling functions of physical variables to 
cope with uncertainly in process dynamics or the control environment [3]. Robertson proposed 
the folding of a manifold (4). Many kinds of foldings and retractions were discussed in [5}9}. 
The fundamental group of quotient spaces was studied in [10]. Different groups are very 
significant in algebraic structures since they perform the role of a fundamental in almost all 
algebraic structures theories. Groups are as well important in plentiful other areas such as 
combinatorics, biology, physics, chemistry, etc., in order to study the symmetries and other 
performance among their components. For a continuous map F': (W, w) —> (V, v) and 


F: ™1(W, w) > 71(V, v) is an induced map gained by using fundamental group functor (11). 
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One of the standard problems in the transformation of the fundamental groups has been to 
study the properties of a manifold and to illustrate them whenever possible. 
section Preliminaries 

Some essential concepts related to single-valued neutrosophic sets and the fundamental 


groups are shown in this section. 


Definition 1.1. Let W be a topological space. Then the homotopy classes of loops at a given 
point wo with an operation [a][S] = [a - 8] is called the fundamental group and denoted by 
m(W,wo) [12]. 


Definition 1.2. Given spaces V and W with chosen points vo € V and w. € W, then the 
wedge sum V V W is the quotient of the disjoint union V U Wobtained by identifying vo and 
wo to a single point (13}. 


Definition 1.3. Let W be a space of objects, a neutrosophic set B in W is branded by 
three functions called truth membership function A, (w), indeterminacy membership func- 
tion €3(w), and falsity membership function og (y), for which Ap, €%, oR : W- 
] 70, 1*[ and ~0<Apg(w) + €g(w) + o—(w) < 3+. But in real-life application in scien- 
tific and engineering problems it is hard to utilize neutrosophic set on a value of | ~0, 17[ 
(3} [74] [15). We also note that in for (SVNS) all values are taken as the subsets 
of [0, 1]. We’ll utilize the symbol for convenience’s sake (Ap, €%, 7% ) for the neutro- 
sophic set B = {(w,Ap(w), &g(w), op (w)): weW}, Fa = (Wp, £8, op) and Fp (w) = 
(Ax (w), &% (w), og (w)), for which As (w), €% (Ww), 7% (w) € [0, 1] for allwe W. Fora 


neutrosophic point and simlicity we use (w, F(w)) for (w, Fp (w)). 


2. Main Results 


Intending to our study we will create the following definitions. 


Definition 2.1. A neutrosophic path in a topological space W from (wo, F(wo)) to 
(wi, £(w1)) is a neutrosophic continuous map #7 : [0, 1] —> W in which 7(0, F(0)) = 
(wo, F(wo)) and #(1, F(1)) = (wi, F(wi)). 


Definition 2.2. A space W is called neutrosophic arcwise connected if for any two 
points (wo, F(wo)) and (w,, F(w,)) in W, there exists a neutrosophic path with begin 
(wo, #(wo)) and end (wi, F(w1)). 


Definition 2.3. Two neutrosophic continuous maps #7 , € : V —> W are neutrosophy homo- 
topic written ( 7 = €) if there exists a neutrosophic continuous map ¢: V x [0, 1] > W,, for 
(v, F(v)) €V, 
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9((v, F(v)), (0, F(0))) = 


7 
d((v, F(v)), (1, F))) = €(v, Fv). 


Definition 2.4. A neutrosophic path W is called a neutrosophic loop if #(0, F(0)) = 
A, £1): 


Definition 2.5. Let 7 is a path from (wo, F(wo)) to (wi, F(w1)) and let € is a path from 
(wi, F(w1))to (we, F(w2)), then 
n-&(t, F(t) = n(2t, F(2t)) (0, F(0)) < ¢, F®) < G, FCS) 
kat-), Fet-1)) 4, FD) < , FQ) < (1, FQ) 
Definition 2.6. The neutrosophic fundamental group in neutrosophic space W at the neu- 
trosophic base point b is the set of neutrosophic homotopy classes of neutrosophic loops with 


the product operation [ %][] = [ 7-€] and denoted as 7(W, b). 


Definition 2.7. The neutrosophic group G is a group with neutrosophic elements, i.e. the 


neutrosophic elements & can be represented as g=(g, Y(g)). 


Definition 2.8. Let N, and N2 be two neutrosophic manifolds of dimension n; and ng 
respectively. A neutrosophic map % : N, — No is called a neutrosophic topological folding iff 
Joo: (0, 1] —» No is an induced piecewise neutrosophic geodesic that does not preserve length 
as 6, whenever 6: (0, 1] —» Nj is a piecewise geodesic neutrosophic path . For simplicity, we 


denote the neutrosophic topological folding by neutrosophic folding. 


Example 2.9. Let 6G” be a neutrosophic sphere of dimension n. Then, 7(6!, a) 2, 
7(6", &) =0 (neutrosophic identity group) for n > 2. Also, 7 (R™, &)=0 for n>1. 


Lemma 2.10. Two types of neutrosophic foldings 3;:6} — G3, (j= 1, 2) without singulari- 
ties induce neutrosophic foldings 


§:'1(6}) > 7 


(Gs) such that 3; (7 cH )) =7 (3; G )) 
Proof. Let S4 6} > 6} be a neutrosophic folding such that 94 (oF (e’*)) = 
(re, F(re)), r > 0, 
Si:n(6! ) —» (634) such that 3, la, F(a)] = [ra, F(ra)], where a = e'?™7™), m © Z, and 
so oe ("SI )) ed (1 G )). Also, let 

$2 :6} — G6} be a neutrosophic folding such that 

Se (e?, F(e)) = (re'?, F (re’”)), 0, p € [0, 27) 0 < 0 < 2n, O— ye [0, 27), then we get an 
induced neutrosophic folding So:m (G6!) — 7(G3) such that 3 ([a, F(a)]) = [8, £(8)], where 
a = e279) 3 = imme) m € Z, and so GG )) =7 (2 G ). 


6 € [0, 27) then we obtain an induced neutrosophic folding 
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Now we use some interesting transformations on a neutrosophic manifold to describe the 
structure of a neutrosophic fundamental group. However, in the following theorem, we will 
describe many types of neutrosophic foldings on the neutrosophic sphere of dimension 1 and 


neutrosophic torus. 


Theorem 2.11. There are different types of neutrosophic foldings S : 6} > 6} which 
induced neutrosophic foldings S:7(6!) — "“r(G}) such that S(n(6! )) is either isomorphic 


to 0, Z or G, where G={(n, 0, 0, 0):neEZ}. 


If S: 6} > 6} is a neutrosophic folding by a cut as in Fig. (Ia), then clearly 
S (( 6})) =F (B(Gt)) =0 
Giy Tt 6} > 6} is a neutrosophic folding without singularity of on G6}, then $(S!) is a 
ne 


™(6})) = 


neutrosophic manifold which is homeomorphic to 6! as in Fig. A b) , and so 5; ( 


#(o(61)) x2 


Neutrosophic folding 
with singularity 


‘ a Pa ¢ 
\ ~ Se or rs ra 
‘S bx. #5 ee 
~ ~-<..=-= - af 
eg al -* 
———-~ 
ge om 
. 5 of ~~, % 
Neutrosophic folding Off SN 
A - i “fy ‘ \ 
without singularity sy Hh | (b) 
fal Yi! 
' 1 
tt 4 iyi 
'\ 4 Pre 
‘ ‘ ‘ a ie 
‘\.% a 
x ‘SN gy tt 
Sy Sew oo” #4 
~ —— o’ 
. ee a 


FIGURE 1 


(iii) If S: 6} = 6} is a neutrosophic folding such that S(geometry) = geometry and 
neutrosophic folding by a cut to all other neutrosophy as in Fig. (2) Then there is an induced 
neutrosophic folding S : #,(6!) — 7(G3) for which S; (*(St)) = m (3 (S})) wx G, 
where G = {(n, 0, 0, 0):n€Z}. 
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Neutrosophic folding on the 
neutrosophic manifold without 
folding the original one 


FIGURE 2 


Theorem 2.12. There are different types of neutrosophic foldings S : TF > Ts which 
induce neutrosophic foldings St, (Tt) 57, (T3) such that 3; (#.()) = Gi x Go where 
G, and Gy are either 0, Z or {(n, 0, 0, 0):n€ Z }. 


Proof. The proof of this theorem is similar to the proof of theorem 


Theorem 2.13. Let M be the neutrosophic annulus and let E? denote the closed neutrosophic 
unit ball in R?. Then there is a sequence of neutrosophic foldings Sm :M —> E’m — 
1,2,..,k for which T( lim (9, (M ))) = 0. 

k->0o 
Proof. We can define a sequence of neutrosophic foldings as follows: 


S1:Mi— Mo, Mi CM, CE 
Yo: M2— Msg, Myo M3 CE 


Sy:Mp1 C My Mp1 CM, CE? 


and so lim (9,(M _))=0 as in Fig.) Hence, ‘(lim (S,,(M ))) = "t(£?), thus 
oo — 00 
m( lim (3, (M ))) = 6. 


Lemma 2.14. The neutrosophic fundamental group of the limit neutrosophic foldings of a 


neutrosophic manifold which is homeomorphic to 6",n > 2 is the neutrosophic identity group. 


Proof. The proof follows explicitly from the concept of a neutrosophic folding. 


Theorem 2.15. Let Dy, be the disjoint union of neutrosophic n discs on the neutrosophic 


sphere 62. Then there is a sequence of neutrosophic foldings 
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First folding on the 
original one without 
folding the three 
neotrosophics 


* a / . 
SON Ose Second folding on 
~ 4 ¢ es 
ence ie the original one 
“Seman without folding the 


three neotrosophics 


Limit folding on the 
Original one without 
folding the three 
neotrosophics 


FIGURE 3 


Sin! | Bn) + (6? = Dn) :m=1,2,...4 in which 
m( din $.(G? — Dy)) = 0. 


Proof. Let Dy be the disjoint union of neutrosophic n discs on the neutrosophic sphere 62. 


Then, we can define a sequence of neutrosophic foldings as: 
1: (6-D,) + (6?-B,) c @ 
Ya: (6-f + (6-5B,) c & 


oy (B-D,), + (BD) c &, 


for which jim Sq G 2D ea G6? as in Fig.(4 for n = 2. Hence, 
—0o =. 
“T( lim Sx G = Dn) ) = %( G2). Therefore, (3 . (6 - D Dn) )=0. 
k-oo k—-1 k-1 


Theorem 2.16. There is a kind of a neutrosophic folding on G2 for which Tr ( lim 3.(G6?)) 


is either a free neutrosophic group of rank n or a neutrosophic identity group. 
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Second 
neutrosophic 
folding 


FIGURE 4 


Proof. Consider the following chain of neutrosophic folding on 62 
S41: 6 > 6?, radius (6?) < radius (6; ie 
S% * oH > 63, radius (G?) < radius (65 i 


x2 x ae ox ped 
Se: Gp_1 3 62, radius (G?_,) < radius(6;, ), 
then we have two cases: 


Case (1) If jim 3, (62) = 6” — Dy, for some n as in Fig. (5) for n = 2 then 
00 


7 (lim $y (62)) =7 (lim (3;,(6" —Dn))). Since Vv G; is a neutrosophic deformation re- 
k—- 00 esas j=l 


tract of G2 — Dy, it follows that 71 (S2 — Dn) is a free neutrosophic group of rank n. Thus, 


7 ( lim 3(G?)) is a free neutrosophic group of rank n. 
m-+ co 


Case(2) If 7 ( lim 3.( G?)) is a neutrosophic sphere of radius oo, then 7 ( lim S1.(6?) = 0. 
00 00 


Hence, the proof is complete. 


Remark 2.17. Let M and M , be two neutrosophic manifolds of the same dimension 

and let $:M — M be any neutrosophic folding of M into M ;. Then, 7 ( lim Si (M 
—0o 

h-1)) and 7(3(M_)) needed not to be equal. 
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First neutrosophic 
folding of type (2) 


Second neutrosophic 
folding of type (2) 


Limit neutrosophic 
folding of type (2) 


— —_ > 


FIGURE 5 


Proof. We will show this result by considering the following counter-example, Let M =G!, 
Li 


then we have a chain of neutrosophic folding as in Fig.(6), we have lim Sx( Gl.) a 
— 00 
(neutrosophic line), and so 7m ( lim Sx( 6,1) ) =7(L )=0 but 
00 


J (M p-1)) # 


ne 


™(3(G!)) = 7(G!) = Z. Hence, ‘7( 


ne 


m(S(M )). 


lim 
k-> 00 


Theorem 2.18. The neutrosophic fundamental group at end limits of neutrosophic foldings 


n 


of an n-dimensional neutrosophic manifold M " into itself is the neutrosophic identity group. 


Proof. Let &; be a neutrosophic folding of an n-dimensional neutrosophic manifold M ". 


Then we, get the following chains, 


gl gl lim Sy 
yon MI yn 2 47 yn kook 4 n-l 
M —- M, —- Ms, Ss Mee M 
4 2 
G2 G2 24 lim Sk 
_ an _ 2 — —] k> _ 
Me —& Mt Sa MPT a eM = ao? 
con lim Gt 
41 ane a cae pe y ko, 4 0 
M — M, — My, My 4 M 


As aresult, of the last sequence, the ending limits of neutrosophic foldings is a zero-dimensional 


M.Abu-SAleem, A neutrosophic folding on a neutrosophic fundamental group 


Neutrosophic Sets and Systems, Vol. 46, 2021 p98 


First neutrosophic 
folding 


 — 


Second neutrosophic 
folding 


Limit neutrosophic 
folding 


os os — 


FIGURE 6 


neutrosophic manifold, it is a neutrosophic point and the neutrosophic the fundamental group 


of a neutrosophic point is the neutrosophic identity group. 


3. conclusions 


As a result, the neutrosophic fundamental group and foldings map impact on a neutrosophic 
fundamental group is introduced. We use the transformation to describe the elements of 
a neutrosophic fundamental group. Under the folding map, many kinds of the isomorphic 


neutrosophic group are obtained. 
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Abstract. Hypersoft set, an extension of soft set, deals with disjoint attribute-valued sets corresponding to 
distinct attributes. In this study, the innovation of complex fuzzy hypersoft set (CFH-set) is conferred, which 
can tackle with uncertainties and vagueness that lie in the data by taking into account the amplitude and phase 
terms of the complex numbers at the same time. This model establishes a gluing framework of the fuzzy set and 
hypersoft set characterized in the complex plane. This structure is more flexible and useful as it consents a broad 
range of values for membership function by expanding them to the unit circle in a complex plane through the 
characterization of the fuzzy hypersoft set to consider the periodic nature of the information and the attributes 
can further be classified into attribute-values sets for vivid understanding. With the characterization of its 
some fundamental properties and operations, aggregations of complex fuzzy hypersoft set: matrix, cardinal 
set, cardinal matrix of cardinal set, aggregation operator/set and matrix of aggregation set, are conceptualized 
along with application in decision-making. Moreover, complex interval-valued fuzzy hypersoft set is developed 
and some of its fundamentals i.e. subset, equal sets, null set, absolute set etc. and theoretic operations i.e. 


compliment, union, intersection etc. are investigated. 


Keywords: Complex fuzzy sets (CF-Sets), soft set, hypersoft set and complex fuzzy hypersoft set. 


1. Introduction 


The concept of complex fuzzy set theory (CFS-Theory) is an extension of fuzzy set 
theory (FS-Theory) 2, which uses complex-valued state for the membership of its elements. 
FS-Theory and CFS-Theory have some kind of complexities which restrain them to solve 


problem involving uncertainty professionally. The reason for these hurdles is, possibly, the 
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inadequacy of the parametrization tool. It demands a mathematical tool free of all such 
impediments to tackle such issues. This scantiness is resolved with the development of soft 
set theory (SS-Theory) which is a new parameterized family of subsets of the universe 
of discourse. The researchers (3)- studied and investigated some elementary properties, 
operations, laws and hybrids of SS-Theory with applications in decision making. The gluing 
concept of NS-Theory and SS-Theory, is studied in to make the NS-Theory adequate with 
parameterized tool. In many real life situations, distinct attributes are further partitioned 
in disjoint attribute-valued sets but existing SS-Theory is insufficient for dealing with such 
kind of attribute-valued sets. Hypersoft set theory (HS-Theory) is developed to make 
the SST in line with attribute-valued sets to tackle real life scenarios. HS-Theory is an ex- 
tension of SS-Theory as it transforms the single argument function into a multi-argument 
function. Certain elementary properties, aggregation operations, laws, relations and functions 
of HS-Theory, are investigated by (20)- for proper understanding and further utilization in 
different fields. The applications of HS-Theory in decision making is studied by (23}- and 
the intermingling study of HS-Theory with complex sets, convex and concave sets is studied 
by (281/29). Deli characterized hybrid set structures under uncertainly parameterized hy- 
persoft sets with theory and applications. Gayen et al. analyzed some essential aspects of 
plithogenic hypersoft algebraic structures. They also investigated the notions and basic prop- 
erties of plithogenic hypersoft subgroups ie plithogenic fuzzy hypersoft subgroup, plithogenic 
intuitionistic fuzzy hypersoft subgroup, plithogenic neutrosophic hypersoft subgroup. Saeed 
et al. discussed decision making techniques for neutrosophic hypersoft mapping and 
complex multi-fuzzy hypersoft set. Rahman et al. studied decision making applica- 
tions based on neutrosophic parameterized hypersoft Set, fuzzy parameterized hypersoft set 
and rough hypersoft set. Ihsan et al. investigated hypersoft expert set with application in 


decision making for the best selection of product. 


1.1. Motivation 


In order to address the limitation of fuzzy soft set for dealing with periodic nature of 
data, Thirunavukarasu et al. developed the theory of complex fuzzy soft set and dis- 
cussed its some fundamentals along with applications. Kumar et al. extended the work 
of Thirunavukarasu et al. to complex intuitionistic fuzzy soft sets and calculated its distance 
measures and entropies. Selvachandran et al. investigated interval-valued complex fuzzy 
soft set with application. Abd et al. discussed the fundamentals, properties and appli- 
cation of complex generalised fuzzy soft sets. These existing models employed single set of 
attributes for dealing uncertainties under fuzzy set-like environments but there are many sit- 


uations when each attribute is required to be further partitioned into its attribute-valued set. 
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These existing structures has limitation regarding the consideration of such attribute-valued 
sets. Inspiring from the above literature, the decision system of complex fuzzy hypersoft set is 
developed with the help of the characterization of its aggregation operations and fundamental 
theory of interval-valued complex fuzzy hypersoft set is investigated. The proposed structure 
complex fuzzy hypersoft set (CFH-set) and interval-valued complex hypersoft set (IV-CFHS) 
are more flexible and useful as they 
(i) generalize the existing structures of complex fuzzy soft set. 
(ii) permit a broad range of values for membership function by expanding them to the unit 
circle in a complex plane. 
(iii) consider the periodic nature of the information through the phase-terms. 
(iv) classify distinct attributes into corresponding attribute-values sets for vivid under- 


standing. 


1.2. Organization of Paper 


The rest of the paper is organized as: section 2 reviews the notions of fuzzy set, soft set, 
complex fuzzy set and relevant definitions used in the proposed work. Section 3, presents 
the decision system of complex fuzzy hypersoft set based on its some decisive aggregation 
operations along with application in decision-making. Section 4, investigates the fundamental 
theory of interval-valued complex fuzzy hypersoft set. Lastly, paper is summarized with future 


directions. 


2. Preliminaries 


Here some existing fundamental concepts regarding fuzzy set, fuzzy soft set and fuzzy hy- 
persoft set are presented along with their structures with complex fuzzy set from literature. 
Throughout the paper, U, P(U), F(U), C(U) and C;(U) will present universe of discourse, 
power set of U, collection of fuzzy sets, collection of complex fuzzy sets on soft sets and 


collection of complex fuzzy sets on hypersoft sets respectively. 


Definition 2.1. 
Suppose a universal set U and a fuzzy set X C U. The set X will be written as X = 
{(x,ax(x))|x € U} such that 
ax :U > (0,1) 

where ax(x) describes the membership percentage of x € X. 
Definition 2.2. 
A complex fuzzy set Cy is of the form 

Cy = {(€, uc, (€)) :¢ € US} = {(erc, (er) 1€€ vu} : 
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where jc;(€) is a membership function of Cy with rc,(e) € [0,1] and we,(€) € (0,27] as 
amplitude and phase terms respectively and i = /—1. 


Buckley |3] and Zhang et al. |4) presented fuzzy complex number in different way. However, 
according to (5)- (6, both amplitude and phase terms are captured by fuzzy sets. 


Definition 2.3. 
A soft set G over U, is defined as 


S = {(«, fe(e)) :€ € Ei} 
where fe : E,; > P(U). and E; C E (set of parameters). 


Definition 2.4. (9| 
A fuzzy soft set (FS-set) Ig, on U, is defined as 


Ve, = {(6 1a (6) + € € Fi, 7m, (©) € F(U)} 


where yp, : EL; > F(U) such that yz, (€) = 0 if e ¢ Fy, and for all e € Ey, 


“1m, (€) = {typ, (0)/v 2 v EU, typ, (a (v) € [0,1]} 


is a fuzzy set over U. Also yg, is the approximate function of gz, and the value y,4(z) is a 


fuzzy set called e-element of FS-set. Note that if yz, (€) =, then (€, yz, (€)) ¢ Tz,. 


Definition 2.5. 
A complex fuzzy soft set (CFS-set) yz, over U, is defined as 


XE = {(6, Ya, (€)) : € € Ei, Ym, (€) € C(U)}. 


where wp, : Ey — C(U) such that pz, (6) =9 if ¢ ¢ E; and it is complex fuzzy approximate 
function of CFS-set yz, and its value wz, (€) is called e-member of CFS-set x2, for all ¢ € E). 
Operations of CF-sets and CFS-sets were defined in |1] and respectively. 


Definition 2.6. 

The pair (H,G) is called a hypersoft set over U, where G is the cartesian product of n dis- 
joint sets Hy, Ho, H3,....., Hp, having attribute values of n distinct attributes hy, ho, hs,....., hn 
respectively and H : G— P(U). 


Definition 2.7. 


A hypersoft set over a fuzzy universe of discourse is called fuzzy hypersoft set. 


For more definitions and operations of hypersoft set, see [20]- 
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2.1. Complex Fuzzy Hypersoft Set 


The following subsections and [2.2] are reviewed from (28}. 


Definition 2.8. Let Aj, Ao, A3,....., A, are disjoint sets having attribute values of n distinct 
attributes a1, a2, 3, .....,@n respectively for n > 1,G = A, x Ag x A3 x ..... x A, and (xz) bea 
CF-set over U for all € = (dj, do, ds,.....,dn) € G. Then, complex fuzzy hypersoft set (CFH-set) 


xq over U is defined as 


where 
~:G>C(U), v(e) =Hif e¢G. 


is a CF-approximate function of xq and its value w(e) is called «member of CFH-set Ve € G. 


Example 2.9. Suppose a Department Promotion Committee (DPC) wants to ob- 
serve(evaluate) the characteristics of some teachers by some defined indicators for depart- 
mental promotion. For this purpose, consider a set of teachers as a universe of dis- 
course U = {tj,t2,t3,t4}. The attributes of the teachers under consideration are the set 
E = {A1, Ao, A3}, where 

A, = Total experience in years = {3, < 10} = {e11, e12} 

Az = Total no. of publications= {10, 10 <} = {e21, e22} 

A3 = Performance Evaluation Report (PER) remarks = {eligible, not eligible} = {e31, e32} 


and 


“—— 


€11, €21, €31), (€11, €21, €32), (€11, €22, €31), 
G = Aj x Ag x Az = ¢ (11, €22, €32), (€12, €21, €31), (E12, €21,€32), 7 = {€1; €2; €3, +++ Cat 


(€12, €22, €31), (€12, €22, €32) 
Complex fuzzy set We(e1), Ve (e2), ----, We(eg) are defined as, 


0. Ae?9- 5a 0. 8e20. 67 0. 8e20. 80 = aa 750 
va(e1) = { tt ’ to ’ ts i. 
0.6e 10.77 0. 0e0- On 0. 70. On 0. 957 
wa(e2) = { t ’ fe t3 \. 
0. 520. -67 0. 820. 97 0. 6e20- 97 0. se 957 
wa(es) = { t ’ ty ’ t3 p 
0. 3,20. 10 0. 700. On 0. 5e20. On a re 657 
Valea) = { t ’ ie t3 \. 
0. 2¢20. OT 0. 3¢10. 8 0. 8e20- 11 BL te 657 
va(es) = { t ’ ie t3 fs 
0. 5e20. 97 0. 3¢20. 97 0. 70. 8 o sen 957 
va(es) = { t ’ far t3 ' 
OGeer Oe" Does" ie en 
va(e7) = { t ’ ty ) ts ) ta } ) 
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and 


Peles) = { 


then CFH-set yg@ is written by, 


0).8¢20-97 0).8¢20-87 0.6e20-87 0.65e20-85" 
ty > tg 7 tg ? ty 


(e 0. ce 5a oO: 8e0- 6m 0. 8e20- 80 = oe 750 ) (es 0. be TW 0. 9e?9- on 0. 7e20. on 0. Tie 957 ) 
1; to ’ 43 » (G2, ’ ta ’ t3 ’ 
(e3 0. se ao 0: geid- on 0. 6e0- a i: sae 957 ) (e4 0. so TW 0. 7et0. on 0. 5et0- ie 2 150 657 ) 
- ’ to ’ te: ’ ’ ’ to ’ t: ’ 
XG = 0. 20 er o: 3ei0- 8a 0. geid- a 2 sso 657 0. se on 0: 3ei0- on 0. reid. bee 2 ssc 957 
(e5, ta ’ t3 VAG; to ’ t3 ), 
0. sel Se 0. eid 6a 0. 5e20- a 0. sch 750 ) ( 0. seh = 0. Beid- 8a 0. 6e20- ae 0. asc 857 ) 
(ez, ) tf? ts? »(€8, ’ tf? ts? 


Definition 2.10. Let yg, = (v1, G1) and yg, = (w2, G2) be two CFH-sets over the same U. 
The set xg, = (#1, G1) is said to be the subset of xg, = (w2, Ga), if 
i. Gy C Go 


ii, Va € Gi, ¢i(a) © Yro(w) ie. ra,() < re,(#) and wa, (x) < wa,(x), where re, (x) 
and wg, (xz) are amplitude and phase terms of 71(x), whereas rg,(x) and we,(x) are 


amplitude and phase terms of 72(x). 


Definition 2.11. Two CFH-sets yg, = (W1,G1) and ya, = (v2,G2) over the same U, are 
said to be equal if 

i. (¢1,G1) C (He, Go) 

ii. (2, Ga) © (i, G1). 


Definition 2.12. Let (w,G) be a CFH-set over U.Then 
i. (w,G) is called a null CFH-set, denoted by (v,G)o if for all x € G, the amplitude 


and phase terms of the membership function are given by rg(x) = 0 and we(x) = Or 
respectively. 

ii. (W,G) is called a absolute CF'H-set, denoted by (W,G)a if for all  € G, the amplitude 
and phase terms of the membership function are given by rg(x) = 1 and we(x) = 27 


respectively. 


Definition 2.13. Let (W1,G1) and (W2, G2) are two CFH-sets over the same universe U.Then 


i. A CFH-set (¢1,G1) is called a homogeneous CFH-set, denoted by (v1,G1)Hom if and 
only if ~(z) is a homogeneous CF-set for all x € G4. 


ii. A CFH-set (W1,Gi) is called a completely homogeneous CFH-set, denoted by 
(v1, Gi)cHom if and only if ~(z) is a homogeneous with 71(y) for all x,y € G4. 


iii. A CFH-set (w1,G1) is said to be a completely homogeneous CFH-set with (wW2, G2) if 
and only if w(x) is a homogeneous with we(x) for all x € GN Go. 
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2.2. Set Theoretic Operations and Laws on CFH-Sets 


Here some basic set theoretic operations (i.e.complement, union and intersection) and laws 


(commutative laws, associative laws etc.) are discussed on CFH-sets. 
Definition 2.14. The complement of CFH-set (w,G), denoted by (~,G)° is defined as 


(b, G)° = {(2, ¥"(@)) :2€ G,v(x) € C(U)} 


such that the amplitude and phase terms of the membership function ~°(x) are given by 


re(£) =1—rg(«) and we(x) = 27 — we(x) respectively. 
Proposition 2.15. Let (wW,G) be a CFH-set over U. Then ((w,G)°)° = (wv, G). 


Proof. Since w(x) € C(U), therefore (~,G) can be written in terms of its amplitude and phase 


terms as 
(U,G) = {(a,rewe*o®) :2 ec} (1) 


Now 


(a) = {(a,re(we“@) 2 eG} 
Ua) = {(a,(1-rala)e¥e@) sz e Gh 
((¥,G)°)° = { (2, (1 -ra(a))*e"n ve) we GI 
(WG) = { (2 A - A rela) ern we) : pe G} 


(WG) = { (2 ra(aeo®) : 2 e G} (2) 
from equations and (2), we have ((w, G)°)° = (wv, G). 


Proposition 2.16. Let (wW,G) be a CFH-set over U.Then 


i. ((~, G)o)° = (¥, Ga 
ii. ((¥, G)a)® = (¥, Qo 


Definition 2.17. The intersection of two CFH-sets (W1,G1) and (W2,G2) over the same 
universe U, denoted by (v1, G1) M (we, G2), is the CFH-set (a3, G3), where G3 = G17 Go, and 
3(x) = W1(x) N v(x) for all x € G3. 


Definition 2.18. The difference between two CFH-sets (~1,G 1) and (wW2, G2) is defined as 


(¢1,G1) 4 (w2, Go) a (v1, G1) a (y2, Ga)° 
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Definition 2.19. The union of two CFH-sets (W1,G1) and (w2,G2) over the same universe 
U, denoted by (v1, G1) U (W2, G2), is the CFH-set (73,G3), where G3 = G1 U Go, and for all 
LE G3, 


v(x) if xe Gi\Go 
W3(x) = 4 Wo(z) ,»tf Ze Go\Gy 
Wr1(x)Uyo(x) ,ifeEeG NG 


Proposition 2.20. Let (wW,G) be a CFH-set over U.Then the following results hold true: 


i. (YG) U(Y, Go = (Y, G) 
ii, (UY, G)U(Y, G)a = (, G) 
iii. (¥,G)N(Y, G)a = (Y, Ge 
iv. (, G)N(, G)a = (, G) 
v. (¥, Ge UY, Ga = (4, Ga 
vi. (GaN, G)a = (vb, Ge 


Proposition 2.21. Let (W1,Gi), (W2,G2) and (wW3,G3) are three CFH-sets over the same 


universe U. Then the following commutative and associative laws hold true: 


i. (1, G1) 9 (W2, G2) = (W2, G2) N (1, Gi) 

ii. ({1, G1) U (We, Ga) = (2, G2) U (Y1, G1) 

ii. (1, Gi) M ((h2, Ga) N (3, G3)) = (41, G1) N (We, G2)) N (Hs, Gs) 
(#1, G1) U (2, Ga) U (3, Gs) = ((d1, G1) U (W2, Ga)) U (ds, Gs) 


iv. 


Proposition 2.22. Let (w,G1) and (W2,G2) are two CFH-sets over the same universe U. 
Then the following De Morganss laws hold true: 


i. (1, G1) N (We, Go))* = (W1, G1)° U (We, Ga)° 
ii. (1, G1) U (We, Ge))* = (W1, G1)° (We, Ga)° 


3. Aggregation of Complex Fuzzy Hypersoft Set 


In this section, we define an aggregation operator on complex fuzzy hypersoft set that 
produces an aggregate fuzzy set from a complex fuzzy hypersoft set and its cardinal set. The 
approximate functions of a complex fuzzy hypersoft set are fuzzy. Here G, E, xq and Cy(U) 
will be in accordance with definition (2.8). 


{Aj, Ao, aeieais ,An} with 
Aj = {eu, E12, vee. 5 Ein}; Ao = {ea1, E225 seeee Can}, + An = = 46,45 Ends eevee 5 Gan} 
and G = A; xX Ag X..... X An = {£1, £2, ..---) En, Lan = Lr}, each x; is n-tuple element of G 


and |G| =r =n" then the yg can be presented as 
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XG Ly x2 te Ly 

uw Mapa (a1) (U1) Mabe (we) (U1) pis babe (arm) (U1) 
ug Mag (a1) (U2) Mabe (a2) (U2) nes babe (arn) (U2) 
Um | Mabe (a1) Um) Lape (wa) (Um) eae babes (atn) (Um) 


Where /4,,(2) is the membership function of Yq. If aij = Hyg(x;)(ui), for i= NY and 7 = Nj 


then CFH-set xg is uniquely characterized by a matrix, 


is called an m x r CFH-set matrix.. 
Definition 3.2. Let yq@ € Cy(U). Then, the cardinal set of yq is defined as 


IIxall = {Hq (2)/z 2 € G}, 


— velz 
xaya) = Patel 


Note that ||Cz(U)|| is the collection of all cardinal sets of CFH-sets and ||C(U)|| C F(G). 


where jy) : G — [0,1] is a membership function of ||x@|| with ucarai 


Definition 3.3. Let yg € Cx(U) and ||x@|| € ||CH(U)||. Consider E as in definition (4.1) 


then ||q@|| can be presented as 


| G Ly v2 eee Lr 


| Hiixell [lyel| (@1) Hlyql| (@2) a Ml xq) (&r) 


If aij = 1\)xel\(w,;)» for j = Nj then the cardinal set ||y@|| is represented by a matrix, 


layjhixn = [ an a2 *** Qin 


and is called cardinal matrix of ||x@l|- 


Definition 3.4. Let yq@ € Cx(U) and ||x@| € ||CH(U)||. Then CFH-aggregation operator is 
defined as 
XG = Acru (\lxcll. xa) 
where 
Acru : ||\Cu(U)|| x Ca(U) — FU). 
co. is called the aggregate fuzzy set of CFH-set xq. 


Its membership function is given as 


Haw :U — [0,1] 
XG 
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with 


1 
Hae) = |G] 2 UCard(xa) (x) UCard(te) (u) : 


Definition 3.5. Let xq € Cy(U) and “xq be its aggregate fuzzy set. Assume that 
U = {u, ua, .....,Um}, then “yg can be presented as 


XG UMN 
XG 


uw | HaAd(u) 
XG 


u2 | Uw~(ua) 
XG 


Um | HA(Um) 
XG 


If ai) = w~(u;) for i = Nj’ then “vq is represented by the matrix, 
XG 


aml 


which is called aggregate matrix of “yq over U. 


3.1. Applications of Complex Fuzzy Hypersoft Set 


In this section, an algorithm is presented to solve the problems in decision making by having 
under consideration the concept of aggregations defined in previous section. An example is 
demonstrated to explain the proposed algorithm. 

It is necessary to determine an aggregate fuzzy set of CFH-set for choosing the best option 
(parameter) from the given set (set of choices/alternatives). Following algorithm may help in 


making appropriate decision. 


Step 1: Determine a CFH-set yg over U, 

Step 2: Determine || yg || for amplitude term and phase term separately, 
Step 3: Find oe for amplitude term and phase term separately, 

Step 4: Find the best option by max modulus of Hers(u) 


Example 3.6. Suppose a business man wants to buy a share from share market. There are 
four same kind of share which form the set , U = {s1, 52, 83, 54}. The expert committee consider 
a set of attributes , FE = {e1,e2,e3}. For i = 1, 2, 3, 4, the attributes e; stand for current 


trend of company performance, particular companys stock price for last one year, and Home 
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country inflation rate, respectively. Corresponding to each attribute, the sets of attribute 
values are: A, = {€11, €12}; Az = {e21} and A3 = {e31,e32}. Then the set G = A; x Ag x A3 = 
{€1, €2, €3, €4} where each e; is a 3-tuple. Complex fuzzy sets Wa(e1), Wa(e2), We (e3), Valea) are 


defined as, 


r r o) 


0.4¢e20-57 0.8¢20-67 0. 8620-87 1.0¢20-757 
81 82 83 84 


0.3e10-7" 0.6¢e20:87 0.5¢e20.2" 1.0e20-857 
va (e2) = { ’ ’ ’ } ’ 
S| $2 S83 S4 


0.6e29-7" 0.9e20-97 0.7¢20-957 0.75¢e20.95" 
wales) = { } 
S| by) S§3 S4 


and 


0.5¢e20-6" 0.7¢20-8 0.6¢e20-857 0.75¢e20-857 
wae) = { ) ’ ) } ) 
S| S92 83 S4 


Step 1: CFH-set vq is written as, 


e 0.4e20-57 0.8e20-6% 0.8¢e20-87 1.0e20-757 : 0.3e20-77 0.6e20-87 0.5e20-2" 1.0¢e20-857 
_ 1; 31 ’ $2 ) 33. 34 > \ €2, 8] ) 39 ) 33 ) SA ’ 
XG _ 0.6e20-77 0.9e20-9" 0.7¢e20-95% 0.75e20-957 0.5e20-67 0.7e20-8" 0.6e20-857 0.75e20-857 
€3, $1 ’ $2 ’ 33 ’ 84 >| €4, 81 ’ 82 ’ 83 ) 84 


Step 2: The cardinal is computed as, 


| xg || (Amplitude Term) = {0.75/e1, 0.6/€2, 0.74/e3, 0.64/e4} 


ll xg || (Phase Term) = {0.66/e1, 0.64/€2, 0.87/e3, 0.78/€4} 


Step 3: The set “yq* can be determined as, 


0.4 0.3 06 0.5 0.75 0.3110 
0.8 0.6 0.9 0.7 0.6 0.5185 


<—— . 
Apmlitude Term) = 
xa'(Ap ) 08 05 0.7 06 | ee ed 


ALR 
ee 


1.0 1.0 0.75 0.75 0.64 0.5963 
0.5 0.7 O.7 0.6 0.66 0.4638 
Ne 1} 06 O08 O9 0.8 0.64 0.5788 
xq (Phase Term) = — = 
4/ 08 0.2 0.95 0.85 0.87 0.5364 
0.75 0.85 0.95 0.85 0.78 0.6321 | 


KE = {0.31102 438" / 5), 0.518578" / 59, 0.450564" / 55, 0.5963e'- 8821" / 5,1 


Consider the modulus value of Max(u~_) = {0.31098/s1, 0.5185/s2, 0.4504/s3, 0.5963/s4} = 
XG 


0.5963/s4 This means that the 4th share s4 may be recommended for suitable investment. 


Atiqe Ur Rahman, Muhammad Saeed, Arooj Khalid, Muhammad Rayees Ahmad and Sehrish Ayaz, 
Decision-Making Application Based on Aggregations of Complex Fuzzy Hypersoft Set and 
Development of Interval-Valued Complex Fuzzy Hypersoft Set 


Neutrosophic Sets and Systems, Vol. 46, 2021 B11 


4. Interval-Valued Complex Fuzzy Hypersoft Set(IV-CFHS) 


In this section, the basic theory of interval-valued complex fuzzy hypersoft set is developed. 


Definition 4.1. Let Wi, Wo, W3,....., Wn are disjoint sets having attribute values of n distinct 
attributes wy , wo, W3, .....,Wn respectively for n > 1,W = W, x W2 x W3X.... x W,, and U(w) 
be a IV-CFS over U for all w = (b1, ba, bs,.....,6n) € W. Then, interval-valued complex fuzzy 
hypersoft set (IV-CFHS) Qwy = (W,W) over U is defined as 


Qw = {(w, V(w)) :w € W, Vw) € Cry (U)} 


where 
Uv: W > Cr(U), Vw) =Vifwé W. 
> 
is a IV-CF approximate function of Qw and U(w) = (U(w), V(w)). Vw) = Fe!® and 


=> - 
U(w) = Fe!” are lower and upper bounds of the membership function of Qw respectively 


and its value U(w) is called w-member of IV-CFHS Vw € W. 


Example 4.2. Considering example [2.9] with W = {e1, €2, €3,....,eg}, [V-Complex fuzzy sets 
Vw(e1), Vw (ea), teeny Ww (es) are defined as, 


Vw(e1) = 


(0.4, 0.5] e2|0-5,06]x (0.7, 0.8}¢#l0-5.0.6]x (0.6, 0.7] ¢4l9.7,0.8]7 (0.3, Q.4)et-65,0-75)e 
ty to ts : ta 


(0.5, 0.6]e9-60-7l" (9.8, 0.9]e-50-9l" (0.6, 0.7]eH 80-5" (0.65, 0.75] e110 85.0.95l" 
Vw(e2) = t ’ t ’ t ) 
1 2 3 
0:4, O.5]e oe [0.7 0.8)et80lr 0.5, 0.6) 80%" 10.55, 0.65) e!25.0e5l= 
Vw (es) _ fi ’ r ’ t ’ 
1 2 3 
O203/eF 8°" [oe 07ers" [os 0.5; Sl (0:65 0/75) eeele 
Vw (ea) -_ t , , ) 
1 to t3 t4 
0.1,0,2\eP40ol" (0.2,0,3)e9-408lt (0,7, 0.8] et0-8-0-lm (0.35, 0.A5]e!l0-95.0-6ale 
Vw (es) = t ’ ’ ’ 
1 tg t3 t4 
O42 05) [oo oaeh se [o.60 et sl [icra Osa Peter 
Vw (ee) = t ’ , ’ 
1 t2 t3 ta 
(0.5, 0.6]e°-80-9" (9.8, 0.9]e0-50-6l" [9.4, 0.5]eH0-50-6l" (0.75, 0.85] etl0-65.0-75l" 
Uw (er) _ t ry ry ry 
1 tg t3 
and 
(0.7, 0.8]e%-80-9l" (9.7, 0.8]e-70-5l" (0.5, 0.6]e%-70-5I" (0.55, 0.65]e%l9-75,0-85]" 
Vw (es) = ti ’ to ’ t3 ’ 
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then IV-CFHS Qyw is written by, 


0.4,0.5 et 0.5,06]7 [0.7,0.8}e#l0-5.0.6]= [0.6,0.7]e%l9-7,0-8]= [0.3,0.4]el0-65,0.75] 7 


El, tH ’ ta ’ 13 ’ ta ’ 
0.5,0.6 e 0.6,0.7|z 0.8,0.9 e 0.8,0.9]7 0.6,0.7 e 0.8,0.9]a 0.65,0.75 et 0.85,0.95]7 
€2, t ’ t ’ t ’ t ’ 


0.4.0.5 cil0.5,0.6 wT 0.7.0.8 im 0.8,0.9]7 0.5.0.6 a 0.8,0.9]a 0.55.0.65 a 0.85,0.95]|a 
€3, : , : , ; , ; 


ty to t3 ta ) 
0.2,0.3 et 0.6,0.7|]7 0.6,0.7 e 0.8,0.9]7 0.4,0.5 et 0.8,0.9]7 0.65,0.75 et 0.55,0.65]7 
€4, tH ) ta ; 43 ) t4 ) 
0.1,0.2 e 0.4,0.5]a 0.2,0.3 et 0.7,0.8]a 0.7,0.8 et 0.6,0.7]a 0.35,0.45 et 0.55,0.65]a ) 


o] 


d 


€5, , ; ’ 


ty ta t3 ta 
0.4.0.5 e? 0.8,0.9]a 0.2.0.3 e 0.8,0.9]7 0.6.0.7 et 0.7,0.8]a 0.75.0.85 et 0.85,0.95]7 
€6, ; ’ ; ; : ’ : 


ty to t3 t4 
0.5,0.6 et 0.8,0.9]a 0.8,0.9 e? 0.5,0.6]a 0.4,0.5 e? 0.5,0.6]a 0.75,0.85 et 0.65,0.75]a 
€7, ral ’ ta ’ 13 ’ t4 
0.7,0.8 et 0.8,0.9]a 0.7,0.8 e? 0.7,0.8]a 0.5,0.6 et 0.7,0.8]a 0.55,0.65 e 0.75,0.85]a 
Eg, ral ’ ta ) t3 ’ t4 


o] 


o] 


o) 


( 
( 
( 
( 
Qw 
( 
( 
( 


Definition 4.3. Let Qw, = (W1,W1) and Qw, = (V2, W2) be two IV-CFHS over the same U. 
The set Qyw, = (V1, W1) is said to be the subset of Qw, = (V2, Wa), if 


i. Wi C Wo 


i, Ve © Wi, W(x) C Vo(e) implies W(x) C Vo(x), ¥1(a) C Vo(x) ie 
Fw, (a) < Fw (x), Pw, (a) < Pwa(2), Ow, (e) < Ow(z) and Ow, (x) < G wala), 
where 
T w,(x) and @ w,(xz) are amplitude and phase terms of Vi(e ), 
TY w,(x) and @ w,(z) are amplitude and phase terms of v (x), 
w(x) and @ w,(x) are amplitude and phase terms of Vala ), and 
7 w,(x) and 6 w,(x) are amplitude and phase terms of Vo (x). 


Definition 4.4. Two IV-CFHS Ow, = (W1,W1) and Qw, = (W2,W2) over the same U, are 
said to be equal if 

i. (W1,W1) © (We, Wa) 

i. (Wo, We) C (U1, W). 


Definition 4.5. Let (U,W) be a IV-CFHS over U.Then 
i. (W,W) is called a null IV-CFHS, denoted by (V,W)« if for all z € W, the amplitude 
and phase terms of the membership function are given by F w(x) = w(x) = 0 and 
’ 
wis =  w(z) = On respectively. 
ii. (W,W) is called a absolute IV-CFHS, denoted by (W,W)a if for all  € W, the ampli- 
tude and phase terms of the membership function are given by ‘F w(x) = ?w(#) =1 


and 9 wz) = G w(z) = 2n respectively. 


Definition 4.6. Let (Y,,W1) and (W2, W2) are two CFH-sets over the same universe U.Then 


i. A IV-CFHS (1,Wj) is called a homogeneous IV-CFHS, denoted by (W1,W1)Hom if 
and only if U;(x) is a homogeneous CF-set for all x € Wj. 
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ii. A IV-CFHS (W1,W1) is called a completely homogeneous IV-CFHS, denoted by 
(W1,Wi)cHom if and only if V(x) is a homogeneous with Vi(y) for all z,y € W,. 


iii. A IV-CFHS (1, W,) is said to be a completely homogeneous IV-CFHS with (W2, W2) 
if and only if Y;(z) is a homogeneous with V2(x) for all « © W; [| W2. 
4.1. Set Theoretic Operations and Laws on IV-CFHS 


Here some basic set theoretic operations (i.e.complement, union and intersection) and laws 


(commutative laws, associative laws etc.) are discussed on IV-CFHS. 


Definition 4.7. The complement of IV-CFHS (W,W), denoted by (W,W)° is defined as 
(W,W)° = {(z, (U(z))°) : & € W, (W(a))° € Cry (U)} 


such that the amplitude and phase terms of the membership function (W(zx))° are given by 
(F w(a))* =1- Fw(z) 

(Fw(2))* =1- Fw(z) 

and 

(8 w(z))° = 2" - 8 w(e), 

(O w(a))° =25= 6 w(x) respectively. 


Proposition 4.8. Let (V,W) be a IV-CFHS over U. Then ((W,W)°)* = (UW, W). 


Proof. Since V(x) € Cry(U), therefore (V,W) can be written in terms of its amplitude and 


phase terms as 


Now 


((W,G))° = { (2, (1 - Fw@)el@r Fw", (1 - Fy(a)yrelFo@)")) -wew} 


(ww) 


I 
— 
a ™~ 

Is 
a 
— 
j= 

| 

— 
j= 

| 

S 


(ww) = {(2, (Fw, PwaeFe)) -2ew} (4) 
from equations and (4). we have ((W,W)°)° = (UW, W). 


Proposition 4.9. Let (V,W) be a IV-CFHS over U. Then 
i. ((U,W)e)° = (U,W)a 
ii. (UW, W)a)® = (U,W)o 
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Definition 4.10. The intersection of two IV-CFHS (1,W1) and (W2,W2) over the same 
universe U, denoted by (V1, W1) [](V2, W2), is the IV-CFHS (V3, W3), where W3 = Wi [| Wa, 
and for all « € Ws, 


Tw, (xe? mi (x) wif x © Wi\W2 
Gale) =4 Fy, (a)e@ moO if Wa\Wi 
minl Fw, (2), Fa (olen @FwOl if xe Wi TT Wo 
and a 
Tw. (x)e'? W, (2) ,if x © Wi\We 
V3(0) =) Pw, (2)ei@m@ if x € Wo\Wi 
min(Pw, (2), Pw, (alem™™Fn@ Ful if xe Wil] Wo 


Definition 4.11. The difference between two IV-CFHS (1, W 1) and (W2, W2) is defined as 
(U1, Wi) \ (We, We) = (U1, Wi) [] (Ye, We)° 
Definition 4.12. The union of two IV-CFHS (W,,W ) and (V2, W2) over the same universe 


U, denoted by (1, W1) [[(W2, Wo), is the IV-CFHS (W3, W3), where W3 = W, [| W2, and for 
all x € Ws, 


< 
Tw, (x)e’ ° Wa (x) ’ ay x € Wi\W2 
Bs + 
W3(x) = F wo (x)et? W2(2) wif x © Wo\W 
& & 
maz[T w, (2), Wo (aojle mazl 9 w; (2), 9 wa (z)] ) if DE WwW Il W2 
and 3g 
Tw, (ze § mi if x © Wi\We 
= > 
W3(z)= 4 Pw,(z)el 2 @ Jif x © Wo\Wy 
2 


=> => 
maz[? w,(z), Mwa(zletmlem@ wel ifs e Wil] We 
Proposition 4.13. Let (¥,W) be a IV-CFHS over U.Then the following results hold true: 
i. (U,W) TY, W)o = (v, W) 


i, (WW) TY, W)a = (UW) 
iii, (UV,W)[](Y,W)o = (U,W)o 
iv. (VW) TY, W)a = (8, W) 

v. (UY WheT(¥,W)a = (U,W)a 
vi. (U,W)o TTY, W)a = (¥,W)e 


Proposition 4.14. Let (V,,W 1), (V2,W2) and (V3,W3) are three CFH-sets over the same 
universe U. Then the following commutative and associative laws hold true: 
i. (Wi, Wi) [](Y2, We) = (We, Wo) TI (41, M1) 
ii. (U1, W1) [] (G2, We) = (We, We) (1, M1) 
iii. (Wi, Wi) TT (U2, We) T] (Ws, W3)) = (U1, Wi) TY 2, W2)) Te, Wa) 
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iv. (Wi, Wi) LT (2, Wo) L183, W3)) = (81, Wi) LY 2, W2)) LI (Ys, Ws) 


Proposition 4.15. Let (V1,W1) and (W2,W2) are two CFH-sets over the same universe U. 


Then the following De Morganss laws hold true: 


i. ((W1, Wi) T] (We, Wa))° = (G1, Wi)° T] (G2, Wa)° 
ii, (V1, Wi) [] (G2, Wa))° = (G1, Wi)° T] (G2, Wa)? 


Conclusion 


In this work, the complex fuzzy hypersoft sets (CFH-sets) are developed along with some 


fundamentals, theoretic set operations and aggregations. Also a method is proposed to solve 


decision making problems and demonstrated with a commerce-based application. Moreover, 


the rudiments of interval-valued fuzzy hypersoft set (IV-CFHS) are characterized with suitable 


examples. CFH-sets and IV-CFHS generalize the existing structures of complex fuzzy soft set, 


permit a broad range of values for membership function by expanding them to the unit circle in 


a complex plane, consider the periodic nature of the information through the phase-terms and 


classify distinct attributes into corresponding attribute-values sets for vivid understanding. 


Further work may include: 


(i) the extension of proposed work to the development of: 
— complex intuitionistic fuzzy hypersoft set, 
— complex neutrosophic hypersoft set, 
— interval-valued complex intuitionistic fuzzy hypersoft set, 
— interval-valued complex neutrosophic hypersoft set, 
(ii) the application of proposed work in multi-criteria decision-making, 
(iii) the determination of similarity measures and entropies for proposed structures, 
(iv) the parameterization of proposed structures with fuzzy, intuitionistic fuzzy and neu- 
trosophic settings, 
(v) the characterization of proposed structures under multi-decisive environment, 


(vi) the introduction of refinement in the proposed structures for sub-membership grades. 
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Abstract. Numerous researchers have made a few models dependent on soft set, to tackle issues in decision 
making and clinical analysis, yet a large portion of these models manage one expert. This causes an issue with 
the clients, particularly with the individuals who use polls in their work and studies. Accordingly we present 
another model i.e. fuzzy hypersoft expert set which not just addresses this constraint of fuzzy soft-like models 
by accentuating the assessment, all things considered, yet additionally settle the deficiency of soft set for disjoint 
attribute-valued sets comparing to distinct attributes. In this study, the existing concept of fuzzy soft expert 
set is generalized to fuzzy hypersoft expert set which is more flexible and useful. Some fundamental properties 
(i.e. subset, not set and equal set), results (ie. commutative, associative, distributive and D Morgan Laws) 
and set-theoretic operations (i.e. complement, union, intersection AND, and OR) are discussed. An algorithm 


is proposed to solve decision-making problems and is applied to select the best product. 


Keywords: Soft Set; Fuzzy Soft Set; Fuzzy Soft Expert Set; Hypersoft Set; Fuzzy Hypersoft Expert Set. 


1. Introduction 


Zadeh initiated fuzzy set theory as a basic model to tackle uncertainties in the data. 
Molodtsov presented soft set theory that is supposed to be a new parameterized class of 
subsets of the universe of discourse, which addresses the inadequacy of fuzzy set-like struc- 
tures for parameterization tools. It has helped the researcher (experts) to resolve efficiently the 
decision-making problems involving vagueness and uncertainty. The researchers studied 
and broadened the concept of soft set and applied to different fields. The gluing concept of 
soft set with expert system initiated by Alkhazaleh et al. to emphasize the due status of 


the opinions of all experts regarding taking any decision in decision-making system. Al-Quran 
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et al. proposed neutrosophic vague soft expert set theory, Alkhazaleh et al. charac- 
terized fuzzy soft expert set. and its application. Bashir et al. presented possibility 
fuzzy soft expert set and fuzzy parameterized soft expert set. Sahin et al. investigated 
neutrosophic soft expert sets. Alhazaymeh et al. studied mapping on generalized vague 
soft expert set and generalized vague soft expert set. Alhazaymeh et al. explained the 
application of generalized vague soft expert set in decision making. Hassan et al. reviewed 
Q-neutrosophic soft expert set and its application in decision making. Ulucay et al. stud- 
ied generalized neutrosophic soft expert set for multiple-criteria decision-making. Al-Qudah et 
al. explained bipolar fuzzy soft expert set and its application in decision making. Al-Qudah 
et al. investigated complex multi-fuzzy soft expert set and its application. Al-Quran et 
al. presented the com-plex neutrosophic soft expert set and its application in decision 
making. Pramanik et al. studied the topsis for single valued neutrosophic soft expert 
set based multi-attribute decision making problems. Abu Qamar et al. investigated the 
generalized Q-neutrosophic soft ex-pert set for decision under uncertainty. Adam et al. 
characterized the multi Q-fuzzy soft expert set and its application. Ulucay et al. presented 
the time-neutrosophic soft expert sets and its decision making problem. Al-Quran et al. 
studied fuzzy parameterised single valued neutrosophic soft expert set theory and its applica- 
tion in decision making. Hazaymeh et al. researched generalized fuzzy soft expert set. 
There are many real life scenarios when we are to deal with disjoint attribute-valued set for 
distinct attributes. In 2018, Smarandache addressed this inadequacy of soft with the 
development of new structure hypersoft set by replacing single attribute-valued function to 
multi-attribute valued function. In 2020, Saeed et al. extended the concept and dis- 
cussed the fundamentals of hypersoft set such as hypersoft subset, complement, not hypersoft 
set, aggregation operators along with hypersoft set relation, sub relation,complement relation, 
function, matrices and operations on hypersoft matrices. In the same year, Mujahid et al. 
discussed hypersoft points in different fuzzy-like environments. In 2020, Rahman et al. 
defined complex hypersoft set and developed the hybrids of hypersoft set with complex fuzzy 
set, complex intuitionistic fuzzy set and complex neutrosophic set respectively. They also 
discussed their fundamentals i.e. subset, equal sets, null set, absolute set etc. and theoretic 
operations i.e. complement, union, intersection etc. In 2020, Rahman et al. conceptualized 
convexity cum concavity on hypersoft set and presented its pictorial versions with illustrative 
examples. Recently the researchers investigated on the theory of hypersoft set and 
developed certain its hybrids with discussion and applications in decision making. 

Dealing with disjoint attribute-valued sets is of great importance and it is vital for sensible 
decisions in decision-making techniques. Results will be varied and be considered inclined 


and odd on ignoring such kind of sets. Therefore, it is the need of the literature to adequate 
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the exiting literature of soft and expert set for multi-attribute function. Having motivation 
from [10}- [79], new notions of fuzzy hypersoft expert set are developed and an application is 
discussed in decision making through a proposed method. The pattern of rest of the paper 
is: section 2 reviews the notions of soft sets, fuzzy soft set, fuzzy soft expert set, hypersoft 
set and relevant definitions used in the proposed work. Section 3, presents notions of fuzzy 
hypersoft expert set with properties. Section 4, demonstrates an application of this concept 


in a decision-making problem. Section 5, concludes the paper. 


1.1. Motivation 


The novelty of fuzzy hypersoft expert set (FHSE-set) is as: 
e It is the extension of soft set, fuzzy soft set, soft expert set and fuzzy soft expert set, 
e It tackles all the hindrances of soft set, fuzzy soft set, soft expert set and fuzzy soft 
expert set for dealing with further partitions of attributes into attribute-valued sets, 
e It facilitates the decision-makers to have decisions for uncertain scenarios without 


encountering with any inclined situation. 


2. Preliminaries 


In this section, some basic definitions and terms regarding the main study, are presented 


from the literature. 


Definition 2.1. 
Let P(Q) denote power set of Q(universe of discourse) and F' be a collection of parameters 


defining 9. A soft set M is defined by mapping 
UV: F > P(Q) 
Definition 2.2. Suppose Q be a set of universe, while F is a set of parameters. Here I® 


represents the power set of all fuzzy subsets of Q. Let C C F. A pair (R, F) is called a fuzzy 
soft set with R is a mapping given by 


R:C 312 


Definition 2.3. 
The union of two soft sets (V1, A1) and (W2, Az) over 2 is the soft set (W3, A3) ; Ag = A1U Aa, 
and V € € As, 


U1 (€) ;€ € Ay — Ag 
W3(€) = Wo(€) ;€€ Ap— Ay 
W1(€) U Wo(€) ;€€ AN As 
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Definition 2.4. 
The extended intersection of two soft sets (V,, A) and (W2, Ag) with 2 is the soft set (W3, Az) 
while A3 = A; U Ag, ; € € As, 


Wi (€) ;€ € Ay — Ag 
W3(€) = Wo(€) ;€€ Ag— Ay 
Wi (€) U Wa(€) ;€€ ANA 


Definition 2.5. 
Assume that Y be a set of specialists (operators) and O be a set of conclusions, T = F x Y x O 
with S C T where 2 denotes the universe , F' a set of parameters. A pair(®, 5’) is known as a 


soft expert set over Q, where H is a mapping given by 


®: 5 > P(Q) 


Definition 2.6. 

A (®1,S) C (®, P) over Q, if 

Gi) SCP, 

(ii) Va € S,®1(a) C ®o(a). 

While (®2, P) is known as a soft expert superset of (®,,S). 


Definition 2.7. A pair (H,C) is called a fuzzy soft expert set over 92 where F is a 
mapping given by 


H:c3 I 


where I® the set of all fuzzy subsets of 2. 


Definition 2.8. 

Let hy, ho, hz,.....,2m, form > 1, be m distinct attributes, whose corresponding attribute 
values are respectively the sets H), Ho, H3,......Hm, with H; H; =, for i # j, and i,j € 
{1, 2,3, ...,m}. Then the pair (V,G), where G = H; x H2 x H3x..... x Hm and UV: G > P(Q) 
is called a hypersoft Set over 2. 


Definition 2.9. 

Let [y,T2,13,...Pm be disjoint attribute-valued sets for m distinct attributes . A pair (®,T) 
is called fuzzy hypersoft set over 2 with I is the cartesian product of T;,7 = 1, 2,....,m, and 
®:T > P(Q). In general, ®(a) = {(2, ®(a))(x)/x € Q};a ET. Here P(Q) is the collection 


of all fuzzy sets. 
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3. Fuzzy Hypersoft Expert set (FHSE-Set) 


Definition 3.1. Fuzzy Hypersoft Expert set (FHSE-Set) 
A pair(€,S) is known as a fuzzy hypersoft expert set over |], where 


é:S5 


where 


e IU is collection of all fuzzy subsets of [] 

eSCH=GxDxC 

eG=G X Go xX G3 xX .... X Gy where Gj are disjoint attributive-valued sets corresponding 
to distinct attributes g;,7 = 1,2,3,...,p 

e D be a set of specialists (operators) 


e C be a set of conclusions. 


For simplicity, C = {0 = disagree, 1 = agree}. 


Example 3.2. Suppose that a multi-national company aims to proceed the valuation of certain 
specialists about its certain products. Let ][ = {m1,me2,mg3,ma4} be a set of products and 
Gi = {q1, 2} 
Go = {4921, 922} 
G3 = {4931, 932} 
be disjoint attributive sets for distinct attributes g;= simple to utilize, qa= nature, gg= modest. 
Now 
G=G x Go x G3 
M1 = (G11, 921, 931), H2 = (411, G21, 932), M3 = (G11, 922, 931), Ma = (911, 422; 932), 


G= 
M5 = (G12, 921, 931), 6 = (912, 921, 932), 7 = (G12, 922; 931), Ls = (412, 922, 932) 


Now H=GxDxC 
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let 
(141, 8,0), (u1, 8,1), (ui, t, 0), (ua, ¢, 1), (ua, u, 0), (ua, u, 1), 
S= 4 (H2, 5,0), (Ha, 8,1), (M2, t,0), (ua, t, 1), (ue, u, 0), (ue, u, 1) 
(13, 8,0); (M3, 8,1), (ua, t,0), (us, t, 1), (us, u, 0), (u3,u, 1), 
be a subset of H and D = {s,t,u,} be a set of specialists. 


Following survey depicts choices of three specialists: 


£1 = (ui, 8,1) = {Bh BB BE HY, Ea = E(t 1) = {BA BS BE Ba} 
& Sf iit) = {Pei oe gaat = E(la.8,1)= (Feroan oes 
és = €(ua,t,1) = (Th oF oa oat? &o = €(uo,u,1) = {34,03 08 OSS 
& = €(u3, 8,1) = {93> 08 a OBS > & = €(ua,t 1) = {at oe oF OS 
foe (3,1) = {irs oak urine hs fio £75 8,0) Shar gaveas ot 
E11 = E(ur, t, 0) = {h, 2, MB, MAY G12 = €(u1,U,0) = {3d Ot 05) OSs 
£13 = E(p2, 8,0) = {7,22 ma ma G14 = E(u2,t,0) = {54> 03 08 O4s 
f15 = €(u2,U,0) = {ag oF O87 Os f16 = €(u3, 8,0) = {ot oad ar ot 
€17 = €(us,t, 0) = 155) 09 O87 OSS > fg = €(plg;t,0) =4 Gar oe oes any) 
The fuzzy soft expert set can be described as 

(11, 8)1), {03> oF OS) ots) > (Hast, 1), Lod OS Oa OBS) » 

((1, 4,1), {oes oS) oes OSS)» (Cas 8,1), 15d) Od OF OS) 

(u2,t1), {54> O8> O9> O25) > ((H2s% 1), {FS a3 08 Oas)» 

((u3, 9,1), {03> 09> od OSS)» (Hast 1), {oa oe oF 09S)» 
(6S) =) ((u3,u,1), Lar od 8 o2s) > (1,80), Log) Od) Oa OS)» 

((11,t,0), {ats a8 O8 o ) (C41, 4,0), {03> of 08) 085) » 

((H2, 8,0), { Ge) od) 08) OFS) + ((H2,t,0), (74) OF) 08> OAS)» 

((u2,u,0), {53> OF) o> 4 ), (Cus, 8,0), {ot OF) OF o8s) + 

((u3, #0), {35> 58> OS) OSS) » (ua, %0), {Fos OS) Oe OTs)» 


Definition 3.3. Fuzzy Hypersoft Expert subset 


A hypersoft expert set (£1,S) is said to be fuzzy hypersoft expert subset of (2, R) over [], if 
()SCR, 

(ii) Va €S,&(a) € &(a). 

and denoted by (&,S) € (2, R). Similarly (€2, R) is said to be fuzzy hypersoft expert superset 
of (€1,S ). 


Example 3.4. Considering Example [3.2| Suppose 


Ay = { (141, 8, 1), (U3, 8,0), (t1,t, i); (3, t, I); (3, t, 0), (41, u, 0), (fat i) 


Ag = { (141, 5, 1}, (443, 5,0), (113, 5, Lj; (iist, 1), (113, t, Ls (441, t, 0), (103, t, 0), (141, u, 0), (13, U, 1), (141, U, 1) 
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It is clear that A, C Ag.Suppose (£1, A1) and (€ 2, Ag 
(ae s,1), { m4, 3 qi? OL ) ) ((u1,t, 1), 


be defined as following 


mi m2 m3 ma 
3 , 


) 
{53> 03> OS oF 
(1,Ay) ad (Met). 102 08> 06> o8}) (Hs. 1), 106) 03> 0a OTF)» 
(1, 4,0), { $4, GF, BH, BHT) » (Cus, 8,0), (FF, BF, Bs BEY) » 
((us:t,0) {8s 88, Bs BBP) 
((u1,8)1), (B, BF Es HY) » (Coa. ts1), {Bh Bs BP BHD) 
((Hs;9,1), (55, 78, 8 Se} (Cot DA, ee Be) 
(62,0) =9 ((mast 1), {G4 32 OS) SH)» (Cus. 1), (GF, OF Oe OSH)» 
(1, 4,0), {FS BE) Bo OSH) > ((a1, 2,0), {FE OS, BE) OSH) > 
(is, 9,0), {54,54 TE))  ((4a,t,0), {Foes oe Bah) 


0.4 
which implies that (€1,A1) C (2, Ag). 


Definition 3.5. Two fuzzy hypersoft expert sets (€;,A1) and (£2, A2) over [| are said to be 
equal if (€;, A1) is a hypersoft expert subset of (£2, A2) and (£2, Az) is a fuzzy hypersoft expert 
subset of (£1, A1). 


Definition 3.6. Let G be a set as defined in definition [3.1] and D ,aset of experts. The NOT 
set of H = G x D x C denoted by ~ H, is defined by ~ T = {(~ gi, dj, cx) Vi, j,k} where ~ gj 


is not g;. 
Definition 3.7. The complement of a fuzzy hypersoft expert set (€,S), denoted by (€,S)°, is 
defined by (€,S)* = (€°, ~~ S) while €° : ~ S > P([]) is a mapping given by €°(6) = [] —€(~ 8), 


where 6 E~ S. 


Example 3.8. Taking complement of fuzzy hypersoft expert set determined in B.2] we have 


((~ 41, 8,1), {om od a8) O93) ((~ 6), Cr od oe oat)» 
((~ oat, 1)s {05+ 03> Od» OFS)» Cw Ha), {Gas od 06 OSS)» 
((~ 43,01), {06> od 08 o1s) > ((~ Hs.) {os OF O87 OBS) > 
((~ H2,8,1), Lot 08) 08) oF) ((~ Hats 1), Lo OF oF Oss) 
(ES) = ((~ Hau 1), 155) oF Od OSS) > (Cr 115 9,0), {oF OF OE OOS)» 
((~ 41,6.) Lad of ob ots)» ((~ 41%), (oe OS OF OSS) > 
((~ 43, 8,0), {a> oe) o> os) ((~ H35t,0), {oa oF od OTs)» 
((~ (us, 4,0), {G3 oF ob oot) ((~ Ha, 8,0), 155) OF OS OSS) + 
((~ H2,t,0), {03> 08) ot ods >) ((~ H2,%,9), {ad od oF Oss) 


Definition 3.9. An agree-fuzzy hypersoft expert set (€,S)ag over [], is a fuzzy hypersoft 
expert subset of (€,S) and is characterized as 
(€,S)ag = {ag(8) : BE Gx Dx {1}}. 
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Example 3.10. Finding agree-fuzzy hypersoft expert set determined in 3.2] we get 
((41,8,1), (03; oF of ott) ((east 1), {od Oa) Oa OSS)» 


( 

(en 451), (BF 08> OSs OSS) > (C381), (FE, 38 Ob OSH)» 
(( 

(( 


(€,S) = my m2. m3 m4 my m2 m3 M4 
H3,t,1), 154 oe OF? 09 ) (Cus, u, 1), 107) 03708) 02 ); 
Os) (povor arns) Aes aeeot ae oe)) 


be 


Definition 3.11. A disagree- fuzzy hypersoft expert set (€,S)qag over [[, is a fuzzy hypersoft 


expert subset of (€,S) and is characterized as 


(€,S)dag = {Eaag( 8) : B €GxDx {O}}. 


Example 3.12. Getting disagree-fuzzy hypersoft expert set determined in 8.2] 


((u1, 8,0), Tekue att Mg (1, t, 0), cee eoeor roe iF 


41,4, 0), {G3 Ga on? Of) > ((H3, 8,0), {Gt oa oF OS)? 


( 
( 
(u3,t,0),4 93> 09 087 03 Seer ce mg ey 
( 
( 


Proposition 3.13. If (€,S) is a fuzzy hypersoft expert set over ||, then 


(1). ((€,S))° = (€,S) 
(2). (&; S)ag = (g; S) dag 
(3 ). (&, S)iag = (e, S)ag 


Definition 3.14. The union of (€1,S) and (2, R) over |] is (€3, L) with L = SUR, defined as 


&1(6) -BES-—R 
&3(B) = £9(8) -BER-S 
£1(8) U &2(8) ;BESNR 


Example 3.15. Taking into consideration the concept of example [3.2| consider the following 


two sets 


Aj = { (141, 8, 1), (u3, 8,0), (p11, t, 1), (143, t, 1), (113, t, 0), (p11, u, 0), (143, U, 1) 


A2 a { (Hi, 5, I); (U3, s,0), (U3, 8, 1), (1, t, 1), (3, t, 1), (1, U, 1), (u3, t, 0), (41, u, 0), (U3, U, 1), (1,,0)} 


Suppose (€;, A;) and (£2, Az) over [| are two fuzzy hypersoft expert sets such that 


25 
(41, 8,1), {ot 08 od ots) > ((Ha,t 1), {03> 08 OF Ot) » 
{3 


Ces, Ag) =) (ost, BE BE BBD) + (iss 1) CBS, BB, BB BED) 
eth 0), (Za, m2, ma, ma V5 (3, 8, 0), {ms , ma m3, may. 
((13,t,0) { 4, 2, a, m4}) 
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M1,5,14), 0.2° 0.7 0.5" 0.1 > \QH1,6, 4), Gi) get on? Oo ’ 
(( 1) { wa m2 m3 4 }) (( t 1) { uu m2 m3 m4 }) 
((u3, 8,1), {h, 2, Me, MAb) | (ug, t, 1), {, me, me, mal), 
(€2, Ao) = (1, u, 1), {eH He, A), (ug, wu, 1), { e, HR, MB, A) 
((u1,u,0), {Hs 2, ee ML) (1, t,0), (ee, mh) 
((u3, 8,0), {§t> Oa) OF OSS) > ((H3,#,0), (Fd) G3 Oe 03S) 
( ) 
Then (£1, Ai) U (€2, A2) = (3, As 
((u1, 8,1), {Fo Fe, oe th) (DS, Sh), 
((u3, 8,1), {s, 7B, eh) (yg, t, 1), (ee ah) 
(€2, Ao) = ((ui,u, 1), {Hb 2, a MAL) (yz, u, 1), {Me We, we mah) 
((u1, u, 0), { b, 2, a, Meh) | (yr, ¢,0), { , we, a, eh) 
((u3, 8,0), {§t> oa OF OS) > ((H3,t,0), {Fd Go Oe OSS) 


Proposition 3.16. If (€, A1),(&2, A2) and (&3, A3) are three fuzzy hypersoft expert sets over 
LL then 


(1). (€1, Ai) U (€2, Ae) = (€2, Ao) U (€1, Ar) 
(2). ((&1, A1) U (2, A2)) U (€3, As) = (€1, A1) U ((€2, Az) U (€3, As) 


Definition 3.17. The intersection of (€1,S) and (£2, R) over [| is (€3,L) with L =SOR, 
defined as 


£1(8) ;BES-R 
&3(8) = £9(8) ‘teh s 
(8) &(8) ;B8ESNR 
Example 3.18. Taking into consideration the concept of example [3.2| consider the following 


two sets 
Ay = { ( ie, 1), (3,5, 0); (u1, t, 1), (3, t, 1); (3, t, 0), (1, u, 0), (3, U, )} 


A2 = { (H41, 5, i, (U3, 5, 0), (U3, 8, I), (141, t, 1); (U3, t, 1), (441, t, 0), (U3, t, 0), (141, U, 0), (U3, U, 1), ’ (H41, U, 1) 
Suppose (£1, Ai) and (£2, Ag) over J] are two fuzzy hypersoft expert sets such that 


((u158)1), (Bt, Be, Bb BEY) » (Coa. ts1), {Bh Be, Be BED) 
aA ((ua,t,1), (G5) Go) Ge OSS)» (Hs, 4, 1), {FS TS Oa Ot)» 
((i11, 450), {Gs Obs OS Od }) » ((H3»8,9), {0 03> 08 OF}) > 
((u3,t,0) { $t> od OF 02S) 
((ua, 8,1), (53, 0% OE Ot}) (Ct), (SE TB ob OSH) 
(us, 8,1), {B, Be, Be, Beh) (Cus, t 1), (Bh Be, Be, aD), 
(Ba. (ast) | Pegs gay ua) 9 ae Dy ee ga ges oe 
(1st 0), {hs a, Ga) s (st 0), aa aR, OR, a) 
((H3, 8,0), {Rts Bhs OF) OSH)» ((u35t0), (FE, 88) Be OSS) 
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((u1, 8,1), (2b, BR, BS, MY) , (tert, 1), {BE MZ, ME, BAH), 

(€3, A3) -_ (us, t, 1), Lae om oe ne }) ’ ((u3, u, 1), { 7, ie ioe 74 b) ‘i 
(1, u, 0), {oe a1) ee ib) ; (43, 8,0), {oe a3 76) ia b) : 
((us,t,0) {Ft FS, oe, Bs) 


Proposition 3.19. If (€, A1),(&2, A2) and (&3, A3) are three fuzzy hypersoft expert sets over 
IL then 


(1). (€1, Ar) M (€2, A2) = (€2, Aa) A (£1, Ar) 
(2). ((€1, A1) M (€2, A2)) A (€3, As) = (£1, Ar) 9 ((€2, Az) A (3, As)) 


Proposition 3.20. If (€, A1),(&2, A2) and (&3, As) are three fuzzy hypersoft expert sets over 
LL then 


(1). (€1, Ai) U ((€2, Ae) M (€3, A3)) = ((€1, Ar) U ((€2, A2)) 9 ((&1, A) U (€3, A3)) 
(2). (€1, A1) M ((€2, Aa) U (3, As)) = ((€1, Ai) 9 ((€2, A2)) U ((€1, Ar) M (Es, As)) 


Definition 3.21. If (€;,A1) and (£2, Ag) are two fuzzy hypersoft expert sets over [| then 
(€1, A1) AND (€2, Az) denoted by (1, A1) A (£2, Ag) is defined by 

(1, A1) A (2, Aa) = (£3, Ai x Aa), 

while €3(8, 7) = (8) M &2(7), V(B, y) € Ai x Ap. 


Example 3.22. Taking into consideration the concept of example [3.2| let two sets 
Ay = { (u1,8,1), (H415t, 1), (43, 8,0) } 


Ao = { (141, 8, 1). (113, 8,0)} 
Suppose (€;, A;) and (£2, A2) over J] are two fuzzy hypersoft expert sets such that 
a (441, 8, 1), ats gee oes or ), (Gas t,1), Tee uetoee un ), 
(€1, At) = m1 ma m3 4 
’ ((u3, s,0), {m., 0.3° 0.6” ra} 
(62, A2) ={((ta. 8,1). BB BB BEY) 
Then (£3, Az) A (£2, A2) = (£3, Ai x Aa), 


(((H1, 8, 1), (wi, 8,1), { Fh, OF o> oth), 

(((ua,#, 1), (ua, 8,1), {3, F, T, tH) 

A Ao) = (Gia), (pis; 8,0)) 1 es Bes aes get) 
(3, A1 x Ag) = mi mz m3 m4 

(((1, 8,1), (u3,8,0)), {b, M2, MS, MAb) , 

(((u3, 8,0), (41,8, 1)), { Mh, Fe, MS, Beh), 

(((43, 8,0), (43, 8,0), {, M2, me, mah) 
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Definition 3.23. If (€;,A1) and (£2, Ag) are two fuzzy hypersoft expert sets over [] then 
(€;, A1) OR (£2, Ag) denoted by (€, Ai) V (€2, A2) is defined by 

(£1, A1) V (2, Aa) = (€3, Ar x Ag), 

while €3(8, y) = (8) U (7), V(B, 7) € Ai x Ap. 


Example 3.24. Taking into consideration the concept of example [3.2| suppose the following 


sets 
Ay = { (tay 8; 1), last, 1); (113, 8,0)} 


Ay = { (11,8, 1), (13, 8,0)} 
Suppose (£1, Ai) and (£2, A2) over [|] are two fuzzy hypersoft expert sets such that 
ean ={ ((1a, 8,1), {85 GBs Bibs OAS) (at), (03 88> OB Ob) 
((H3,,0), {hts 03> 08 OFS) 
(€2,A2) ={ (i. 8, 1), {85 8 OB BED 
Then (3, A3) A (€2, A2) = (€3, Ai x Ag), 


rer ~~ 
—m 
z 

w 

LD 

j=) 
" 
rsa 
=| 
Ble 
fos) 
ak 
niles 
ale 
—— 
a 

a) 


3 


Hl 


m2 m3 m4 

( Vel oti oes oe ot 

(((u1,t, 1), (ua, 8, 1)), {@, 3, BH), 

A As) = (((H1, 2,1), (ua, 8,0), {Gt Od) Oa OLS)» 
(£3; 1X 2) = ( my m2 m3 m4 

((u1, 8,1), (ug, 8,0)), {T4, 72, Fe oth), 

(G38, 0), (ua, 81) oes ees gay) 

(((u3, 8,0), (u3,8,0)), {Sts oF) oe oF }) 


Proposition 3.25. If (€, A1),(&2, A2) and (&3, A3) are three fuzzy hypersoft expert sets over 
LL then 

(1). ((€1,A1) A (€2, A2))° = ((€1, Ar))° V ((€2, Aa))° 

(2). ((€1, A1) V (€2, A2))° = ((€1, Ai))° A (2, Aa))? 


Proposition 3.26. If (€, A1),(&2, A2) and (&3, A3) are three fuzzy hypersoft expert sets over 
LL then 


(1). ((€1, Ar) A (€2, A2)) A (€3, As) = (€1, Ai) A ((€2, Aa) A (£3, As) 
(2). ((€1, A1) V (€2, Aa)) V (3, As) = (€1, Ai) V ((€2, Az) V (£3, As) 
(3). (1, A1) V ((€2, Az) A (€3, As) = ((&1, Ar) V ((€2, A2)) A ((€1, Ar) V (&3, As) 
(4). (€1, A1) A ((€2, Az) V (€3, As)) = ((€1, A) A ((€2, Aa) V (£1, Ai) A (€3, As) 


4. An Applications to Fuzzy Hypersoft expert set 


In this section, an application of fuzzy hypersoft expert set theory in a decision making 
problem, is presented. 
Statement of the problem 


Mr. John wants to purchase a mobile from a mobile market for his personal use. He takes help 
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from his some friends (Stephen, Thomas and Umar) who have expertise in mobile purchase. 
Proposed Algorithm 
The following algorithm is adopted for this selection (purchase). 


(1). Construct fuzzy hypersoft soft expert set (€, kK), 
(2). Determine an Agree-fuzzy hypersoft expert set and a Disagree-fuzzy hypersoft expert 


set, 
(3). Compute dj= )°, qj for Agree-fuzzy hypersoft expert set, 
(4). Determine fi= )0, cj for Disagree-fuzzy hypersoft expert set, 
(5). Determine g; = d; — f; for Agree-fuzzy hypersoft expert set, 
(6). Compute n, for which p,= max p; for Agree-fuzzy hypersoft expert set, 
Step-1 


Let eight categories of mobile are there which form the universe of discourse Q = 
{c1, C2, C3, C4, C5, C6, C7,Cg} and X = {F, = Stephen, Ez = Thomas, E3; = Umar} be a set 
of experts for this purchase. The following are the attribute-valued sets for prescribed at- 
tributes: 
Ly = Brand = {h, lo} 
lg= Privée = {lg, la} 
L3 = Colour = {ls, le} 
L4 = Memory = {lz, lg} 
Ls = Resolution = {l9, lio} 
and then 
L=T1, x Le x Lg x Lg x Ls 

(11, 13, U5, l7, lo), (la, d3, ds, d7, lio), (li, Us, ds, dg, do), (d1, U3, Us, dg, l10), (1, €3, le, b7, Io), 
li, 13, 06, la, lio), (la; la, ts, U7, 9), (d1, ta, bs, 27, lao), 
ly, 14, 16,7, 19), (da, la, le, !7, bio), (da, Ua, le, ds, U9), 
( 
( 
( 


ly, l3, 06, ¢7, tio), (41, U3, U6, ts, lo), ), (a 
) (4 

Ig, 13, 5, 17, lio), (12, 13, ds, ts, 9), (ta, 03, bs, Is, tio), 
), (le 
) 


) 

) 

ly, U4, bs, 0g, ¢9), (li, da, ds, dg, t10), 

ly, 14, U6, lg, l10), (le, ds, ds, l7, lo), 
), (La, ls, le, Ug, lo), (la, Us, le, lg, lio), (le, la, ds, 17, lo), 
)s (la, la, ts, ls, tio), (la, ba, le, 17,19), (le, la, te, !7, d10), 
) 


ee 


( 

(dy 
L= (ly 

(2, 13, le, t7, lg), (la, €3, le, bz, bio), 

(lo, la, ts, l7, bio), (la, ba, ts, ls, U9), 


(12, la, le, lg, lg), (da, la, be, lg, bro 
and now take K C H as 


ae ky = (h, ls, ls, 17,9), ko = (hi, ls, le, bz, tio), k3 = (h, la, le, Is, Ig), 
ka = (lo, 13, 16, Ig, 19), ks = (la, la, le, Iz, io) 


and 
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((k1, 1,1), {55) Fe 55) 55> OS) (Cha, Ba, 1), {oe 54) TR OSS)» 
((h1, 23,1), (O75 08 OT OS? OF OF )((ke, B 1), {a3 5603 OTS) 
((ko, £251), (55) 58 OB OT Oo OTS) > (Che, B3, 1), { 5, FF Oh OT OF TDS) 
((k3, Fi, 1), {ob: Oe: OL OG S) > (Cha, Be, 1), 03) 07) 08 OL i 
((ks, 23,1), {obs oy OF STS) > (Cha, Ha, 1), (oa 57 TRH)» 
((ka, Eo, 1), {&, 4, SS, 3), (ks, Es, 1), TTR RAC IRTEE TR ., 
((ks, 2151), { 55) 55) oo) 05> OF OBS) » (C5, Ba, 1), {Ty TH FB TS OSS)» 
(é,K)= (5,73, 1){5.2 4565 & BS ie ((k1, £1, 0), Tey ee iF 
((k1, Ba, 0), {S31 Go) OF OF 08 )s ((k1, £3, 0) {on O38 i? 
((ko, 21,0), (o4) 5%> 03) OF OSS) > ((k2, 2,0), (55 ah) > 
((ko, 23,0), {oa 55> O49) 5B ob ODS) > ((ks, B10), {oe FF TH TSS)» 
(hj 290) Cpa nee oe) 1 k3, E3,0) 55) 07) 08 01? 55 yy 
((ka, £150), { 55) 53> OF) 5S) OF OAS) » (Cha, Be, 0), (53 oF 5S OS)» 
((k4, £3,0), tow 07> 08 OT 4 ((k5, £1, 0) Agen 07 ae 
((k5, £2, 0) 107705701702 ) ((ks, £3, 0) 102? aan es 
is a fuzzy hypersoft coer set. 
Step-2 


Table 1 presents an Agree-fuzzy hypersoft expert set and table 2 presents a Disagree-fuzzy 


hypersoft expert set respectively, such that if ¢; € € (8) then c;; € [0,1] otherwise cj; = x = 0, 


and if 

c € &o(6) 
then cj; € [0,1] otherwise c;; = x = 0 where cj; are the entries in tables 1 and 2. 
Step-(3-6) 


Table 3 presents dj= >>, ci; for Agree-fuzzy hypersoft expert set, fi= >>, cj for Disagree-fuzzy 
hypersoft expert set, g; = d; — f; for Agree-fuzzy hypersoft expert set, and n, for which p,= 
max pj; for Agree-fuzzy hypersoft expert set. 

Decision 


As gs is maximum, so category cs is preferred to be best for purchase. 


5. Conclusions 


Insufficiency of soft set, fuzzy soft set, soft expert set and fuzzy soft expert set for multi- 
attribute function (attribute-valued sets) is addressed with the development and characteriza- 


tion of novel hybrid structure i.e. fuzzy hypersoft expert set, in this study. Moreover 


(1) The fundamentals of fuzzy hypersoft expert set (FHSE-Set) are established and the 
basic properties of FHSE-Set like subset, superset, equal sets, not set, agree FHSE-Set 
and disagree FHSE-Set are described with examples. 
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TABLE 1. Agree-fuzzy hypersoft expert set 


C (6 I Gy a G7 7 67, EE 6/1, EE 

(ky, £1) 03 08 x O5 x x O2 O5 
(ky, E2) 08 x ™@“ O07 08 «x x 0.2 
(ki, E3) 0.7 x 08 06 01 05 03 0.2 
(ko, F1) 0.3 x O06 x O02 x ™ O01 
(ko, E2) 0.3 x 08 06 01 09 x O01 
(ke, Bs) 0.2 05 x O21 O01 0.7 x 09 
(ks, F1) 02 x ™@® 08 O1 x O09 x 

(k3, E2) 0.3 07 x ™«K O8 xK x O01 
(kg, E3) 05 x« O7 x O7 x x O01 
(ka, E1) 04 x é6’K xK xX xK O07 0.8 
(ka, E2) 05 «x ™@“ 08 09 x ™ O01 
(ka, E'3) 03 x ™@’® ™“K xX“ 0.7 09 0.7 
(ks, F1) 0.2 x 0.7 03 06 x O01 08 
(ks, Ez) 01 x xK O08 O08 O02 x 0.3 
(ks, E'3) 0.2 x 0.7 03 09 04 O1 08 
dj=>i,ce; 538 20 43 55 59 34 3.2 5.7 


d, dg d3 dys ds de dz dg 


TABLE 2. Disagree-fuzzy hypersoft expert set 


C Cc, C2 C3 C4 ChllCUCGCO—é«éU! 
(ki, F4) 03 x ™“ ™“K x“ 0.7 04 0.7 
(ky, E>) x 04 08 x x O07 O1 08 
(ki, E3) 0.2 x ™@®K ™K O08 K xX x 
(ke, £1) 0.1 0.7 x 08 04 05 x x 
(ko, E2) 03 x ™@’K XK XK K O02 x 
(ko, E3) 04 x 05 O01 08 09 02 x 
(kg, E1) 0.6 07 x ™“ x 08 x 0.9 
(kg, Ez) x ™“ 02 04 x 05 06 x 
(k3, E3) 02 x 07 08 O01 x O09 x 
(ka, FE) 0.2 06 0.7 09 O01 x O04 x 
(ka, E2) x 0.30.7 x x 0.5 O01 x 
(ka, Bs) 0.4 x 0.7 08 O1 x xK x 
(ks, E41) 06 x ™‘“ “KK x“ O07 x x 
(ks, Eg) 0.7 05 «x ‘© x O11 0.2 x 
(ks, E3) 0.2 x ™@® 038 «x O11 x x 
1 8s 4.2 32 43 36 18 55 3.1 24 


d, dag d3 ds ds dg dz dg 
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TABLE 3. Optimal 


d= 0; f= Vic 9 =a -fij 


dy =5.3 fi =42 gn =1.1 
dy = 2.0 fo =3.2 g2 = —1.0 
ds =4.3 fg =4.3 g3 = 0.0 
dy =5.5 fa =3.6 ga =1.9 
ds =5.9 fs =1.8 95 = 4.1 
dg = 3.4 fg =5.5 96 = —2.1 
dy = 3.2 fr =3.1 gr = 1.0 
dg =5.7 fg =2.4 gg = 3.3 


(2) The essential set-theoretic operations on FHSE-Set like complement, union, intersec- 
tion, OR and AND operations are established and some laws such as commutative, 
associative and De Morgan are presented with suitable examples. 

(3) A decision-making application regarding the best selection of a certain product is 
presented with the help of proposed algorithm. 

(4) A daily life based example is discussed for the understanding of decision making pro- 
cess. 

(5) Future work may include the extension of the presented work for other hypersoft-like 
hybrids i.e. intuitionistic fuzzy set, interval-valued fuzzy set, pythagorean fuzzy set, 


neutrosophic set etc. 
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Abstract. Neutrosophic hypersoft set is the combination of neutrosophic set and hypersoft set. It resolves the 
limitations of intuitionistic fuzzy sets and soft sets for the consideration of the degree of indeterminacy and 
multi-argument approximate function respectively. In this research article, a novel framework i.e. neutrosophic 
hypersoft graph, is formulated for handling neutrosophic hypersoft information by combining the concept of 
neutrosophic hypersoft sets with graph theory. Firstly, some of essential and fundamental notions of neutro- 
sophic hypersoft graph are characterized with the help of numerical examples and graphical representation. 
Secondly, some set theoretic operations i.e. union, intersection and complement, are investigated with illustra- 


tive examples and pictorial depiction. 


Keywords: Neutrosophic Set; Soft set; Hypersoft set; Neutrosophic soft graph; Neutrosophic hypersoft set; 
Neutrosophic hypersoft graph. 


1. Introduction 


In different mathematical disciplines, fuzzy sets theory (FS-Theory) and intuitionistic 
fuzzy set theory (IFS-Theory) are considered apt mathematical modes to tackle several in- 
tricate problems involving various uncertainties. The former emphasizes on a certain object’s 
degree of true belongingness from the initial sample space, while the latter emphasizes degree 
of true membership and degree of non-membership with the state of their interdependence. 
These theories portray some kind of inadequacy in terms of providing due status to a degree of 
indeterminacy. The implementation of neutrosophic set theory (NS-Theory) overcomes 
this impediment by taking into account not only the proper status of degree of indeterminacy 
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but also the state of dependence. This theory is more adaptable and suitable for dealing with 
inconsistent data. Wang et el |5) conceptualized single-valued neutrosophic set in which truth 
membership degree, indeterminacy degree and falsity degree are restricted within unit closed 
interval. Many researchers (6|- have been drawn to NS-Theory for further application in 
statistics, topological spaces, and the construction of some neutrosophic-like blended struc- 
tures with other existing models for useful applications in decision making. Edalatpanah 
studied a system of neutrosophic linear equations (SNLE) based on the embedding approach. 
He used (a, 3, y)-cut for transformation of SNLE into a crisp linear system. Kumar et al. 
exhibited a novel linear programming approach for finding the neutrosophic shortest path 
problem (NSSPP) considering Gaussian valued neutrosophic number. 

FS-Theory, IFS-Theory and NS-Theory have some kind of complexities which restrain them 
to solve problem involving uncertainty professionally. The reason for these hurdles is, possibly, 
the inadequacy of the parametrization tool. It demands a mathematical tool free of all such 
impediments to tackle such issues. This scantiness is resolved with the development of soft 
set theory (SS-Theory) which is a new parameterized family of subsets of the universe 
of discourse. The researchers [18}- studied and investigated some elementary properties, 
operations, laws and hybrids of SS-Theory with applications in decision making. The gluing 
concept of NS-Theory and SS-Theory, is studied in to make the NS-Theory adequate with 
parameterized tool. In many real life situations, distinct attributes are further partitioned in 
disjoint attribute-valued sets but existing $S-Theory is insufficient for dealing with such kind 
of attribute-valued sets. Hypersoft set theory (HS-Theory) is developed to make the SST 
in line with attribute-valued sets to tackle real life scenarios. HS-Theory is an extension of SS- 
Theory as it transforms the single argument function into a multi-argument function. Certain 
elementary properties, aggregation operations, laws, relations and functions of HS-Theory, are 
investigated by [30}- for proper understanding and further utilization in different fields. 
The applications of HS-Theory in decision making is studied by [33]- and the intermingling 
study of HS-Theory with complex sets, convex and concave sets is studied by [38139]. Deli 
characterized hybrid set structures under uncertainly parameterized hypersoft sets with theory 
and applications. Gayen et al. analyzed some essential aspects of plithogenic hypersoft 
algebraic structures. They also investigated the notions and basic properties of plithogenic 
hypersoft subgroups ie plithogenic fuzzy hypersoft subgroup, plithogenic intuitionistic fuzzy 
hypersoft subgroup, plithogenic neutrosophic hypersoft subgroup. Saeed et al. discussed 
decision making techniques for neutrosophic hypersoft mapping and complex multi-fuzzy hy- 
persoft set. Rahman et al. studied decision making applications based on neutrosophic 
parameterized hypersoft Set, fuzzy parameterized hypersoft set and rough hypersoft set. Ihsan 
et al. investigated hypersoft expert set with application in decision making for the best 
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selection of product. The gluing concept of graph theory with uncertain environments like 
fuzzy, intuitionistic fuzzy, neutrosophic, fuzzy soft, intuitionistic fuzzy soft and neutrosophic 
soft set, is discussed and characterized by the authors [48|- [54]. Inspiring from above litera- 
ture in general, and from (55, in specific, new notions of neutrosophic hypersoft graph are 
conceptualized along with some elementary types, essential properties, aggregation operations 
and generalized typical results. The rest of the paper is organized as: 

In section 2, some basic definitions and terminologies are presented. In section 3, the elemen- 
tary notions of neutrosophic hypersoft graphs are discussed with properties and results. In 
section 4, some set theoretic operations of neutrosophic hypersoft graphs are presented with 


examples. In section 5, paper is summarized with future directions. 


2. Preliminaries 


Here some essential terms and definitions are recalled from existing literature. 


Definition 2.1. 

A neutrosophic set K defined as K = {(k,< Mx(k),ZK(k),Nk(k) >)|k © Z} such that 
Mk(k) : Z 7)0,1[*, Ix(k) : Z 3740, 1[F and Nx(k) : Z 37]0,1[* where Mx(k) stands 
for membership, Vx (k) stands for non-membership and Zx (k) stands for indeterminacy under 
condition ~0 < Mx(k) +Zx«(k) +Nx(k) < 37. 


Definition 2.2. 
A pair (Was, W) is said to be soft set over Z (universe of discourse), where Vay : W > P(Z) 
and W is a subset of set of attributes V. 


For more detail on soft set, see [181/19]. 


Definition 2.3. 
A pair (€4,R) is said to be hypersoft set over Z, where €y : R > P(Z) and R = Ry x 
Rz2 X R3X... X Rn, Ri are disjoint attribute-valued sets corresponding to distinct attributes 


r; respectively for 1 <i<n. 


Definition 2.4. 
A pair (¢y,U/) is said to be neutrosophic hypersoft set over Z if (vy :U — P(Z), where P(Z) 
is a collection of all neutrosophic subsets and U = Uy x U2 x U3 x ... x Uy, Uj; are disjoint 


attribute-valued sets corresponding to distinct attributes u; respectively for 1 <i<n. 
For more definitions and operations of hypersoft set, see 32). 


Definition 2.5. 
Let O and 6* = (V,€) be a set of parameters and a simple graph respectively with V as set 
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of vertices and € as set of edges. Let N(V) be the set of all neutrosophic set in VY. By a 
neutrosophic soft graph (NS-Graph), we mean a 4-tuple 6 = (6*,Q,F,G) where F : Q > 
N(V),G:Q—- N(V x V) given by 


F(9) = Fo = {(v, Try (v), Zig (v), Fry (v)) .v € V} 
and 


G(O) = Gp = {((Y, 4), Trg (VY, HL), Ley (VY, ), Fry (VY, 1) , (Y, ) eVx V} 


are neutrosophic sets over V and V x V respectively with 
Try (v; #4) S min {Te (v), Tey (4) } 


Tay (v, #) < min {Zp,(v), Ze, (4) } 


Fir, (v, w) 2 max {Fp,(v), Fry (H)} 


for all (v,) € (V x V) and 6 € Q. 


3. Neutrosophic Hypersoft Graphs 
In this section, notions of neutrosophic hypersoft graph are characterized with some prop- 


erties and examples. 


Definition 3.1. Let 6* = (V,€) be a simple graph with V as set of vertices and € as set 
of edges and Qj, Qo, Q3,...,Q, are disjoint attribute-valued sets corresponding to distinct 
attributes a1, 2, 03,.-.,Qn with Q = Q; x Q2 x Q3 x... X Qn. Let N(V) be the set of all 
neutrosophic set in VY. By a neutrosophic hypersoft graph (NHS-Graph), we mean a 4-tuple 
6 = (6%, O,F,G) where F: QO > N(V),G: O > N(V x V) given by 


F(O) = Fo = {(, Tero (v), Lig (v); Fito (v)) ¥ © V} 


and 
G(O) = Gp = {((Y, LH), Trg (VY, H), Ley (VY, ), Fry (VY, LH) (Y, LL) Ee x V} 


are neutrosophic sets over V and Y x V with 
Tey (v; 4) < min { Te, (v), Ter, (4) } 
Tr, (y, LL) = min {Zr, (v), Tr, (u)} 


Fin, (v, mw) = max {Fp,(v), Fr, (uu) } 


for all (v,) € (V x V) and 6 € Q. 
Note: The collection of all neutrosophic hypersoft graphs is denoted by On #sq. 
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TABLE 1. Tabular Representation of NHS-Graph 6 = (6*, O,F,G) 

F V1 V2 V3 

0, 0.2, 0.4, 0.7) (0.3, 0.6, 0.3) (0,0, 1) 

A 0.1, 0.4, 0.3) (0.3, 0.4, 0.5) (0,0, 1) 

03 0.1, 0.5, 0.6) (0.3, 0.3, 0.8) (0.3, 0.2, 0.5) 
04 0.4, 0.2, 0.6) (0.3, 0.6, 0.5) (0.4, 0.3, 0.6) 
G V1, V2) (V2, V3) (11, V3) 

0 0,0, 1) (0,0, 1) (0,0, 1) 

00 0.1, 0.3, 0.2) (0,0, 1) (0,0, 1) 

03 0.1, 0.5, 0.4) (0.2, 0.4, 0.3) (0,0, 1) 

04 0.2, 0.3, 0.4) (0.2, 0.5, 0.3) (0.4, 0.2, 0.7) 


FIGURE 1. Graphical Representation of TABLE || with (a) N(61), (b) N(62), 
(c) N(63) and (d) N’(64) 


v: 
= v2 v% (0.1,0.3, 0.2) . 


(0.2,0.4,0.7) (0.3,0.6,0.3) (0.1,0.4,0.3) (0.3,0.4,0.5) 


(a) 


(b) 


vy bd] 


vy B3 


(0.2,0.3, 0.4) 


(0.1,0.5,0.6) (0.3,0.2,0.5) (0.4,0.2,0.6) (0.4,0.3,0.6) 


(0.1.05.0.4) (0.2,0.4,0.3) (0.2.0.3.0.4) (0.4,0.2,0.7) 


v2 v2 


(0.3,0.3,0.8) (0.3,0.6,0.5) 


(c) (d) 
Example 3.2. Let 6* = (V,€) be a simple graph with V = {,12,v3} and Q1, Qo, Q3 
are disjoint attribute-valued sets corresponding to distinct attributes a1,a2,a@3 where Q; = 
{011,012}, Q2 = {a21,a22} and Q3 = {a3i}. Q = Qi x Q2 x Q3 = {61, 62, 63,04} where 
each 6; is a 3-tuple element of Q and 7g,(%,vj;) = 0,Z6,(%i,V¥j) = 0,Fe,(%i,vj) = 1 for 
all (4,43) © V x V\ {(11, 2), (V2, 3), (41, 43)}. The tabular and graphical representation of 
NHS-Graph 6 = (6*, O,F,G) are given in TABLE/I] and FIGURE I] respectively. 


Definition 3.3. A neutrosophic hypersoft graph 6 = (*, Oo" i, G') is called a neutrosophic 
hypersoft subgraph of 6 = (6*,.A,F,G) if 
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TABLE 2. Tabular Representation of NHS-subgraph 6 = (S*, Oi, G') 


F V1 V2 V3 

0, 0.2, 0.3, 0.7) (0.3, 0.3, 0.4) (0,0, 1) 

0 0.1, 0.4, 0.3) (0.3, 0.2, 0.8) (0,0, 1) 

63 0.1, 0.5, 0.6) (0.2, 0.3, 0.8) (0.2, 0.2, 0.5) 
G V1, V2) (v2, V3) (11,3) 

6, 0,0, 1) (0,0, 1) (0,0, 1) 

0 0.1, 0.3, 0.3) (0,0, 1) (0,0, 1) 

63 0.1,0.5, 0.4) (0.2, 0.3, 0.3) (0,0, 1) 


FIGURE 2. Graphical Representation of TABLE [| with (a) N(@1), (b) M(02) 
and (c) V(63) 


vy 2 


yy v3 


(0.2,0.3,0.7) (0.3,0.3,0.4) (0.1,0.5,0.6) (0.2,0.2,0.5) 


(a) 


(0.1,0.5, 0.4) (0.2.0.3, 0.3) 


v: "2 
vy (0.1,0.3, 0.3) : 
(0.2,0.3,0.8) 


(0.1,0.4,0.3) (0.3,0.2,0.8) 


(b) (c) 


(1) Q'cO 
(2) Fh C f which means Tp (v) < Tig (v), Lp (v) < Zp, (v), Fm (v) > Fr, (v). 
(3) Gj C g which means Tg3(v) < Te, (v), Ze (v) < Ze, (v), Fei (v) > Fe, (v). 
for all 6 € Q' and Q! = Q, x Qa x ... x Qn where Qj, Qo,..., Qn are disjoint attribute-valued 


sets corresponding to distinct attributes a1, a, ..., Qn respectively. 


Example 3.4. Let 6* = (V,E) be a simple graph with V = {v,12,v3} and Qj, Q2, Q3 
are disjoint attribute-valued sets corresponding to disjoint attributes a1,a@2,a@3 where Q; = 
{ai1, 012}, Q2 = {ag1} and Q3 = {az3i}. OQ = Q; x Q2 x Q3 = {61,642,643} where each 6; 
is a 3-tuple element of Q. The tabular and graphical representation of NHS-subgraph 6 = 
(8*, OF, G') are given in TABLE)2|and FIGURE[J|respectively. In this graph, Tg, (Vi, vj) = 
0,Zg,(%i,¥;) = 0, Fe, (4,3) = 1 for all (4,¥;) EV x V\ (1, 2), (42, 3), (41, 43) } and for all 
dE 9. 
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Definition 3.5. A neutrosophic hypersoft subgraph 6 = (S*, our. G') is called a neutro- 
sophic hypersoft spanning subgraph of 6 = (6*, Q,F,G) if Fj(v) = F(v) for ally € V,e€ Q 
where Q! = Q; x Qo x... X Qn and Qj, Qo,..., Qn are disjoint attribute-valued sets corre- 


sponding to disjoint attributes a1, Q2,...,@, respectively. 


Definition 3.6. A strong neutrosophic hypersoft subgraph 6 = (6*, Q, F, G) is a neutrosophic 
hypersoft subgraph with condition that Gg(v, u) = Fo(v) A Fo(w) for x,y € V and e € Q such 
that O = Q) x Q»... x QO, and Q), Qo,..., Qn are disjoint attribute-valued sets corresponding 


to disjoint attributes @1, a2, ...,@n respectively. 


4. Set Theoretic Operations of NHS-Graphs 


In this section, some theoretic operations (i.e. union, intersection and complement) of neu- 


trosophic hypersoft graph (NHS-Graphs) are investigated with suitable examples and results. 


Definition 4.1. The union of two NHS-Graphs 6; = ( 1 Q',F',G1), 62 = ( OF. G?), 
denoted by 6, U Gg, is a NHS-Graph 6 = (G*, O,F,G) such that Q = Q'UQ?. In this graph, 


the neutrosophic components for F are given as follows: 


ifoe Q'-— Mandy € VY, — Yor 
Tes (v) ifoe O!-— Qandv € V, NV2or 
if0eE Q'NQandv € VY, — V2 
if 6 € Q? — O'andv € v2 — Vi or 
Tp2(v) ifoe Q?-— Olandy € V2NVzor 
ifoe OnQandv €W-V; 
max { Tey (v), Tea (v)} {if0€ Q'N Q@andv EViNV2 


0, otherwise 


Tir, (v) = 


and 


ifoe Q'!-— Mandy € VY, — yor 
Ty (v) ifoae Q'— Or andv €V,NV2or 
ifoEeQnQandv € VY, —V2 
if 0 € Q? — O'andv € V2 — VY, or 
Ly2(v) if0e O? —Olandy €V2NV or 
ifoe ON Qandy € Vy. —-V; 
max {Zp (v), Zz3(v) } {ifd€ QO'N Qandv EVN v2 


0, otherwise 
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and 
ifoe Q'-— Qandv € Vy, — V2 or 


Fy (v) ifae Q'— Oandv €VNY2or 
ifdE QBN Q@andv € VY, — Ve 
if 0 € Q? — Q'andv € V2 — Vy, or 
Fy2(v) if0¢ QO? —-Qlandy €VNV or 
ifOEeQnNQandy E€W-Vy 
min { Fas (v), Fea(v) } fifo € Q'N Qandv EVN V2 


0, otherwise 


Fr, (v) = 


Also the neutrosophic components for G are given as follows: 


if@¢ Q! — OP and(v, 1) € (Vi x V1) — (V2 x V2) or 

Tei (v) if @€ Q' — Or and(v, n) € (Vy x Vi) N (V2 X Ve) or 
if@€ O'N OP and (vy, 1) € (Vi x V1) — (V2 x Ve) 

if 0 € Q? — Ol and(v, p) € (V2 x Ve) — (Vi x Vi) or 


Teov) = Toa (v) if 0€ Q? — Oland(v,p) € (V2 x Vo) N (V1 x Vy) or 
if0€ O'N QO and(v, p) € (V2 x Vo) — (Vi x V1) 
max { Toy (v), Tov) $ {if 9 € Q'N Q? and (v, w) € (Vi x Vi) N (V2 x Ve) 
0, otherwise 
and 
if0¢ Q! — Or and(vy, 1) € (Vi x V1) — (V2 x V2) or 
Tg1(v) if@¢€ Q' — OP and(v, m1) € (Vi x Vi) N (V2 x V2) or 
if0€ O'n QO and(v,p) € (Vi x Vi) — (V2 x Va) 
7 if 0 € Q? — QOland(v,p) € (V2 x Ve) — (Vi x Vi) or 
Teg(v) = Tg2(v) if 0€ Q? — Oland(v, p) € (V2 x Vo) N (Vz x Vy) or 
if@€ O'N QP and (vy, 1) € (V2 x V2) — (Vi x Vi) 
max {Zey(v), Loar) $ {if 0 € Q'N Q? and (v, w) € (Vi x Vi) N (V2 x Ve) 
0, otherwise 
and 
if@¢ Q! — OP and(v, 1) € (Vi x Vi) — (V2 x V2) or 
Fgs(v) if 0 € Q! — QO and (v, uw) € (Vi x Vi) M (V2 x V2) or 
if0€ Q'N QO and(v,p) € (Vi x Vi) — (V2 x V2) 
if@€ Q? — Oland(v,p) € (V2 x Vo) — (Vt x Vi) or 
FG, (v) 


Foa(v)) if 0 € Q? — QO! and(v,u) € (V2 x Va) (Vi x Vi) or 
ifOe oO! M OQ? and (vy, [L) E (V2 x V2) _ (Vi x V1) 
min { Foy(v), Fog) $ {if 0 € O'n Qand(v, w) € (Vi x Vi) (Vo x Va) 


0, otherwise 


Theorem 4.2. If 61,62 € Ongsa then 61 U 62 € Ongsa. 
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Proof. Consider two NHS-Graphs 6; = ( as Q',F',G") and 62 = ( 2 Or, G?) as defined 
in Let 6 = (6*, O,F,G) be the union of NHS-Graphs 6; and 62 where Q = O!U O?. 
Now let 6 € Q' — Q? and (v, 4) € (Vi x Vi) — (V2 x V2), then 


Teg (V, 1) = Teas (VW) < min { Tes (v), Tey (1) $ 


= min {Tp,(v), Te, (14) } 


Tig (v, uw) < min {Tz,(v), Te (u)} - 
Also 
Tisg(v, 6) = Topp (v, ) < min {Tp (v), Zey(v0)$ 
= min {Zz,(v), Zz, (1)} 
Tg, (v, u) < min {Zp, (v), Zr, (u)} - 
Now 
Fey (vw) = Fegy(v, mw) = max { Fi (v), Fey () } 
= max {F,(v), Fiz, ()} 


FGo(v, uw) 2 max {Fp,(v), Fir, (4) }- 
Similar results are obtained when 6 € Q' — Q? and (v, 4) € (Vi x Vi) M (V2 x Va) 
or 9 € QO! QO? and (v, 1) € (Vi X V1) — (V2 x Va). 
Now if 6 € O'N Q? and (v, 4) € (Vi X Vi) MN (Ve x Ve) then 


Teg (v, ) = max { Te (v5 1), Teg(v, 1) } 
< max {min { Tey (v), Tey (1s) } s min {Teg (v), Teg (1) }$ 
< min { maxx { Toy (v), Tey (14) } max { Ta(v); Tea (x) }} 
= min {Te4(v), Teg (H)} 
Also 
Tigg(v, s) = max {Tg (V, u), Zea(v, u) } 
< max { min {Zy1(), Zap (a) } smin { Zea(v), Ze (10) }} 
< min {max {Zp1(v), Zpy(y) } max {Za(v), Zea(1) } } 
= min {Zz,(v), Ze (u)}- 
In the same way 
Fea(v,u) = min { Fey (v, 1), Fea(v.n)} 
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TABLE 3. Tabular Representation of NHS-Graph 6; = (6%, Q',F!,G?) ac- 


cording to Example 


Vy V2 V3 

A, 0.2, 0.3, 0.4) (0.3, 0.6, 0.8) (0.3, 0.4, 0.5) 
O5 0.2, 0.4, 0.8) (0.2, 0.3, 0.4) (0.5, 0.7, 0.8) 
03 0.6, 0.7, 0.8) (0.4, 0.5, 0.7) (0.7, 0.9, 0.9) 
G V1, V2) (v2, V3) (11, V3) 

0, 0.2, 0.3, 0.6) (0.2, 0.4, 0.9) (0.2, 0.3, 0.8) 
05 0.2, 0.3, 0.9) (0.2, 0.2, 0.9) (0.2, 0.3, 0.8) 
03 0,0, 1) (0.3, 0.4, 0.9) (0.2, 0.4, 0.9) 


> min { max {Fay (v), Fr (u)} , max {Fixe (v), Fp (u)}} 
ia {Fn (v), Fri (u)} ,min {Fxg (v), Fr (u)}} 


= max {Fp,(v), Fr, (u)}- 
Hence the union 6 = 6; U 62 is NHS-Graphs. 


Example 4.3. Let 6; = ( as Q',F!,G') be a neutrosophic hypersoft graph where 6} = 
(V1, €1) with Vi = {1,12,v3} and Q1, Qo, Q3 are disjoint attribute-valued sets corresponding 
to distinct attributes a,,a2,a3 where Q; = {a1}, Q2 = {a2} and Q3 = {a3}, a32, a33}. 
QO! = Q; x OQ» x O3 = {61, 02,03} where each 6; is a 3-tuple element of Q! and Tes) = 
0,Zg,(%i,¥;) = 0,Fe,(%i,v;) = 1 for all (4,43) € Vi x Vi\ {(1, 2), (42, 13), (41,3) }. Its 
tabular representation is given in TABLE Also let 62 = (83, Q?, F*, G?) be a neutro- 
sophic hypersoft graph where 63 = (V2, €2) with V2 = {v3,14,v5} and Q3, Q4, Qs are disjoint 
attribute-valued sets corresponding to distinct attributes a3,a4,a5 where Q3 = {a31, 032}, 

= faa}, 25 = {asi}. OQ? = O3 x Q4 x Qs = {62,04} where each 6; is a 3- 
tuple element of Q? and Tg,(vi,v;) = 0,L6,(vi,vj;) = 0,Fe,(vi,vj) = 1 for all (Y%j,v;) € 
V2 x Vo\ {(v3, 4), (44, U5), (V3, U5)}. Its tabular representation is given in TABLE[4] 


Now Let 6 = (6%*,Q,F,G) be the union of two neutrosophic hypersoft graphs 
6, = (67, Q', F',G") and ©, = (63, Q?, F?, G?) where O = OU oO 
and Je,(%,v;) = 0,2¢,(%,7;) = 0,Ffe,(@.%) = 1 for all (y%,v;)) € VX 


V\ {(%1, 2), (1, 3), (V2, V3), (43, 4), (V3, U5), (V4, 45) }. Its (union of these two graphs) tabu- 


lar representation is given in TABLE] 


Definition 4.4. The intersection of two NHS-Graphs 6, = ( 1s Q',F',G'), 6 = 
( 50 GC"), denoted by 61 M 62, is a NHS-Graph 6 = (6*,Q,F,G) such that Q = 
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a 
(0.2,0.3,0.4) y 


(0.2.0.3.0.6) 


FIGURE 3. Graphical Representation of TABLE |3| with (a) N(1), (b) M(02) 
and (c) V(63) 


(0.2.0.3.0.8) / v3 
\ (0.3,0.4,0.5) 


ae 


(0.2,0.4,0.8) ) 


v3 


\ (0.5,0.7,0.8) 


(0.2,0.3,0.8) 


(0.2,0.4,0.9) (0.2.0.3.0.9) 


v2 
(0.4,0.5,0.7) 


(0.3,0.4, 0.9) 


(0.2,0.2, 0.9) 


(b) 


(0.2,0.3,0.4) 


(0.2,0.4,0.9) 


3 


(c) 


(0.7,0.9,0.9) 


TABLE 4. Tabular Representation of NHS-Graph 62 = ( 
cording to Example 


Le Q?, F?, G’) ac- 


V3 V4 Vs 

02 (0.3, 0.4, 0.5) (0.2, 0.3, 0.5) (0.5, 0.7, 0.8) 

04 (0.6, 0.8, 0.9) (0.4, 0.7, 0.9) (0.4, 0.5, 0.6) 

G (v5, 4) (va, v5) (v5, 15) 

05 (0.2, 0.3, 0.9) (0.3, 0.4, 0.9) (0,0, 1) 

04 (0.2, 0.2, 0.9) (0.3, 0.3, 0.9) (0.3,0.4,0.9) 

TABLE 5. Tabular Representation of 6 = 6; U 62 

F Vy Vy V4 Vs 
0, (0.2, 0.3, 0.4) (0.3, 0.4, 0.5) 0.3, 0.6, 0.8) (0,0, 1) 0,0, 1) 
Oy (0.2, 0.4, 0.8) (0.2, 0.3, 0.4) 0.3, 0.5, 0.5) (0.2, 0.3, 0.4) 0.5, 0.7, 0.8) 
03 (0.6, 0.7, 0.8) (0.4, 0.5, 0.7) 0.7, 0.9, 0.9) (0,0, 1) 0,0, 1) 
04 (0, 0, 1) (0,0, 1) 0.6, 0.8, 0.9) (0.4, 0.7, 0.9) 0.4, 0.5, 0.6) 
G (11, V2) (11,3) V3) (V3, V4) V3, U5) (V4, V5) 
0, (0.2, 0.3, 0.8) (0.2, 0.3, 0.9) 0.2, 0.4, 0.9) (0,0, 1) 0,0, 1) (0, 0, 1) 
Oy (0.2, 0.3, 0.8) (0.2, 0.3, 0.9) 0.2, 0.2, 0.9) (0.2, 0.3, 0.9) 0.3, 0.4, 0.9) (0, 0, 1) 
03 (0.2, 0.4, 0.9) (0,0, 1) 0.3, 0.4, 0.9) (0,0, 1) 0,0, 1) (0, 0, 1) 
04 (0, 0, 1) (0,0, 1) ,1) (0.2, 0.2, 0.9) 0.3, 0.3, 0.9) (0.3, 0.4, 0.9) 
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FIGURE 4. 


v3 vs 


(0.3,0.4,0.5) (0.5,0.7,0.8) 


(0.2,0.3, 0.9) (0.3,0.4,0.9) 


V4 


(0.2,0.3,0.5) 


(a) 


FIGURE 5. 


vy v3 


(0.2.0.3.0.9) 


(0.2,0.3,0.4) (0.3, 0.6,0.8) 


(0.2,0.3, 0.8) (0.2.0.4.0.9) 


v2 


(0.3,0.4,0.5) 


(a) 


a 


Graphical Representation of TABLE|4| with (a) N(@2) and (b) N’(64) 


v3 v5 


(0.3.0.4.0.9) 


(0.6,0.8,0.9) (0.4,0.5,0.6) 


(0.2,0.2, 0.9) (0.3,0.3,0.9) 


v4 


(0.4,0.7,0.9) 


(b) 


Graphical Representation of TABLE|5| with (a) N(@1) and (b) N(62) 


a | bet j 


(0.2,0.3,0.8) 


(0.2,0.4,0.8) (0.2,0.3,0.4) 


(0.2,0.2, 0.9) 


(0.2,0.3, 0.9) 


= 


(0.3,0.5,0.5) 


(0.2.0.3.0.9) 
(0.3,0.4,0.9) 


V4 75 


(0.2,0.3,0.4) (0.5,0.7,0.8) 


(b) 


O!N O?,V=V, NV». In this graph, the neutrosophic components for F are given as follows: 


Tr, 
Tr, = Te 


v)ifoe Q!—Q? 
v)ifoe Q2-Q! 


min { Ta (¥), 720) ifoe Q'ng 


and 


Tp, (v)if 8 € Q' — Q? 
TZ (v)if oe Q?-Q! | 
min {Z3,(v),73,()} ifoeaging 


Tr, = 
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FIGURE 6. Graphical Representation of TABLE | with (c) N(63) and (d) N’(64) 


vy v2 v3 vy 


{0.2.0.4.0.9) {0.2.0.2.0.9) 


(0.6,0.8,0.9) (0.4,0.7,0.9) 


(0.6,0.7,0.8) (0.4,0.5,0.7) 


(0.3.0.4.0.9) (0.3,0.3, 0.9) (0.3.0.4.0.91 


v3 


vs 


(0.7,0.9,0.9) 


(0.4,0.5,0.6) 
(c) (d) 


and 
Fi, (Vv) if@e Q'-— oO? 
Fr = Fi, (v)if 0 QO? — Q! 
max { Fi, (v), 78,(r)} ifd@e Qing 
The neutrosophic components for G are given as follows: 
Tg, (Vv) if 8 € Q' — QO? 
TG, = Té,(v) if 8 € Q? — QI 
min {72,(-),72,()} ifoe ang 


and 
Te, (v) if 0 eQ'_ oO? 
TE, = Tz, (v)if 0 € Q* — Q! ; 
min {73,(v),22,()} ifocaging 
and 


Fe, (v) if 0 € Q' — O? 
FG» = Fy, (v) if 9 € Q? - Q! 
max {Fa,(), F2,()$ iface Qing 
Theorem 4.5. If 61,62 € Onysa then 6,9 62 € Qngysa. 
Proof. Consider two NHS-Graphs 6; = (Gt, Of G') and 62 = (85, O7 F?., G’) as defined 
in[3.1| Let 6 = (6*, QO, F, G) be the intersection of NHS-Graphs 6; and 62 where Q = Q!UQ? 
and V=V, NV». Let 6 € QO! — O? then 
Teo (Ys H) = Tei (YH) 


< min { Toy (v), Tes (1) 


= min {Tp, (v), Te, (1) } 
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Te (V; #1) < min {Te, (V), Te (H)} 
Also 
Leg (¥; H) = Les (v, 1) 
< min {Zp)(v),Zey(u)} 
= min {Zp,(v), Zz, (4)} 
Tg, (v, 4) < min {Zp, (v), Zr, (us) } 
Now 
Fy (¥,H) = Fer uw) 
> max { Fiy(v), Fes (u) } 
= max {Fz,(v), Fe, (1)} 


Fo, (v, uw) = max {Fp (v), Fr, (4) } 
Similar results are obtained when 0 € Q? — Q! 


Now if 9 € QO!n O? then 
Teg (vs w) = min { Tes (v5 4), Teg (vu) $ 
< min {min { Ts (v), Teg (4) } , min {Tea (v), Tea (1) } } 
< min {min { Ts (v), Tea (4) } min {Fe (v), Tea (1) } } 
= min {Tz,(v), Te, (4)} 
Also 
Tisg(v, we) = min {Ze (v, 1), Zea(v,u)} 
< min {min {Zp (v), Zpy() } , min {Zp (v), Zya(1) } } 
< min {min { Zpy(v), Zeg (1s) } , min {Zp (v), Zza(10) }} 
= min {Zz,(v), Ze, (4)} 


In the same way 
Fea vw) = max { Fes (v, 1), Foz(v,u)} 
> max {max { Foy (v), Fs (ut) } -marx { Foe (v), Fra (u) }} 
> max {max { Foy (v), Fra (u) } ,max { Fon (v), Frau) }} 
= max {Fir,(v), Fir, (1) } 
Hence the intersection 6 = 6; NM 62 is NHS-Graphs. 
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TABLE 6. Tabular Representation of NHS-Graph 6; = (6%, Q',F!,G?) ac- 
cording to Example 


V4 V2 V3 

0; (0.2, 0.3, 0.4) (0.3, 0.5, 0.6) (0.2, 0.6, 0.8) 
05 (0.3, 0.4, 0.8) (0.5, 0.7, 0.8) (0.4, 0.5, 0.7) 
G (1, v2) (v2, V3) (1,3) 
0; (0.2, 0.2, 0.7) (0.2, 0.4, 0.9) (0.2, 0.2, 0.9) 
05 (0.3, 0.4, 0.8) (0.4, 0.5, 0.9) (0.3, 0.4, 0.8) 


TABLE 7. Tabular Representation of NHS-Graph 65 


cording to Example 


(83, OFF, G?) ac- 


V2 V3 V4 

05 (0.4, 0.6, 0.7) (0.5, 0.6, 0.9) (0.3, 0.5, 0.7) 
05 (0.3, 0.5, 0.6) (0.2, 0.6, 0.8) (0.2, 0.3, 0.7) 
G (v2, v3) (v3, V4) (v2, V4) 
05 (0.2, 0.2, 0.7) (0.2, 0.4, 0.9) (0.2, 0.2, 0.9) 
05 (0.3, 0.4, 0.8) (0.4, 0.5, 0.9) (0.3, 0.4, 0.8) 


Example 4.6. Let 6, = ( 


i Q' F!,G') be a neutrosophic hypersoft graph where 6} = 


(V1, €1) with Vy = {,v2,v3} and Qj, Qo, Q3 are disjoint attribute-valued sets correspond- 
ing to distinct attributes a1,a2,a3 where Q; = {a1}, Qo = {a2} and Q3 = {a31,a32}. 
Q' = OQ; x Qo x Q3 = {61,02} where each 6; is a 3-tuple element of Q' and To,(%i, vj) = 
0,Z¢,(%,4;) = 0,Fe,(%,v;) = 1 for all (4%,v;) © Vi x Vi\ {(1, 2), (V2, v3), (1, 43) }. Its 
tabular and graphical representation are given in TABLE (6| and FIGURE |7| respectively. 
Also let 62 = (63, Q?, F?, G?) be a neutrosophic hypersoft graph where 64 = (Vo, &) 
with Vz = {r2,v3,v4} and Q2, Q3,Q,4 are disjoint attribute-valued sets corresponding to 
distinct attributes a2,a3,a4 where Qo = {a2}, Q3 = {a31,a32}, Q1 = {aa}. QO? = 
Q, x Q3 x Q4 = {62,63} where each 6; is a 3-tuple element of Q? and Tg,(vi,v;) = 
0,Zg,(%i,¥;) = 0,Fe,(%i,¥;) = 1 for all (%,¥;) € Ve x Vo\{(v2, v3), (V3, V4), (V2,14)}. Its 
tabular and graphical representation are given in TABLE|7/and FIGURE|8| respectively. 

Now Let 6 = (6*,Q,F,G) be the intersection of two neutrosophic hypersoft graphs 6, = 
( i Q',F',G1) and 65 = ( 3, QO? F?, G?) where O = O! 7 O? Its (intersection of these two 
NHS-graphs) tabular and graphical representation are given in TABLE |8| and FIGURE (9] 


respectively. 


Definition 4.7. The compliment 6 = (*, O,F, G) of strong neutrosophic hypersoft subgraph 
6 = (6*, O,F,G) with Gg(v, w) = Fe(v) N Fe(u) where 
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FIGURE 7. Graphical Representation of TABLE lobwit (a) N’(@,) and (b) N(62) 


1 3 


(0.2,0.2,0.9) vy vy 


(0.3,0.4,0.8) 


(0.2,0.3,0.4) (0.2,0.6,0.8) 


(0.3,0.4,0.8) (0.4,0.5,0.7) 


(0.2.0.2.0.7) 


{0.2,04,05) (0.3.0.4.0.8) (0.4,0.5,0.9) 


(a) a v2 (b) 
(0.3,0.5, 0.6) (0.5,0.7,0.8) 


FIGURE 8. Graphical Representation of TABLE [abit (a) N(@2) and (b) N(63) 


U4 v3 


(0.2,0.4,0.9) 


v4 v3 


(0.4,0.5,0.9) 


(0.3,0.5,0.7) 


(0.5,0.6,0.9) 


(0.2,0.3,0.7) (0.2,0.6,0.8) 


(0.2.0.2.0.9) 


(0.2,0.2,0.7) (0.3.0.4. 0.8) (0.3.0.4, 0.8) 


(a) . (b) 
2 v2 
se a (0.3,0.5,0.6) 
TABLE 8. Tabular Representation of NHS-Graph 6 = 6, 62 
F V2 V3 
6, (0.3, 0.5, 0.6) (0.2, 0.6, 0.8) 
00 (0.4, 0.6, 0.8) (0.4, 0.5, 0.9) 
63 (0.3, 0.5, 0.6) (0.2, 0.6, 0.8) 
G (V2, V3) 
6, (0.2, 0.4, 0.9) 
00 (0.3, 0.5, 0.9) 
63 (0.2, 0.5, 0.9) 
(1) Q=Q 


(2) Titg(v) = Tito (v), Teg (Y) = Tig (v), Feo) = Fro (v) for all v € V 
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FIGURE 9. Graphical Representation of TABLE|g| with (a) N(1), (b) NM (02) 
and (c) V(63) 


v2 


v3 


(0.2.0.4.0.9) 


(0.3,0.5,0.6) 


(0.2,0.6,0.8) 


(a) 


v2 3 


(0.3.0.5.0.9) 


(0.4,0.6,0.8) (0.4,0.5,0.9) 


(b) 


v v: 
. (0.2.0.5.0.91 ’ 


(0.3,0.5,0.6) (0.2,0.6,0.8) 


(3) Tir (45H) = 


0 otherwise 


min {Ti,(v), Tiry (14) } if Tey (Vv. u) = 0 


Te =) Min {Ero (), Fro u)} iF Tey (YH) = 0 
- 0 otherwise 

Fp at CO) Fl Fen) =O 
- 0 otherwise 


5. Conclusions 


In this study, a gluing concept of neutrosophic hypersoft set and graph theory is charac- 
terized. Some of elementary properties, types, operations and results are generalized under 
neutrosophic hypersoft set environment. Future work may include the extension of this study 


for the following structures and fields: 


e Interval valued neutrosophic hypersoft set 
e Neutrosophic parameterized hypersoft set 
e m-polar neutrosophic hypersoft set 

e Decision making problems 

e New kinds of graphs 

e Energies of graph 
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Abstract: In this paper, we present the Neutrosophic quadratic residues and nonresidues with their 
basic interpretation as graphs in an algebraic manner and analog to the algebraic graphs. We 
establish the Neutrosophic, number-theoretic, and graph-theoretic properties of the set of 
Neutrosophic quadratic residues and nonresidues, many of which mirror those of the classical 
quadratic residues and nonresidues of modulo an odd prime. These properties, especially the 
algebraic ones, are connected to algebraic graphs, and thus we conclude the paper by studying the 
structural properties of Neutrosophic quadratic residue and quadratic nonresidue graphs. 


Keywords: Quadratic residues; Quadratic nonresidues; Neutrosophic quadratic residues; 
Neutrosophic quadratic nonresidues; Neutrosophic quadratic residue graph; Neutrosophic 
quadratic nonresidue graph. 


1. Introduction 

For any positive integer n=1, the set 2, = {0,1.2,...m—1} is a ring under the usual 
addition and multiplication modulo ™. Moreover, for any prime p, the ring Zz is a field of order p 
and hence 23 = {1,2,3,...~ — 1} is a group under multiplication modulo p, see [1-2]. 

For @€ Z5, @ is a quadratic residue modulo p if and only if @=x* for some © Z5. Now 
suppose Q» denote the set of all quadratic residues modulo »p. Then @» isa nonempty subset of Z5, 
given by Q, = {z*€Z3:x=1, 2, a a | It is clear that for any @,5 € Q;, there exists ¥ and y in 
Z5 such that a *b=(x-*y)*€@,. Therefore, Qp is a subgroup of Zz and also the index 
[Z3:Qp] = 2. This implies that xy © Q, if and only if * and y are both in @z or neither of them is 


in Qy. This specifies that an element in Zp as a residue or nonresidue according to whether or not it 
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is a quadratic residue modulo p. In particular, the set of all quadratic nonresidues modulo p in Z3 
is denoted by Qp. Hence lex = Gel = =. So, @» is the normal subgroup and a, is the only 


nonempty subset of Z3 whose orders are equal. For more information about @, and Q5, reader 
refer [3]. 

Much of the specific power and utility of modern mathematics arises from its abstraction of 
important features similar to various circumstances and illustrations. But many sets and systems we 
encounter have a usual addition and multiplication defined on their elements. These operations 
often satisfy a few common properties that we want to isolate and study. Besides the obvious 
illustrations in different number systems and algebraic systems, we can operate polynomials, 
functions, matrices, etc. Studying the algebraic structure of groups, rings, and fields based on 
number theoretic and combinatorial properties has caught the interest of many researchers order the 


last decades. Recently, algebraic systems associated with neutrosophic elements and sets [4] seem to 


be more interesting and active area compare to those associated with classical algebraic structures. 


For instance, the Neutrosophic set N(Z3, I) is generated by the multiplicative group Z5 and the 
neutrosophic unit element I (17=I and I~* does not exist), that is, N (=. I) or equivalently 
n(z;) =<2Z}, 1>=Z,UZjI, where p is prime. This is a Neutrosophic group [5] concerning 


Neutrosophic multiplication (af) (bI) = abl for every al, bl € N(Zj, I). 


The concept of the Neutrosophic graph of Neutrosophic structures was first introduced by 
Vasanth Kandasamy and Smarandache [6], but this work was mostly concerned with the basic 


properties of Neutrosophic algebraic structures. Recently, the authors Chalapathi and Kiran studied 


the Neutrosophic graphs [5] of finite groups. The Neutrosophic graph of a finite group ©, which is 
denoted by Ne(G. I), is an undirected simple graph whose vertices are elements of the neutrosophic 
group N(G) with two distinct vertices x and y which are adjacent if and only if either xy =x or 


xy = ¥ y 


In 1879, author Cayley considered the Cayley graph for finite groups. After that, a lot of 
research has been done on various families of Cayley graphs. For instance, Quadratic residue Cayley 
graphs [7], Quartic residue Cayley graphs [8]. Many researchers exist in the literature on Cayley 


graphs quadratic residues on odd prime and prime power modules. The authors studied quadratic 
residues modulo 2” Cayley graphs in [9]. In this paper, we will focus on Neutrosophic quadratic 


residues and their corresponding algebraic graphs, which are not Cayley graphs. 
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2. Neutrosophic Quadratic and Non Quadratic Residues 


In this section, for convenience and also for later use, we define some definitions and 


notations concerning integers modulo an odd prime p , and Neutrosophic quadratic and 


nonquadratic residue modulo p. 


First, we recall some results about neutrosophic groups from [5]. 
Theorem 2.1: 


1. Z3l= {al : a€Z3} 
2. N(Z3)=Z;U Z51, where Z,NZ;I=@ 
Theorem 2.2: Let Z3 be a finite group with respect to multiplication modulo m. Then 

1. |Z3|=p—1 and |z31|=p-1 

2. ING@3)|=2@-1) 

Let al © N(Q,). Then al is a neutrosophic quadratic residue modulo p if and only if 
al =(xI)* for some xl € Z2!1. Now suppose N(Q,)} denote the set of all neutrosophic quadratic 
residues modulo p . Then Q,J is a nonempty subset of WN(2Z3) given’ by 
Qp! = (GI)? « N(Z;): x=12,....). 

Further, if for any al, B}€Q@,1 , then al =GI)* and bI=GI)? for some 


xl, yl €ZzI, so Gal) GI = (yl) € Q,! 


Hence Q5/ is a neutrosophic subgroup of N (z;) = ZU Z31 with neutrosophic index, by the 


Theorem 2.1. 


o}. _ bwlepy apap 
[w(z;) : QpI] ~ Tel [=] = 4. 


Similarly, the set of all neutrosophic quadratic non-residues modulo p in Z5/ is denoted by 


0.2 wi —|(g.7|—F 
Qpl with |Qp1| =|@,1| =>. 
Example 2.3: The following shortlist shows that the Neutrosophic quadratic and nonquadratic 


residues modulo 3, 5,7, respectively. 
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N(qQ,. D = 1 0. N(Q,. D2 = £2, 213, 
Nn(Q,., D=f1, 4. 403, N(Q,. D = £2, 3, 21, 303, 
N(Q,. D = {1,3,4,5,9, 1,31, 41, 51,91}, N(Q,. 1) = {2,6, 7.8.10, 21, 62, 71, 81, 107 }. 


From the above example, we observe the following: 


N(Qp. 1) =QyUQpl and N(Q,. 1) =Q, UQpl In particular, 

In(Qp- FI = l@pl + 1@ptl = "= + = =p —1 and 

lw(Q,. 2) = l@pl+ [Ql =" +7 =p -1 
Theorem 2.4: Given p > 2, n(W,".1) = WW," UWE is the neutrosophic prime subgroup of NV’ (z;.1), 
where Wy = {1p — 1}. 
Proof: It is clear from the well-known result that Wy is a subgroup of the group 23, because 
(p—1)* =1 (mod p). 


Theorem 2.5: Fundamental Theorem of Neutrosophic Quadratic Residues Modulo p 


us, i) 
wg, 2 


For each p>2, we have the neutrosophic quotient group is isomorphic to the 


neutrosophic group N(Qp-). 
Proof: For any p>2, we have (p—1)* =1 (med p) and ((»—1)I)* =! (mod p). Therefore, 


n(W,", 1)={1. p—1. I. (@—1)} is a neutrosophic subgroup of N(Z}. I). So, there exists a 


sf me Pf a 
&* Now we claim that ae * = N(Q,.!). For this, we define a 


Neutrosophic quotient group wees, ay me, 2) 


map WY: N(Z. I) + N(Q».1) by the relation 


x’, ifxe Zp 


_—r— Ps if x1 Z3I 


Clearly, Y is a well-defined group and Neutrosophic group homomorphism, because 


(ab)? =a7b*, V a, bE ZZ and ((al)@I))* = (al)*(4N’, ¥ al, BIE Z51. 
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Now to find a kernel of ¥. If x € 25, then by the definition of kernel of group (classical) 


homomorphism, 


K ={xeZ5: x7=1} 
= {1-1} 
= fl, p—1}. 
Similarly, if x! € Z5J, then by the definition of a kernel of a Neutrosophic group homomorphism, 
K = {xl €Z31:(21f = 
= {1-1} 
= {L@- DN. 
Hence, Ker ¥=KUK 
=f{l, p—1, L@—-1)1} 
= NCW. I). 
Finally, to find image of ¥. 
Im (P) = (P(x) € N(Z;. 1) : x e N(Z3. 1} 
= {x7 e@Z3:xEZ;}U {(alf €Z3l: x1 €Z3H 
= Q,UQyl 
=N@,. I). 


~— 
By the fundamental theorem of a Neutrosophic group homomorphism, eee = Im(¥). This shows 


N(zp 1) 


that 
a ways. 1) 


= N(Qz. 1). 
Remark 2.6: x € N(Z;. I) is a Neutrosophic quadratic residue if and only if x € Im (¥), otherwise, 


it is called neutrosophic quadratic residue modulo p. 
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Example 2.7: For the prime p=5, we have 2; = {1.2.3.4}, N(Z3, 1) = {1,2,3,4,1,21, 31,41}, 


(z=, a 
“== — — in(wy. D. 2NGwe. D. 3NGwy. D. 4nCwy. D. 


We ={1.43 , NW. D={1.4.L45 , = 


ING. D, 21 N(Wg, D, 31 NCWe, 2. 42 NOW, D}. 


Theorem 2.8: The neutrosophic product of two neutrosophic quadratic residues is again a 


neutrosophic a quadratic residue modulo p. Similarly, the neutrosophic product of two 
Neutrosophic quadratic nonresidues is a Neutrosophic quadratic residue modulo p. 


Proof: Since N(Q,. I) is a Neutrosophic normal subgroup of the Neutrosophic group n(z;. 1) 


N(z, Oo 
whose index is +. So there exists a Neutrosophic quotient grou &* such that ma es 4, that 
pas BTOUP Ng, 1 ne, 0 
5G 5 — . * 
5 gen = EN (Op 1) tx ENG. D}. 


2 
Let x € Z3 such that x € Q,. Then (x Qn) = Q" =@Q,, since AH = Hh=H. Let @€ Zp such 
2 
that a € Q,. Then (a Qn) = Q,. 
2 
Let x€ZpI such that x€QyJ. Then (xQ,1) =(Q,N7 =Qy* 17 =Qyl. Let @€Z3I such 
2 

that a€ Qyl. Then (a Qpl) = Qyl. 


Because N(Z3, I) = Z,UZzl and N (9, 1) =Q.,U Ql, we know that the neutrosophic 


w(z, 1) 
) 


wa n= ter @Qp+ 1Qp. @1Q, }: 


quotient group defined as 
(1) If ty € Qpl, then 
xy Qpl = (« QIN Ap) 
= (2,I(0,) 
= (@,1° 


— Q, i 
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= Qpl, since Q,* = Qy, 
and thus xy © QpJ. 
(2) If xy € Qpl, then x. y © Qy. So there exists @bEQ, such that x=@I and y=5I. Then 
xy Q,I = G@D(51) Q, 
= (25) Q, 
=i (( 5) Q) 
=1Qy, since 7b €Q, > GbE Qs and GbQy = Qy. 
Hence xy € Qpl. 
(3) If e€ Qpl and y € Qyl then 
xy QyI = (x Qp1)(y Qp1) 
= (@,1)(¥ Qp1), since x E QpI & xQyI =Qyl 
= y(Q,p1)" 
=y Qp7 72 
= yQpl 
# Qyl, since y € Qpl iff y QpI = Qyl. 


Hence xy € Qp/. This proves the theorem. 
Now, let us start with simple undirected graphs of neutrosophic quadratic residue and 


Neutrosophic quadratic Nonresidue graphs of the Neutrosophic graph N(Z3. 1) whose vertices are 
members in the Neutrosophic graph N(Z3. I) where p is an odd prime. 


3. Neutrosophic Quadratic Residue Graphs 


Structurally, many real-world concepts, aspects, and situations can be described by using and 


applying diagrams of a set of vertices with edges joining pairs of these vertices. So, a mathematical 


abstraction of this type of diagram gives rise to the concept of a graph. A graph G and is denoted by 
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G =(V, E), where ¥=V(G) and E =E(G) vertex and edge sets of G, respectively. A graph & is 
said to be connected if there is at least one path between every two vertices in @ and disconnected if 
G has at least one pair of vertices between which there is no path. Every graph & consists of one or 
more connected graphs as subgraphs, and each such connected subgraph of & is called a 


component of G , and each component of G is denoted by Comp(G). It is clear that every connected 


graph contains only one component and every disconnected graph of more than one vertex contains 


two or more components. Now a graph & is said to be complete if every vertex in @ is connected to 


another vertex in &. 


n(n—1)} 


A complete graph of order m is denoted by K, and it has exactly = mg, edges, and it is 


called the size of Ky. If & is a vertex of @, then the number of edges incident on a vertex w is called 
the degree of w and it is denoted by deg (u). In particular, if deglu) = & for every vertex u in G, 
then G is called a k —regular graph. A graph G is said to be bipartite if its vertex set ¥ can be 
partitioned into two non-empty disjoint subsets and Vz such that each edge of G connects a 
vertex of Mj to a vertex of Wz, and the pair (4. ¥) is called bipartite of G. Similarly, @ is called a 
complete bipartite graph if each vertex of 4 is adjacent to each vertex of ¥. Now, consider two 


graphs G =(¥, E) and G ‘=(¥., E), then G and G are isomorphic to each other and it is denoted 


by G =@ if there is a one-to-one correspondence between their vertices and between their edges 


such that the incidence relationship is preserved, see [10]. 


Definition 3.1: An undirected simple graph G(23.Q,5.I) is called a Neutrosophic quadratic residue 
graph of the Neutrosophic group N(23.2) whose vertex set is N(Z3.J) and two distinct vertices = 


and y are adjacent in G(Z3.Q,.l) if and only if xy © N(Q,.1). 


Before studying the properties of neutrosophic quadratic residue graphs, we give two 


examples to illustrate their usefulness. 
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Example 3.2: Since N (Zz.0) ={1, 2, 3, 4, I, 21, 31, 42} is the vertex set of the graph G(Z5. Qs. I), 


where N(Q;, I) = {1,4, I, 41}. 


Figure 1. Neutrosophic Quadratic Residue Graph G(Z3. Qs» I) of modulo 5. 
Example 3.3: For p=7, we have N(Z3.1) ={1 2, 3, 4 5, 6, I, 22, 31, 41, 51, 61} and 


N(Q,, I) = {1, 2, 4, I, 21, 41}. Then the graph G(Z3. Q;. I) is represented as follows. 


Figure 2. Neutrosophic Quadratic Residue Graph G(Z}. Q;. I) of modulo 7. 
In this section, the basic properties of G(Z}. Qz» 1) being studied. We begin with the 
disconnectedness of the graph G(Z3. Qy. I). 


Theorem 3.4: For p > 2, the graph @(Z3. Q,. 2) is disconnected. In particular, graph G(Z3, Q. J) 


is the disjoint union of two complete components. 


Proof: Let p > 2 be an odd prime. Then the vertex set of neutrosophic quadratic residue graph 
GZ. Qy. TD) is N(Zp. 1). But 
n(Z;. 1) =N(Qp. DUN@,. D 
= @,U9,DU(Q,UQ) 


where (@, u Qpl) n (2, U Ql) =. This gives us that the vertex set n(Z3. 1) is partitioned into 
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two disjoint unions of (Q,UQp1) and (a U pl). So, because of Theorem 2.8, we clear that 
G(Z3. Qy» D) is disconnected. Now consider the following three cases. 
Case 1: Suppose x. y © N(Q,. 1). Then obviously xy © N(Q,. J). This implies that there exists an 
edge between any two vertices x and y in the graph G(Z3. Qy. J). Thus, G(Z3. Qp. I) has a 
complete subgraph, say Comp(Z3. Q,. 1) whose vertex setis N(Qp» J). 
Case 2: Suppose x. ¥ © N(Q,, f). Then again by Theorem 2.8, xy © N @. TI). So, in this case also 
there exists an edge between every two vertices x and y in the graph G(Z3. Q,. I). Thus, the 
graph, G(Z;. Q,. I) has another complete subgraph, say Comp(Z3, Q,. I) whose vertex set is 
N@,. 2). 
Case 3: Suppose x € N(Q,. I) and y€ N(Q,. I). Then xy € N(Q,. 2). It gives us that there is no 
edge between x and y when x €N(Q,. I) and y€ N(Q,. J). 

From the above three cases, we conclude that Comp(Z3. Q,. I) and Comp(Z5. Qn» I) are two 
disjoint complete components of the graph G(Z3. Qy» I) such that 

G(Z3. Qp. 1) = Comp(Z3. Qp. I) U Comp(Z;. Qp. I). 


Example 3.5: Two components of the graph G(Zz. @5. I) as shown below. 


1 2 


I 21 


Comp(Zi. Qs. I) Comp(Z3. Qs. 1) 
Figure 3. Components of the graph G(Z. Qs» I). 
For each odd prime p, the structure of G(Z3. Qp» I) is easy to describe, because it contains 


the following properties: 
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1. G(Z3. Qy DT) contains two disjoint connected components for each p > 2. 
2. Each component of G(Z3» Qy» 1) contains even and odd cycles for p = 5. 


3. Each component of G(Z3,. Qy» 2) is not a bipartite graph for p = 3. 
The next result gives useful and important properties of the components of the graph 


G(Zp: Gp. TD) when p> 2. 

Theorem 3.6: For each prime p > 2, Comp (Z;. Q,. I) = Comp (Z5. Q,. I). 

Proof: For each prime p > 2, the Neutrosophic quadratic residue and non-residue sets of N(Zp. I) 
are given by N(Qp. 1) =Qy UQpl and N(Q,. 1) =Q, UQpl. 

These are the vertex sets of the components Comp (Z3, Q,.J) and Comp (Z;, Qp- fy), 
respectively. Also, we have In(Q,. 1)| = a+ = =p-—1= In(@,. 1)| . Now to prove that 
Comp (Z;. Q,. I) and Comp (Z3. Q,. 1) are isomorphic as groups. For this, we define a function 
f:N@Q,. D- n(Q,. 1) by the relation f (uw) = v for every wE& N(Q,. I) and ve N(Q,. 1). Because 
of Iw (Q,. 1)| =p-—1 and lw (@,. 1)| = p-—1, the map f isa one-to-one correspondence. 

Now, suppose @ be an edge with end vertices w and v in the component 
Comp (Z;. Q,. 1). Then #=(v, v) © #= (FF). fu) 

e2=ftu.u) 
= e= fle), 


where ¢ =(u, u) be an edge with end vertices & and u in Comp (Z;. Qz» 1). This shows that 
there is a one-to-one correspondence between their vertices and their edges such that the incidence 
relationship is preserved. Hence, Comp (Zp, Q,, I) = Comp (Zp, Qp» I). 

The following example illustrates the procedure of the above theorem 3.6 clearly. 


Example 3.7: Since N(Q;, 1)={1.4, 1, 41} and N(@Q;. D = {2,3, 21, 31}. Using the map 


f:N(@,. D + N@;. 1) as above, write the equations f4)=2, F@)=3, FO) =F(2I) and 
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f (41) = f@GI). These equations show that f is a one-to-one correspondence between the graph 
components Comp (Zz, Qs. I) and Comp (Zz, Qs. I), and thus which are isomorphic as graphs. 


This special case of the above theorem when p > 2 occurs frequently and so we isolate it as a 


corollary. 


Corollary 3.8: Each component of the neutrosophic quadratic residue graph is isomorphic to the 


complete graph Kp_,. 
Proof: Due to Theorem 3.6, the only possibility of the graph Comp (Z;, Q,.J) is 


Comp (Z;. Q,. I) = Comp (Z3. Q,. I). Therefore, the order and size of each component are p —1 


and (? > si | respectively, and thus each component of the graph G(Z3. Q»» I) is isomorphic to the 
complete graph Kp_,. 
Example 3.9: Comp (23. Qs, I) = K, and Comp (23, Q;. I) = Kg. 

The integer p is prime if and only if p= 2 or p= 3{mod 4) p= 1{mod 4). But, this paper p 
will denote odd prime integer such that either p = 1(mod 4) or p = 3{mod 4). These prime integers 
are weapons for verifying two components of the graph G(Z3. Q» I) are Eulerian or not. It is now 


the time for determining the cases in which the components of the graph G(Z3. Q5. I) are Eulerian, 
but first, we recall the following well-known result. 
Theorem 3.10 [10]: A connected graph & is Eulerian if and only if the degree of each vertex of @ is 
even. 

For p= 1(2mod 4) or p = 3 (mod 4), the following theorems show that G(Z3. Qy» I) could 
not be Eulerian. 
Theorem 3.11: If p= 1(mod 4) or p= 3 (mod 4), then each component of G(Z3. Gy» J) is not 
Eulerian. 
Proof: Suppose on contrary that each component of G(Z3. Qy» I) is Eulerian, which implies that the 
degree of each vertex is even. By Theorem 3.6, it is clear that 


Comp (Z;. Q,. 1) = Comp (Z5. Q,. 1) = Kp-s. 
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So, for every vertex x in G(Z3. Q,. I), we have 

deg(x) = (p —1) -1=p—-2. 

deg(x) = (gq +1)—2=4q-1, which is odd. Similarly, we can show that 
deg(x) = (4g + 3) — 2 =4g + 1, whichis also odd. Hence, we found that the degree of each vertex in 
the graph G(Z;. Q,. 2) can not be even. This contraposition shows that each component of 
G(Z3. Qy. TD) is never Eulerian when p = 1(mod 4) or p = 3(mod 4). 


4, Neutrosophic Quadratic Nonresidue Graphs 


In this section, we establish a complement graph of the neutrosophic quadratic residue graph 


G(Z3. Qy. I), which is denoted by G(Z3.Qz. 1) and it is called a Neutrosophic quadratic 
nonresidue graph whose vertex set is the Neutrosophic group N(Z3.J) and edge set is 
E(G(Z;. Q,. D) ={G. y): x. y © N(Zp. I) and xy € N(Q,. 1) }. 

Example 4.1: Since N(Z3, I) = {1, 2, I, 29 and N(@Q;, I) = {2, 21}. The Neutrosophic quadratic 


nonresidue graph of N(Z3. I) is shown below. 


1 2 
wo T 


Figure 4. The graph G(Z3. Q;. I). 
Now several interesting properties of these graphs on Neutrosophic quadratic nonresidues of 


modulo p have been obtained. 


We begin with the basic properties of G(Z3,. Qp. I). 


Theorem 4.2: The Neutrosophic quadratic nonresidue graph G(Z3. Qy» D) is connected. 
Proof: By the Theorem 2.8, x¥ € N(Q,. 1) whenever X* & N(Q,. 1) and x€ N (@,. 1). This relates, 


_ =I 
foreach L=i= md we have 
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Qs — fr. X42. wma xr} , 

Q,1= fey Kal, wus xe-sl} 
2 

0, = fy ee ves} and 


Q,1= {yt Pale ake yes 
These sets determine the elements 


Xq¥_ X4¥2,..., aK ; 


£251, X2¥2, ..., 2% ; 
Xi¥u, Xi¥z,... 2M ; 


DO ) (0624), .... sNGi!); 


GDOD, «D2, .... ei); 
GOLD, «DO, .... «DOD; 


are elements in (g,. I) and which are the edges in the graph G(Z;. G5. TD). Consequently, there is 
a path between any two distinct vertices in G(Zp. Q. D) and hence G(Z3. G5. D) is connected. 
Theorem 4.3: The Neutrosophic quadratic nonresidue graph G(Zj.Q@,.0) is 
(p — 1)- regular. 

Proof: If x is any vertex of the Neutrosophic quadratic nonresidue graph G(Z3. Qp. I), then x 
must be an element of the Neutrosophic group N(Z3. J). So there exist Neutrosophic quadratic 


residues N(Q,. J) and nonresidues N(Q,. I) such that 


N(Zz. D=N@, DUN@,, D. 
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This partition of the vertex set of the graph G(Zj.Q,. I) implies that either 
x € N(Qp. 1) or x € N(Q,. 1). 
Now x € N(Q,, I), and if N(@,. 1) = {y Bae soe Vote Wale Wale oon yet} then by Theorem 
2.8 =N(Q,. 1) = fry » EP go wess *yes- xPI, FPL, wows xyzzst}= n(Q,. i). 
It gives that the vertex x is adjacent to every element in N (9. I). This means that 
deg(x) = |(@,. 1)| 
= IG, u G1 


= |@p1+ I@pal 


p- 
2 


= ae) 
= a ae 
Next £€ n(@,. 1) and if N(Qp. 1) =z, Ege coy EPA Eyl, El, oon xe. Then, again by 
2 2 
the Theorem 2.8, 


x N(Q,. 1) = N(Q,. 1). 
It yields that deglx)=p-—1, proving that the Neutrosophic Quadratic nonresidue Graph 


G(Z;. @,. D is @ —1) — regular. 


Finally looking at another basic property of the Neutrosophic quadratic nonresidue graph, we 


state the following fundamental theorem of graph theory. 


Theorem 4.4 [10]: If G is a simple undirected graph of the size /E! . Then 
Lxev(s) deg(x) = 2|EI. 
Theorem 4.5: The size of the graph G(Z}. Qp. I) is (p—1)*. 


Proof: By the Theorem 4.3 and theorem 2.5, the size of the graph G(Z3. c. I) is denoted by lE(G)I 
and defined as 


IE(G)I = =Sremze, n deg) 
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i 


= Zxencs, n(P —1) 
=2(p—1)ING. DI 
=3@-D@p—2) 
= (p — 1). 


5. Conclusions 


In this paper, we have studied two Neutrosophic graphical representations for determining the 
Neutrosophic Quadratic residues and nonresidues of the Neutrosophic group of modulo prime by 
using Neutrosophic algebraic theory, number theory, and classical algebraic theory. In addition to 
these, the Neutrosophic algebraic system can find Neutrosophic properties of Quadratic residues 
and nonresidues. Also, this algebraic-based application produces the complement neutrosophic 
graphs of each disjoint union of Neutrosophic Quadratic residue and nonresidue sets. 


References 


1. Judson, T. W., Abstract Algebra: Theory and Applications, 2020 Edition, Orthogonal Publishing L3C, 
Michigan, 2000. 


2. Chalapathi, T.; Sajana, S.; Bharathi, D., Classical Pairs in 2, Notes on Number Theory and Discrete 


Mathematics, 2020, Vol. 26, No. 1, pp. 59 - 69. 
Apostol, T.M., Introduction to Analytic Number Theory, Springer International Student Edition, 1989. 

4. Kandasamy, W. B. V.; Smarandache, F., Basic Neutrosophic Algebraic Structures and Their 
Application to Fuzzy and Neutrosophic Models, Hexis, USA, 2004. 

5. Chalapathi, T.; VMSS Kiran Kumar, R., Neutrosophic Graphs of Finite Groups, Neutrosophic Sets and 
Systems, University of New Mexico, USA, 2017, Vol.15. 

6. Smarandache, F.; Ali, M., Neutrosophic Sets and Systems, University of New Mexico, USA, 2017, Vol.15. 

7. Maheswari, B.; Madhavi, L., Enumeration of Triangles and Hamilton Cycles in Quadratic Residue 
Cayley Graphs, Chamchuri Journal of Mathematics, 2009, Vol. 1, No 1, pp. 95 — 103. 

8. Budden, M., et al., Enumeration of Triangles in Quartic Residue Graphs, Integers 12, 2012, pp. 57 — 73. 

9. Giudici, R. E.; Olivieri, A. A., Quadratic modulo 2" Cayley graphs, Discrete Mathematics, 2000, Vol. 215, 
No. 1, pp. 73 - 79. 

10. Bondy, J. A.; Murty, U.S. R., Graph Theory with Applications, Macmillan Press Ltd., Great Britain, 1976. 


Received: May 26, 2021. Accepted: October 5, 2021 


Chalapathi Tekuri, Sajana Shaik and Smarandache Florentin, Neutrosophic Quadratic Residues and Non-Residues 


wars 
@NSS Neutrosophic Sets and Systems, Vol. 46, 2021 


NM University of New Mexico 


~ 


A Note on Neutrosophic Almost Bitopological Group 


* 


Bhimraj Basumatary’* and Nijwm Wary” 
‘Department of Mathematical Sciences, Bodoland University, Kokrajhar; brbasumatary14@gmail.com 
?Department of Mathematical Sciences, Bodoland University, Kokrajhar; nijwmwr0@gmail.com 


“Correspondence: brbasumatary14Q@gmail.com 


Abstract. Because the concept of an almost topological group is relatively new, so, in this paper, we introduce 
the notion of the neutrosophic almost bitopological group. In this work, we define the definition of the neutro- 
sophic almost continuous mapping and then we define the neutrosophic almost bitopological group. Also, we 


investigate some properties of the neutrosophic almost bitopological group. 


Keywords: Neutrosophic Set; Neutrosophic Almost Continuous Mapping; Neutrosophic Bitopological Group; 
Neutrosophic Almost Bitopological Group. 


A list of Abbreviations 

NS - neutrosophic set. 

NG - neutrosophic group. 

NT - neutrosophic topology. 

NTS - neutrosophic topological space. 
NOS - neutrosophic open set. 

NCoS - neutrosophic closed set. 

NBTS - neutrosophic bitopological space. 
NTG - neutrosophic topological group. 
NSOS - neutrosophic semi open set. 
NSCoS - neutrosophic semi closed set. 
NROS - neutrosophic regularly open set. 
NRCS - neutrosophic regularly closed set. 
NABTG - neutrosophic almost bitopological group. 
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1. Introduction 


The Fuzzy set (FS) concept was first introduced by Zadeh [29] in 1965. The concept of 
membership function and explained the idea of uncertainty defined with the help of FS. 
Atanassov [8] generalized the concept of fuzzy set theory (FST) and introduced the degree 
of non-membership and proposed intuitionistic fuzzy set theory (IFST). Azad [9] discussed 
the Fuzzy Semi-continuity (FSC), Fuzzy Almost Continuity (FAC), and Fuzzy Weakly Con- 
tinuity (FWC). Chang [11] defined the concept of the fuzzy topology space (FTS) and Coker 
[12] introduced the Intuitionistic fuzzy topological space (IFTS). Kandil [15] and Kelly [16] 
discussed the fuzzy bitopological spaces and bitopological space. Rosenfeld [20] introduced the 
fuzzy groups and Foster [13] defined the fuzzy topological groups. 

F. Smarandache (25, 26] was introduced as an independent component of the degree of un- 
certainty and discovered the neutrosophic set (NS). After the discovery of NS, many researchers 
have developed the neutrosophic set theory for various branches of Science and Technology. NS 
is used as an independent measure of uncertainty Membership and Non-Membership Function. 
FS is used to control uncertainty by using the membership function only. While NS is used 
to control uncertainty by using the truth membership function, indeterminacy membership 
function, and falsity membership function. Salama and Alblowi [21] introduced the concept of 
neutrosophic topological space (NTS). Salama et. al [22] studied closed sets and neutrosophic 
continuous functions. Imran et. al [14] discussed some types of neutrosophic topological groups 
in relation to neutrosophic alpha open sets. Abdel-Basset et. al [1] have applied neutrosophic 
set theory (NST) as a tool on group discussion making framework. Abdel-Basset et al [2] done 
the work in solving chain problems using a base-worst method based on a novel plithogenic 
model. Sumathi et. al [27, 28] studied the Fuzzy Neutrosophic Groups (FNG) and Topological 
Group Structure of Neutrosophic set. Mwchahary et. al [17] did their work in neutrosophic 
bitopological space. Abdel-Basset et. al [3] developed supplier selection with group decision- 
making under the type-2 neutrosophic number of TOPSIS technology. Abdel-Basset et. al 
[4, 5] studied the chain management practices of evaluation of the green supply and defined 
for achieving sustainable supplier selection of VIKOR method. Also, Abdel-Basset et. al [6, 
7| developed hybrid multi-criteria decision-making for the sustainability assessment of bioen- 
ergy production technologies and employed an evaluation approach for sustainable renewable 
energy systems under uncertain environments. 

In this paper, we try to study the neutrosophic almost bitopological group (NABTG) and 
some of their properties by using the definition of neutrosophic almost continuous mapping 
(NACM). 
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2. Preliminaries 
2.1. Definition:[28] 


A NS A on a universe of discourse X can be expressed as A = { (2, J4(x), Ja(z),Ta(z)) : 
a € X}, where J,9,0: X >]-0,17[. Note that 0 < T4(z) + Ga(x) + Ta(x) < 3. 


2.2. Definition:([28] 


The complement of NS A is expressed as A°(x) = {(x,Tac(x) = Ta(x), Gae(x) = 1 - 
Ga(x),Tac(x) = Fa(x)): 2 € X}. 


2.3. Definition:([28] 
Let X be non-empty set and A = {(x,Ja4(x),9a(x),Ta(z)) : « € X}, B= 
{ (x, Ip(z), Ip(x),Up(z)): 2 € X}, are NSs. Then 
(i) AMB = {(x,min(Ja(x), Fa(x)), min(G4(z), Ja(z)), max(Ta(x),Up(z)),): 2 € X} 
(ii) AU B= {(x,max(Ja(z), Jp(z)), max(I4(x), Jp(z)), min(a(z),p(x)),): 2 € X} 
(iii) A < B if for each x € X, Fa(x) < Ip(z), Ga(z) < Ip(x),T4(x) > Tp(z). 


2.4. Definition:[28] 


Let (X,*) be a group and let A be a NG in X. Then A is said to be a NG in X if it satisfies 


the following conditions: 


(i) Fa(zy) > Fa(x) MTa(y), La(xy) = Ga(x) M Ga(y) and Ta(ry) < Pa(x) UT aly), 
(ii) Fa(a—+) > Fa(x), Ga(a7+) > Ga(x), and P'4(z—) <Ta(z). 


2.5. Definition:[21] 
Let X be a group and let G be NG in X and e be the identity of X. We define the NS G, by 


Ge = {x € X : Ig(x) = Ig (e), Io(z) = Ie(e), Te(x) =Te(e)}. 


We note for a NG G in a group X, for every x € X : Ig(x~+) = Ie(x), Io(a~!) = Ig(zx) and 
T'¢(x-!) =T¢(x). Also for the identity e of the group X : Ig(e) > Ie(x), Je(e) > Ig(x), and 
Te(e) <Te(2). 


2.6. Definition:[21] 


Let X be a non-empty set and a NT on X is a family lx of neutrosophic subsets of X 
satisfying the following axioms: 
(i) On, lw € Tx 
(ii) G, M G2 € 1x for any G1, Gp € 1x 
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(iii) U G; € Tx V {G;:i€ J} Cx 


In this case, the pair (X, 1x) is called a neutrosophic topological space (NTS) and any NS in 
“lx is known as neuterosophic open set (NOS). The elements of 1x are called NOSs, a NS F 
is neutrosophic closed set (NCoS) if and only if it F° is NOS. 


2.7. Definition: [8] 


It is known that f : (X, 1x) — (Y, Ty) is neutrosophic continuous if the preimage of each 


neutrosophic open set in Y is neutrosophic open set in X. 


2.8. Definition:[17] 


Let (X, 1%) and (X, 1H) be the two neutrosophic topologies on X, then (X, 1, 1) is said 
to be a neutrosophic bitopological space (NBTS). Throughout in this paper the indices 2, j 
take the value € {7,7} andi #7. 


2.9. Definition:[17] 


Ley (x, 1, 15) be a NBTS. Then a set for A = {(x, aij, Bij, Vij) : © € X}, neutrosophic 
Ci; TX)N + interior of A is the union of all (1%, TX)N + open sets of X contained in A and 
can be defined as follows: 


(TE WYN F Int(A) = {(@,U4x Ux aaj, Myx Max Bij,Mx Myx Yj): @ € X} 


2.10. Definition:[17] 


Let (X,Y, 1) be a NBTS. Then a set for A = {(z, aij, Bij, Vij) : © € X}, neutrosophic 
ge irs )N § closure of A is the intersection of all (1%, arg )N § closed sets of X contained in 
A and can be defined as follows: 


(12, 18) F CIA) = {(2, M4x Mx a4j,U4x U4x Bij,U4x U4x yi): 2 € X} 
a j a J a J 


2.11. Definition:[10] 


Let X be a group and G be a NG on X. Let 1x be a NT on G then (G, 1x) is called a 
neutrosophic topological group (NTG) if the following conditions are satisfied: 
(i) The mapping » : (G, 1x) x (G, lx) > (G, 1x) defined by A(g1, 92) = gige, for all 
91,92 € X, is relatively neutrosophic continuous. 
(ii) The mapping yp: (G, 1x) > (G, 1x) defined by p(g) = gu}, for all g € X, is relatively 


neutrosophic continuous. 


B. Basumatary and N. Wary, A Note on Neutrosophic Almost Bitopological Group 


Neutrosophic Sets and Systems, Vol. 46, 2021 S76 


3. Main Works: 
3.1. Definition: 


Let A be a NS of a NBTS (X, Ws) then .A is called a neutrosophic semi-open set 
(NSOS) of X if there exists a B € (X, 7%, 1) such that A C Ce, 1)N + Cl(B), for each 
i=j=1,2. 


3.2. Definition: 


Let A be a NS of a NBTS (X, ara aa ), then JA is called a neutrosophic semi-closed set 
(NSCoS) of X if there exists a BS € (X, 7%, ie) such that CE, )N + Int(B) C A, for each 
i=j=1,2. 


3.3. Definition: 


ANS JA of a NBTS (X, 75, iH) is said to be a neutrosophic regularly open set (NROS), if 


(18, 19)N F Int (1X, WON : CUA)) =A, for each i= j = 1,2. 


3.4. Definition: 


A NS A of a NBTS (X, 7%, iH) is said to be a neutrosophic regularly closed set (NRCS), 
if (18, 19)N + cus, TX)NF Int(A)) = A, for each i = j = 1,2. 


3.5. Definition: 


A mapping ¢: (X, 14, 1H) 3 (Y, TY, Ty) is said to be a neutrosophic almost continuous 
mapping (NACM), if ¢7-1(.4) € (X, 1% as ) for each neutrosophic regularly closed set A of 
(¥, 1, W);¢= 7 =1,2. 


Example 3.1. Let X = {x,y} and Y = {p,q} 

P= {(O8OAOAy (0.7.0.2,03)) ( _ £(0-2,08,0.7) (0.2,0.10.7)1 pp — ¢(0.60:8.0-8) (0.7,0:1,0-2)y 

G = {(210-8.0-7), (0:1,0-8,0-7 )), 

Then. In, = {Ong lage}. Tne = 1Oneclner@}i ng = Onn inn RY Te = 
{Onx, lw,,S} are neutrosophic topological spaces. Then 

(1n,; Iw2) / open sets = {On,,1nvy, P,Q}, (In,, Iw.) § closed sets = {Oy,,1n,, P°, Q%}, 
("1w3; w,) - open sets = {On,, lv,, R, S}, (Iw,, 1w,) - closed sets = {On,,1n,, R°, $7}. 
Let f : (X,1n,,; In.) > (Y,71n,, In) define by f(x) = p and f(y) = q. Then we have 
(“1w3; Iw,) F C1(R®) is closed set. 

Now, R® is (wy, 1n,) + closed set in Y and f~!(R°) C P, where P is (1n,,1w,) - open set 
in X. Also, Cl(f-1(R°)) CP. 


Therefore, f is neutrosophic almost continuous mapping. 
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3.6. Definition: 


Let G be a NG on a group X. Let Tf be a NT on G for each i = 1,2; then (G, TP, Tf) is 
said to be a neutrosophic almost bitopological group (NABTG) if the following conditions are 
satisfied: 

(i) A mapping \: (G, 18) x (G, Tf) > (G, Tf) defined by \(z, y) = zy, for all z,y € X, 
is neutrosophic almost 7-continuous, for each i = 1, 2. 
(ii) A mapping p : (G, 1%) > (G, 18) defined by p(x) = 27, for all a € X, is neutrosophic 


almost i-continuous, for each 7 = 1, 2. 


Example 3.2. Let G = {a,e}, where e¢ is the identity element of G. Then G is a group. Let 
P= { (260-404) (2-7:0-2,0-3)) Q = {Sateen ee R= (Senet) (2-70-1,0.2)) 

S= { (240807) (PRO SOT), 

Then, it is clear that the mapping pu : (a, b) + ab of (G, 18, 1§) x (G, Tf, 1) in to (G, 1%, TF) 


is neutrosophic almost continuous and \: a + a7! of (G, 1%, T§) in to (G, 18, T¥) is neutro- 


sophic almost continuous. 


Hence, (G, 1°, 1§) is neutrosophic almost topological group. 


Remark 3.1. (G, 1€) is a NABTG for each i = 1, 2; if following conditions hold good: 


(i) for g1,g2 € G and for every (TP, W)- NROS U containing g1, 92 in G, J 1f— neutro- 
sophic open, 7 = 1,2 nbds ¥ and Q of g; and ge respectively in G so that PxQ CU 
and 

(ii) for g € G and for every (Tf, F)- NROS Q in G containing gt, 3 1®— neutrosophic 

open, i = 1,2 nbd & of g in G such that M1 CQ. 


Theorem 3.1. Let (G, 18), i= 1,2; be a NABTG and let a € G be any element of G. Then 

(i) ma : (GTP) > (G, TE): ma(x) = az, for all x € G, is neutrosophic almost i- 
continuous, for each i = 1,2. 

(ii) a2 : (G18) > (G, 1%): oa(x) = za, for all x € G, is neutrosophic almost i- 


continuous, for each i = 1,2. 
Proof. 


(i) Let p € G and let W bea (WP, 17)- NROS, i = j = 1,2; containing ap in G. By 
Definition 3.6, 4 1e- neutrosophic open, 7 = 1,2 neighborhoods U,V of ap in G so 
that UV CW. Especially, aV C W that is ta(V) C W. This shows that 7, is NACM 
at p and therefore 7, is NACM. 

Suppose p € G and W € (TP, TP)- NROS(G), containing pa. Then J 1$— NOSs, 
i=1,2;pe€ Uanda€e V inGso that UV CW. This shows Ua C W, ie., ag(U) CW. 
This implies o, is NACM at p. As arbitrary element p is in G, og is NACM. 


(ii 


SS" 
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Theorem 3.2. Let G be any CPs i= NROS, i = j = 1,2; in a NABTG (G, 18). The 


following conditions hold good: 
(1) aU € (TP, 17)— NROS(G), for alla eG. 
(2) Ua € (TP, 1?)— NROS(G), for alla €G. 


(3) U-! € (AP, 1?)— NROS(G). 
Proof. 


(1) First, we have to prove that a € 1,i =1,2. Let p € aU. Then from Definition 3.6 
of NABTGs, 4 1®— neutrosophic open neighborhoods, i = 1,2; a~! € #% and p € W 
in G so that 2 C U. Especially, a“ !W C U. ie., equivalently WW C al. This 
indicates that p € (TP, WP )N + Int(atl) and thus, (TP, TPN + Int(aul) = aU. ie., 
au € 18,i=1,2. Consequently, al C (TE, TPN F Ine (CE, 1) F Cl(ail)). 

Now, we have to prove that Cede F Ine (TE, 18) P Cl(aul)) C au. Since 
U is TE— NOS, i = 1,2; (TP, FN F C1(U) € (WP, 7) NRCS(G). From theorem 
3.1, T-1 : (G, TP) > (G, TP) is NACM, i = 1,2 and therefore, a(T?, 17)N + CU(U) is 
S— NCoS, i = 1,2. Thus, (18,19) + Int (1S, 19) : Cl(aul)) C (TE, 19)N + 
Cla) C a8, TR)N F CU). ie, aR, TP)N + Ine, 1S) F Cl(aul)) C 
(18,79)N + CI(U). Since (18, 78)N + Int (CE, TS) L Cl(aul)) is (1S, 18)— 
NROS, i = j = 1,2; it follows that a-'(1P, 1?)N + Tne (E, 1) F Cl(aul)) = 
(18, 78)N + Tne (CE, 1S) b cu(u)) =U. ie, (18, 19)N + Ine (1S, 19) 2 
Cl(aul)) C all. Thus, al = (18, 18)N + Int (1S, 1) : Cl(au)). This shows 
that all € (1?, 17)— NROS(G). 

(2) Following the same steps as in part (1) above, then we can prove Ua € Uys y= 
NROS(G), for alla € G. 

(3) Let ¢ € U7}, then J T8— NOS, i = 1,2; « € W in G so that WC U 
=> W C U!. Therefore U-! has interior point x. Thus, U7! is e- NOS, 
i=1,2ie, U1 CCP, WN F Int (8, TS) a cuu-)). Now we have to 
prove that (Tf, 1%)N F Int (CE, 19) Pp cuu-t)) C ul. Since U is T8- 
NOS, i = 1,2; (TP, FN C101): is (i. y= NRCS, i = 7 = 1,2 and hence 


(TP, 1P)N F Cl(u)t is T?- NCoS, i = 1,2 in G. Therefore, (17, 17)N + 


Int((1P, WYN F cuu-t)) CORN - elu) ¢ OP, FN + Ci) 


=> (18, 18)N + Int (1 IQ)N Fb cuu-t)) © (18,18)N + Ine (1S, 1) L 


eae | 
-1 
cu(u)) =U-l. Thus, U-? = (18, 78)N + Int (CE, TN : cut). This 
shows that U-! € (TP, T= NROS(G). 
Corollary 3.1. Let Q be any (TE, F)- NRCS, i = j = 1,2; in a NABTG. Then 
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(1) aQ € (17, 1%)— NRCS(G), for alla € G. 


(2) 91 € (1f, 1f)— NRCS(G). 


Theorem 3.3. Let U be any (WF, 1F)- NROS, i = 7 = 1,2; in a NABTG. Then 


a? 9 ao "9 
(2) (18, 18)N F Cl(atl) = (TE, 1$)N + Cl(U)a, for each a G. 


(Cy, FIN PC) =F WN rca. 


(1) (18, TN + Cl(Ua) = a( TE, TS)N + Cl(U), for eacha € G. 


Proof. 


(1) Taking p € (TP, PN + Cl(Ua) and consider g = pa~!. Let g € W be TE— NOS, 
i=1,2inG. Then 3 1f— NOSs, i = 1,2; a+ € and pe t% in G, so that Yj) C 
CF, TN Int (8, T)N fs cuw)), By assumption, there is g € Uam th => 
ga CUM CUM(TE,AE)N F Int (1S, 1) E CuWw)) = UM (TE, TS)N + 
mnt (CE, 78)NF CuW)) Z0v > UM (CF, 78)N EF cuw)) 2 Oy, 

Since U is T?— NOS, i= 1,2; UMW # Ow. ie, pe (TP, TP)N + Cl(U)a. 

Conversely, let q € (TP, TP)N + Cl(U)a. Then gq = pa for some p € Cs ey f 
Cl(U). To prove (1%, 17)N + Cl(U)a C (TP, 18)N F Cl(Ua). 

Let pa € W be an 1— NOS, i = 1,2 in G. Then 3 1$— NOSs,i=1,2;a€ 
in G and p € (4 inG, so that YjV2 C (TP, TPN F Int (CE, 1) + CUW)). Since 
pe Cy GN F CUU), UMV, # On. There is g €C UMVy. This gives ag € (Ua)M 
(18,18) N + Int (CE, 1) b cuW)) = (Ua) A (CF, 18)NF CuW)) # Oy. From 
Theorem 3.2, Ua is 1— NOS, i = 1,2 and thus (Ua) MW 4 On, so ge (TP, TP )N b 
Cl(Ua). 

Therefore, (1?, 18)N + Cl(Ua) = (TP, 12)N + Cl(U)a. 
Following the same steps as in part (1) above, then we can prove (TP, TPN F 
Cl(aU) = a(TP, 1P)N F C1(U). 
Since (1?, 17)N F Cl(U) is (17, 17)— NRCS, i = j = 1,2; (WP, TF)N + Cl(u)t is 
W?— NCoS, i = 1,2 in G. So, U-* C (TP, TF)N + Cl(U)* this implies (TP, T7)N + 
Clu") C (CP, EN F Cl). Next, g € (TP, 18)N + Cl(U). Then g = 
p | for some p € (TP, FN + Cl(U). Let g € ) be any 1$— NOS, i = 1,2 in 
G. Then 3 1?— NOS, i = 1,2; Y in G so that p € Y with YC (CTP, F)N + 
Int{ (TF, FN + Cl(V2)}. Also, there is g € UMW, which implies gt € UT'm 
(TP, TE)N F Int{(TP, TE)N + Cl(e)}. ie, € Ulm (TE, TE)N F Int{(18, TE)N + 
Cl(2)} A On > UT! mM (TP, TF)N F Cl() 4 On > UT! MV F ON, since UR" is 
f— NOS, i= 1,2. Therefore, g € (1f, 17)N F Cl(U-"). 

Hence (17, 17)N + Cl(Ut) = (1F, TF)N F Clu). 
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Theorem 3.4. Let Q be Cy = neutrosophic regularly closed, i = 7 = 1,2 subset in a 
NABTGG. Then the following statements are satisfied: 

(1) (TP, TP)N + Int(aQ) = a( TP, 1P)N F Int(Q), for alla G. 

(2) (TP, TP)N + Int(Qa) = (TP, TF) N + Int(Q)a, for alla G. 

(3) OF, GIN F Into) = (17, PN F Int(Q)*. 


Proof. 


(1) Since Q is (1, 1?)— NRCS, and (1?, 1%)N + Int(Q) is (1f, 17)— NROS, i = j = 1,2 
in G. Consequently, al WY, W)N F Int(Q) C (TP, TPN + Int(aQ). 

Conversely, let q be an arbitrary element of (TP, TP )N t+ Int(aQ). Assume that 
q = ap for some p € Q. By assumption, this shows aQ is e- NCoS, 7 = 1, 2; and that 
is (TP, TP)N + Int(aQ) is (1?, 7)— NROS, i = j = 1,2 in G. Suppose a € U and 
p €V be If— NOSs, i = 1,2 in G, so that UV C (TP, 1?)N  Int(aQ). Then aV C 
aQ, which it follows that aV C a(1P, 17)N F Int(Q). Thus, (1?, 17)N + Int(aQ) C 
atl, WYN + Int(Q). Hence the statement follows. 
Following the same steps as in part (1) above, then we can prove (TP, TP )N b 
Int(Qa) C Cy IN t Int(Q)a. 
Since (TP, 1)N + Int(Q) is TP, 17)— NROS, i = j = 1,2; so, (TP, 18)N F Int(Q)+ 
is 1f— NOSs, i = 1,2 in G. Therefore, Q-! C (TP, TP )N + Int(Q)~+ implies that 
(TP, TPN F Int(Q~!) C (TP, 1)N + Int(Q)~+. Next, let q be an arbitrary element 
of (Wf, 1%)N F Int(Q)~*. Then q =p“! for some p € (TP, 1%) N F Int(Q). Let qe V 
be 1$— NOS, i = 1,2 in G. Then 3 1$— NOS, i = 1,2; U is in G so that p € U with 
Urey, TNE cue, TP)N Int(V)). Also, there is g € 2/MU which implies 
g € 24m (AS, ASN + cl 8,18) 7 Int(V)). That is 9-! m (TE, 78)N + 
cus, TYNE Int(V)) #0n > Q'1 MTP, EIN + Int(V) 4 On > QM F ON, 
since 2-1 is 1P— NCoS, i = 1,2. Hence (1P, 17)N + Int(Q-') = (TP, 1F)N + 
Int(Q)7t. 


— 
iw) 
wa 


— 
w 
wn 


Theorem 3.5. Let A be any (17, 1%)— NSOS, i= 1,2 in a NABTGG. Then 
(1) (IE, 1E)N + Cl(aA) € a(TE, 1$)N + CUA), for alla eG. 
(2) (TF, 1P)N + Cl(Aa) C CF, TP) NF Cl(A)ja, for alla € G. 
(3) (18, TE)N F Cl.A-!) C CF, TE)N F CWA). 


Proof. 


(1) As A is (TP, 17)— NSOS, and (Tf, 17)N F CUA) is (WP, 17)— NRCS, i = j = 
1,2. From Theorem 3.1, 7-1 : (G,1f) > (G, 18) is NACM, for each i = 1,2. 
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So, a(17, 17)N F CLA) is TF—- NCoS, i = 1,2. Hence (17, 17)N + Clad) C 


a? 9 
a( WE, 1F)N F Cl(A). 


(2) As A is (TP, 1P)— NSOS, and (Tf, 17)N F CUA) is (1%, 17)— NRCS, i = j = 
1,2. From Theorem 3.1, og-1 : (G, 18) > (G,1®) is NACM, for each i = 1,2. 
So, (1, 18)N + Cl(A)a is 1F— NCoS, i = 1,2. Thus, (1?, 18)N + Cl(Aa) © 
(18, 19)N F Cla. 

(3) Since A is (TE, F)- NSOS, i = j = 1,2; so, (1%, TP)N PCAs Cl, ?)- NRCS, 
i = 7 = 1,2 and hence (WF, FN + Cl(A)~} is TE— NCoS, i = 1,2. Conserquently, 


CHIN PF CKA) CF, NF Cla) 


Theorem 3.6. Let A be both (TE, W)- neutrosophic semi open and (1%, F)- neutrosophic 
semi closed subset of a NABTG, i=j=1,2. Then the following statements hold: 


(1) (18, 18)N F Cl(aA) = a(18,18)N F CUA), for alla G. 
(1, TRIN FPOwAG) = (TP, TPN + Cl(A)a, for alla eG. 


(2) OF TPN CUA) =F, YN CIA). 


Proof. 
(1) Since A is (1P, 1%)— NSOS, and (TP, 1?).N + Cl(.A) is (TP, 1?)— NRCS, i = j = 1,2; 
from which it follows that (1?,1%)N + Cl(aA) © a(TP,17)N F CUA). Fur- 


ther, 1©— neutrosophic semi-openness of A, i = 1,2 implies (TP, TP)N + Cl(A) = 
(18,98) + cy ce 78)N Fb Int(A)) => a(T8,18)N F CUA) = a8, 18)N + 


ee a? "9 ee | 
cl 1S, 18). FE Int(A)). As A is (TP, 17)— NSCoS, and (1?, 1?)N + Int(.A) 


is CWP, TP)- NROS in G, i = j = 1,2. From Theorem 3.5, al Te, WF )N E 
CUA) = a(T,18)N + cu 8, 18) E Int(A)) = (8, 18)N FE Cl (a(78, 18) : 
Int(A)) C (1S, 1S)N + Cl(aA). Hence (18,19)N + Clad) = a(18,1S)N + 
CUA). 

(2) Following the same steps as in part (1) above, then we can prove (TP, TPN F 
Cl(Aa) = (1P, 1F)N F Cl(A)a. 

(3) By assumption, this shows (TP, FN t Cl(A) is (TP, 17) NRCS.4 = f= 
1,2 and therefore (TP, PN + Cl(A)-+ is TE— NCoS, i = 1,2. Consequently, 
(1, TE)N + CUA!) C CB, TPN + Cl(A)'. Next, as A is (1?, 18)— NSOS, 
i= 5 = 1,2; (S,1S)N F CUA) = (1S, 78)N + cis, 18)N 7 Int(A)) x 


“i 
CE, 1)N + Cla) = C8, 19)N F cu 8, 1S) L Int(A)) . Also, as J is 
(12, 1%)— NSOoS, and (TP, 17).N + Int(.A) is (TP, 17)— NROS, i = 7 = 1,2. From 
Theorem 3.3, (18,1$)N + Cl(A)-! = (18, 1S)N + cl 1S, 18) L Int(A)~*) 
G “4G -1 . G “4G -1\ _ G “4G 
C (T?, F7)N F Cl(A~*). This shows that (17, 17)N F CUA) = (TP, 17)N F 
CUA). 
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Theorem 3.7. From Theorem 3.6, the following statements hold: 


(1) (18, 18)N + Int(aA) 
(2) (TP, 1P)N F Int(Aa 
1 


al We, WF)N + Int(A), for allaeG. 


U.N + Int(A)a, for allaeG. 


@o 79 


(2) Os WN Pinta) = 18, Tn Ft). 


Proof. 


a? 9 a) 


(1) As A is (Tf, 17)— NSCoS, and (1?, 17)N F Int(A) is (TP, 17)— NROS, i = j = 


—— 
i) 
Ww 


NS 


1,2. From Theorem 3.1, 7-1 : (G, 1€) — (G, 1€) is NACM, for each i = 1,2. So, 
aCe, ON F Int(A)) = a(T?, WF)N + Int(A) is TF— NOS, i = 1,2. Thus, 
al We, W)N t Int(A) Cc Cis ip + Int(aA). Next, by hypothesis, it follows 
(18,19)N + Inti”) = C18, 1S)N + Int (CE, TS) : CUA) = a(1$,18)N + 
Int(A) = aC, 1P)N F Int (1S, 1) F CUA). As A is (1, 1%)— NSOS, 
and (TP, FN t Cl(A) is CF, 7)- NRCS, i = j = 1,2. From Theorem 3.4, 
a( 18, 18)N + Int (IE, TS) b CUA) = (18, 18)N + Int (a8, 18)N b CUA)) 
> (WP, F)N + Int(aA). That is, (WP, 17)N F Int(aA) C aC? TP)N F Int(A). 
Therefore, (T?, 17)N F Int(a.A) = a(1?, 17)N + Int(.). Hence proved. 
As A is (TP, 1f)— NSCoS, and (Tf, 18)N + Int(A) is P, 17)— NROS, i = j = 
1,2. From Theorem 3.1, o,-1 : (G, 1) — (G, 1®) is NACM, for each i = 1,2. So, 
a (C18, 18). 7 Int(A)) = (18, 18)N + Int(A)a is IE— NOS, i = 1,2. Thus, 
(TP, TPN Ft Int(A)a © (TP, TPN + Int(Aa). Next, by hypothesis, it shows that 
(18, 78)N + Int(A) = (18,79)N + Int (18, TS) b CUA) => (18, 18)N + 
Int(A)a = (18,18) + Int ( (TE, 1S) b CUA))a. Since A is (18, 19)— NSOS, 
and Cy, PN t CIA) is (WP, TP)- NRCS, i = j = 1,2. From Theorem 3.4, 
(TE, 79)NF Int (CE, 1S) b CUA))a = (18,79)N + Int (CE, 18)N b CUA)a) 
> (18, 18)N + Int(Aa). That is, (1%, 1%)N + Int(Aa) C (TR, 1P)N F Int(A)a. 
Therefore, OPN + Int(Aa) = (18, 1S)N - Int(A)a. Hence proved. 
From hypothesis, this shows that (1%, 1%)N + Int(A) is (1) NROS, i = 
)-! is T1S— NOS, i = 1,2. Consequently, 


j = 1,2 and therefore (1?, 17)N + Int(A 
(TP, TPN F Int(A-!) ¢ (TP, TP)N + Int(A)—!. Next, as 7 is = NSCoS, 
129 = 12,07, 1)N & nA) = OF nN & Int (TE, TE) F CUA) 
=> (1S, 18)N F Int(A)-! = (18,79) F Int (18, TE) b CUA) Also, as A 
is (TP, 17)— NSOS, and (TP, 1%)N F Cl(A) is (1, 17)— NRCS, i= 7 = 1,2. From 
Theorem 3.4, (18, 18)N b Int(A)-! = CS, 78) + Int (8, TS) L CuAy). 
C (TP, 1F)N + Int(A~'). This proves that (TP, 17)N + Int(A~+) = (TP, 1P)N + 
Int(A)7. 


G 
j 
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Theorem 3.8. Let A be 1f— NOS in a NABTG G,i = 1,2. Then aA C (1P,1%)N + 
Int (a(78, 18)N F Int((1P, WF) NF CUA))), for eachaeéG. 


Proof. 


Since A is 1P— NOS, i = 1,2; so A C (TP, WF)N F Int((TP, F)N F Cl.A)) aA C 
al TW, W)N F Int((TE, TN + Cl(.A)). From Theorem 3.2, al We, FN F Int (TP, TP)N F 
Cl.A)) is TF— NOS, i = 1, 2; (in fact,(1?, 1%) — NROS,i = j = 1,2). 

Hence, aA C (TP, 1?)N + Int (a(78, 18)N F Int((TP, F)N CUA))). 


Theorem 3.9. Let Q be any (WP, P)- Neutrosophic closed subset in a NABTG G,i = j = 
1,2. Then (18, 18)N + Cl (078, T8)N F CUCE, TS)N F Int(Q))) C aQ, for eacha€G. 


Proof. 


Since Q is 1?— NCoS, i = 1,2; so Q D (TP, TP)N + CUP, TP)N F Int(Q)) > aQ D 
al TW, WP)N F CUP, WP)N + Int(Q)). From Theorem 3.2, al We, W)N E CUP, WF)N F 
Int(Q)) is Tf— NCoS, i = 1,2; (in fact,(7}, 1) — NRCS,i = j = 12), Therefore, aQ C 
(1E,78)N FE Cl (a(78, 18). F CUTE, TE)N F Int(Q))). 

Hence, (17, 17)N + cae, TR)N F CUTE, TPN FE Int(2))) C aQ. 


4. Conclusion: 


In this paper, we have studied the neutrosophic almost bitopological group. We defined the 
definition of the neutrosophic regularly open (closed) set and proved some of their properties. 
After defining the definition of the neutrosophic regularly open set we have defined the defi- 
nition of the neutrosophic almost continuous mapping with an example and we proved some 
properties of the neutrosophic almost continuous mapping. Finally, by using the definition of 
the neutrosophic almost continuous mapping, we defined the neutrosophic almost bitopological 
group and cited an example. Also, we have proved some of their properties. In future, we try 
to study the Neutrosophic Almost Ideal Bitopological Group. We hope that this work shall 


bring some new ideas in the development of the neutrosophic almost bitopological group. 
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Abstract. In the theory of uncertainty and approximation neutrosophy plays a significant role. Neutrosophy 
is tool emerged on standard or non-standard to measured the mathematical model of uncertainty, vagueness, 
ambiguity etc. In light of these major issues, the paper outlines of Neutrosophic Set, Single Valued Neutrosophic 
Set, Triangular Single Valued Neutrosophic Number and Trapezoidal Single Valued Neutrosophic Number. It 
also propose Neutrosophic Differential Equation and shown its solution in different conditions. Thereafter min- 
ing safety model via Single Valued neutrosophic number be epitomized. At last a mathematical experiment is 


done to exhibit its reality and use fullness of this Number. 


Keywords: neutrosophic set(NS); single valued neutrosophic set(SVNS); triangular single valued neutrosophic 
number(TSVNNs); trapezoidal single valued neutrosophic number(TrSVNNs); neutrosophic differential equa- 
tion(NDE); mining safety model 


1. Introduction 


NS highlights the origin and nature of neutralise in different fields which is the generalization 
of classical set, fuzzy set(FS), intuitionistic fuzzy set(IFS) etc. Gradually varying value is used 
in FS theory rather than precise or sharp value. In 1965 (J, a famous paper was published 
by Prof. L.A. Zadeh as ” Fuzzy sets” in ”Information and Control” that provided some new 
mathematical tool which enable us to described and handle dubious or unclear notions. FS 
theory, only shows membership degree and do not provide any idea about non-membership 
degree. In reality, this linguistic statement don’t fulfill the logical statement. When choosing 
the membership degree there may exist some types of doubtfulness or absence of information 
are present while defining the membership. Due to this doubtfulness, an idea of IFS as gen- 


eralization of FS was introduced by Atanassov in 1983 [2]. IFS consider both membership 
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and non-membership function. IFS only pick up incomplete information. In 2003 [3], A new 
concept, say, NS was innovated by Smarandache. It deals with the study of origin, nature 
and scope of neutralise, as well as their interaction with different idealism spectra. NS is the 
generalization of CS, FS, IFS and so on. A NS can be distinguish by a truth membership 
function ’yy’, an indeterminacy membership function ’v7’, and a falsity membership function 
‘or’. In NS: pr, vy and of are not dependent, which is useful in situations such as information 
fusion. In NS pr, vz, of being the real standard or non standard subset of ~]0, 1[* moreover 
in SNVS, pr, v7, or be the subset of [0,1]. From philosophical point of view, NS generalised 
the above mentioned sets but from scientific or engineering point of view, need to be defined. 


Else it’s difficult to apply in many real application. 


It is much noticed that when modeling some problems related to physical science and engineer- 
ing, where the parameters are unknown but performed in an interval. Before, the application 
of interval arithmetic managed such circumstances, where mathematical calculation is done 
on intervals to get the estimate of target quantities in respective intervals. Fuzzy arithmetic is 
the generalization of the intervals arithmetic. As the principle definition of FS which approve 
gradation of membership for an element of the Universal set. So the situation of the modeling 
based on fuzzy arithmetic is awaited to publish more realistically. There are several types of 
fuzzy number are exist. These are applied in Decision-making problem and so on (4). But it 
is not efficient for any application where the knowledge about membership degree is lacking. 
Latter generalization it to intuitionistic fuzzy number were developed. In these paper we 


define several types of neutrosophic numbers and their cuts. 


In the field of science & engineering, differentiation takes on an evidential role. Many problems 
stand up with uncertain or imprecise parameters. Due to this naiveness, we bear upon the dif- 
ferential equation with imprecise parameters. Fuzzy differential equation G) has been proposed 
to model this uncertainty. However, it consider only membership value. Later, intuitionistic 
fuzzy differential equation was founded with degree of membership and non-membership 
function. However, the term indeterminacy is absent in the above logic’s. Hence, neutrosophic 
differential eqaution(NDE) was developed to model indeterminacy. In this paper, a 
mining safety model describe (11), this model consist of three differential equations, those dif- 
ferential equations describe via Single Valued Neutrosophic Number(SVNNs). The solution of 


the equation is describe later. 


In reality, the collected data, in many situations, it was observed that is insufficient and 


transmit some misinformation. As a result, the solution obtained from these data suffers with 
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insufficiency and inconsistency. In these situations, the neutrosophic sets offer better result. 


We have designed the paper in the following way: Section-2 gives some preliminaries con- 
cept and definition. Section-3 contains definition of NDE. Section-4 contains solution of NDE 
with numerical example. Section-5 contains Mining Safety model. Section-6 contains Mining 
safety model formulation. Section-7 described solution mode of the model. Section-8 contains 
numerical experiment and consequently, conclusions are discussed in Section-9. The references 


are shown in Section-10. 


2. Preliminaries 


2.1. Definition of NS 


Let {{ be a Universal set. A NS ANS of be defined by ANS = ((u; ur(u), v7 (u), or (u)) ue 
i) where pp(u), v7(u), or (u) be outlined as the truth membership, indeterminacy membership, 
falsity membership grade of u in AN® which are real standard or non-standard subsets of 


~JO,1[7 & wr(u) +v7(u) + opr(u) < 37. 


2.2. Definition of SVNS 


Let {{ be a Universal set. A SVNS AN of Xf be defined by AN® = ((u; pr (u), v7(u), op (u)) : 
u € U) where pr(u), v7(u), or (u) be outlined as the truth membership, indeterminacy member- 


ship, falsity membership grade of u in AN¢ which are subset of [0, 1] & pr(u)+v7(u)+or(u) < 3. 


2.3. Definition of TSVNNs [al 


A TSVNNs is denoted by AN® = (ai, a, 03; Wy, Wy, We) Whose truth, indeterminacy and 


falsity membership functions are defined by 


u-a ! ! 
(rman )u when ay < u < a5 
_ _/ 
— ) ep when u = dy 
ur (u) 7 a’, —u F F 
(gray) Wn when oD) < u < a3 
0 when u< aj oru> aj 
5—u)+(u-ai wr 
(a-u) +m uy when al <u<al 
a5 — a4 1 2 
ae 
poe Wy when u= a, 
(u-a5)+(a3—u)wr ! ! 
a when A> < u < a3 
1 when u < aj oru> a4 
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fp _ 
(wt )we when a, <uca, 


aa} 
a, / 
os Wo when u= ay, 
— u—as)+(a4—u)w 
ee ee when a, <uc<ay 
3 2 
1 when u <a} oru> as 


where pr(u) + y7(u) +or(u) <3 & wy € (0,1), wr, wo € [0, 1). 


2.4. Definition of TrSVNNs [9 


A TrSVNNs is denoted by AN® = (a',, a4, a3, 04; Wy, Wy, Wo) Whose truth, indeterminacy and 
falsity membership functions are defined by 


ua) / / 
(7—+)w,z, when a, <ucay 


a — a4 
/ / 
— ) ep when ay <u < a3 
br (u) a ay—u i , 
(gray) Wp when a3 < u < ay 
0 when u <a} oru> a, 
ay —u)+(u—aj )wr 
i ala a when a, <u<aj 
M4 — Oy 
(u) Wy when a, <u<ay 
Yj\uU) = 
(u-a3)+(a4—u)wr ! ! 
a = when a3 < u < ay 
1 when u < aj oru> a, 
a,—u)+(u—ai, )w 
Mia ue (ta) le when a, < u < al, 
Ag—Oy 
(u) Wo when a, <u<ay 
OF\U) = 
(u—a5)-+(a4—u)we / | 
= 7 when as < u < ay 
1 when u< aj oru>d, 


where pr(u) + y7(u) +or(u) <3 & wz € (0,1), wo, Wo € [0, 1). 


2.5. Cut Set [3 


Let AN© be any SVNS, then (r, B,y)-cut of SVNS is denoted by AN¢(r, 3, 7)and it is defined 
by AN¢(r, 8, y)=(u € Ls wr (u) > r,ur(u) < Byor(u) <y0<r<1,0<6<10<7<)). 


2.6. Operation Using SVNNs: 


Consider two TSVNNs, A‘*=(a',, a4, As Wry Wy; We) B67 (64. 65; Up, Uv, Uc), the follow- 


ing operation are: 
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EH 


e Addition: 
ANe+BNe = ([(ah + Bj, 05 + bh, 0% + 05); wy A tty, Wy V thy, We V tte]) 
e Substraction: 


ANe_BNe = (((a) b3, 05 — bg, a3 — 64); wu A Up, We V Uv, We V Ue) 


e Multiplication: 
ANG BN] = (((at 6) 084500) ry, Atay ty V ty, We V al) 
e Division: 
/ / / 
~=(((at, &, 

— d ? 
by” bb 


BNe )s Wy A Up, Wy V Uv, Wo V Uol) 


Where A = Min, V = Max 


3. Definition of NDE: 


Consider an Ordinary differential equation < = KY, t € [0,00) with initial condition(IC) 
Y(to) = Yo. The above ODE is called NDE if any one of the following three cases hold: 
(i) KN© is SVNNs & Yo is Crisp number. 
(ii) K is Crisp number & oo is SVNNs. 
(iii) Both KN¢ & Yo" are SVNNs. 
Let the classical solution be yNe(t) and its Cut be 
¥(t,7, 8, 7)=(IWi(t,7), Yack) [A(t B), V(t, BY] [Y(t 7), VEC VY) 


The solution is strong if 


dYy (t, r) dY9 (t, r) 


(i) dr >0, a <OVre (0, 1], Yi(t, 1) < Y(t, 1) 
dy! Y’ 
(i) ae <0, a > OV B€ (0,1), Y4(t,0) < Y4(t,0) 
yl yl 
(iii) anita) 203 aoe) > OV 42 (0,1); Yi(60) < VE 0) 


Otherwise the solution is weak solution. 


4. Solution of NDE 


(i) KN¢ is SVNNs & Yo is Crisp number. 
Case 1 When Sign of K® is positive. 
Therefore required solutions are 
Yi(t,r) = Yoel); Yo(t,r) = YoeK2 (te) 
Y(t, B) = VoeXi U8), W5(¢, 8) = VoeK2(N-t) 
Y" (t,-y) = YoeKr (tte), W(t, 7) = YoeK2 (tte) 
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Case 2 When Sign of K® is negative. 


Therefore required solutions are 


Yi(t,r) = Sia m epg VEIT 41 - 2 TERI 
Ya(tr) = ll an $e VEOH) — ag - eR) 
Y! (t, 8) 2 i+ Cae TORE) (FE KORA) tte) 
Y3,(t, 8) = 2 aan b Le VEL (AKG(B)(tto) _ ve K (@)K2(B)(t-to) 
v"(t,7) = be (14 mye RTOS tt) 4 x). TOTO) 


Y(t.) = a an L Ie VETOEIM) (Ht) (,/ (Vey D eVETOEIO)(Hto)} 
2 Ky 


Where ([Ki(r), Ko(r)], [Ki (8), K5(S)], [KY (7), Kf (7)]) is the cut set of KN*. Solutions are 
strong or week if it satisfies the condition of NDE. 


Similarly, we can get the solution of other two cases. 


YW 2 
Numerical Example: Let us consider NDE ; = KY, with IC Yo) = 
1 
(3,4,5;0.8,0.2,0.3), K = 5. 
2 
Solution: Required (r,3,y)-cut solution at t = 2 we get aNeT) = [3 + 1.25rJe3; 
2 2 2 
— 34—f. = 3+ ee 
ee eel ag 103s Volt. 8) = [ele 3; Yi(t.7) =[ oye 
25+7, 5 
Vg) = PE *N€3 


When we take t = 2 and for different values of r, 6,7 the solution is given in Table 1. The 
graphical interpretation of the table is also shown in the form of membership function in the 


Figure. 1. 


5. Mining Safety Model 


The miming industry has played an important role in development in the human civiliza- 
tion. Extraction of minerals from the underground system of work has involved a considerable 
amount of risks like roof fall over the workplace, inundation of the workplace due to the in- 
flux of water from the old working, explosion, influx of poisonous gases in the workplace, etc. 
Similarly, the opencast system of work has involved chances of runway of dumpers, sliding of 


benches in the workplace, striking by the fly rocks blasting, etc. These phenomenon’s not only 
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rB,7 | Yaltsr) | Yo(tr) | YC 8) | VAC, 8) | Y4(,1) | V4(GY) 
0 5.8432 | 9.7387 | 8.2778 | 7.3040 | 8.6257 | 6.9561 
0.1 6.0866 | 9.4952 | 8.0344 | 7.5474 | 8.3474 | 7.2344 
0.2 6.3301 | 9.2517 | 7.7909 | 7.7909 | 8.0692 | 7.5127 
0.3 6.5736 | 9.0083 | 7.5475 | 8.0344 | 7.7909 | 7.7909 
0.4 6.8171 | 8.7648 | 7.3040 | 8.2779 | 7.5127 | 8.0692 
0.5 7.0605 | 8.5213 | 7.0605 | 8.5213 | 7.2344 | 8.3474 
0.6 7.3040 | 8.2779 | 6.8171 | 8.7648 | 6.9562 | 8.6257 
0.7 7.5475 | 8.0344 | 6.5736 | 9.0082 | 6.6779 | 8.9039 
0.8 7.7909 | 7.7909 | 6.3301 | 9.2517 | 6.3997 | 9.1822 
0.9 8.0344 | 7.5475 | 6.0867 | 9.4952 | 6.1214 | 9.4604 
1.0 8.2779 | 7.3040 | 5.8432 | 9.7387 | 5.8432 | 9.7387 


TABLE 1. Solution for t = 2 


Truth, Indeterminacy and Falsity Membership function graph of Y(t, 13, +). 


1 T T 


0.9 - 


0.8 


|—Y,tt 9) 
4 mY (ts B) 
j|—y,", 4) 
|—y," 9 
—Y,"tt 7) 


—Y,(t r) 


FiGuRE 1. Membership Function Graph (at t=2). 


causes injury to the workmen, sometimes lead to fatal. Improper used and malfunctioning 


mining equipment or system also results an accident. 


The system fails safely is denoted by A; and system fails unsafely is denoted by A2 for the 


mining safety model used here. Either Ay or Ag or both A, and Az are imprecise in nature. 


Our main interest in this paper are given below: 
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e Formulate Mining Safety model. 

e Observe solution of the model in Crisp environment. 

e Observe solution of the mining model in three ways: 

(i) when A; is SVNNs and )g2 is crisp number. 

(ii) when Aq is crisp number and Az is SVNNs. 

(iii) both A; and Az are SVNNs. 

e Observe cut value in table form of the solution of the mining model in each of the cases 


mention above and show its graphical representation. 


5.1. Acceptation 


(I) All events are not dependent to one another. 


(II) The probability of progression from one condition to another is W6t; dt indicates finite 


time interval, VW indicate the progression rate from one condition to another. 
(III) (Wot)(Wdt) > 0. 
(IV) P{n(dt) > 2} = o(dt), where 7(dt) be the number of event that occur in dt. 
(V) P{n(dt) = 1} = Wot + o(dt), where U > 0. 


(VI) limse 50 222 = 0. 


5.2. Input data 


t= time. 
A1= mining system safe failure rate. 


A2= mining system unsafe failure rate. 


5.3. Output data 


Po(t)= Probability of Mining system operating normally. 
P(t)= Probability of Mining system failed safely. 
P2(t)= Probability of Mining system failed unsafely. 
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5.4. Modulator 


t time. 


ot finite time intervall. 


Po(t + dt) operating probability in state 0 at time t+ ot. 


Pi(t + dt) safe fail probability in state 1 at time t+ dt. 


Po(t + dt) unsafe fail probability in state 2 at time t + dt. 


j=0 state operating normal. 

j=l state fail safe. 

j=2 state fail unsafe. 

P(t) probability in state j at time t. 

A 6t safe fail probability in finite time interval dt 
A26t unsafe fail probability in dt 

(1 - Aidt) no safe fail probability in ot 


(1 - Aidt) no unsafe fail probability in dt 


6. Model Formulation 


Consider a mining system, the state space diagram is shown in Figure-2. 
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Mining system 
operating 
normally 0 


Mining system 
failed safely 
] 


FIGURE 2. Mining system state space diagram 


From Fig.2,we get following three equations 
Po(t + dt) = Po(t)(1 — A1dt)(1 — Azdt) 
Pi(t+ dt) = Px(t)(1 — o(dt)) + Po(t)A16t 
Po(t + dt) = Po(t)(1 — o(dt)) + Po(t)A2dt 


From (1), (2), (3) we get 


Pal) — (a, +2) Poll) 
Pils = \1Po(t) 
Pes = A2Po(t) 


with IC: P;(0) = 1 for j=0 & P;(0) = 0 for j=1,2. 


7. Solution mode 
7.1. Crisp Solution: 


Input data: Both A; and Ag are Crisp number.. 


Output data: We get the values of Po(t), Pi(t), Po(t). 
7.2. Neutrosophic Solution: 
Input data: Three cases arise 


Ne 


Case-1: Ay) =(a),.05,03; Wy, Wy, Wo) & Az is Crisp number. 


; ; ~ N 
Case-2: , is Crisp number & 2 “=( fy Bing Dt as this Ue) 


Ne 


Case-3: M 


Mining system 
failed unsafely 


~ Ne 
pay [5 / /, af Gl / rs 
=(}, M5, 03; Wp, Wr, Wo) & AQ = 4, 05, 633 Up, Ur, Uc) 
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Output data: 


Let, Po(t)’,Pi(t)”’,Pa(t)””” be the solution of the modified model with Cut 
Po(t.r, B, y)=([Poi(t,”), Poa(t,r)], [Por (t 8), Poolt, 8); [Port 7), Poolt, y)]) 


Pri(t, r, B,y)=4 Pritt, rT), Par) ’ Pir(t, B), Pia(t, B) ’ Pit, Y); Prot *) ) 


P(t, r, B, y= Pai (t, r), Pralt, r) ) Poy (t, B), Pao(t, B) ’ Px (t, 1)s Pao (t, 7) ) 


Solution is strong or weak if it satisfies the condition of NDE. 


8. Numerical Experiment 
8.1. Crisp Solution 


Input data: 1 = 0.009; Az = 0.001; t=20-h. 


Output: P2(20)=0.018127 


8.2. NS Solution 


Case: 1 
Input data: X1’"°=(0.007, 0.009, 0.011; 0.5, 0.3, 0.2): Ag = 0.001; t=20-h. 


Output: When we take the value t=20-h the output of A © is TSVNNs & Ag is crisp number 


are shown in Table-2 and the corresponding membership function shown in Figure-3. 


Case: 2 
Input data: 4,;=0.009; oO = (0.0007, 0.001, 0.0013; 0.7, 0.5, 0.4); t=20-h. 


~ N 
Output: When we take the value t=20-h the output of A, is Crisp number and 2 * is 
TSVNNs are shown in Table-3 and the corresponding membership function shown in Figure- 


4, 


Case: 3 


Debapriya Mondal, Suklal Tudu, Gopal Chandra Roy and Tapan Kumar Roy, A Model Describing the 
Neutrosophic Differential Equation and Its Application on Mine Safety 


Neutrosophic Sets and Systems, Vol. 46, 2021 


Truth, Indeterminacy and Falsity Membership function graph of Bit, r, Gs 7). 


, 
—P,, (tn 
eal |— P(t) 
0.8 | J/—P,,"tt A) 
— P(t 8) 
0.7 + | se 
Pt») 
al | — Pt 7) 
" 
0.5 
0.4 
0.3; 
0.2 
0.1 


0.018 0.0182 0.0184 0.0186 


P(t, FB, >) 


0 f 
0.0176 0.0178 


FIGURE 3. Membership Function Graph (at t=20). 


Truth, Indeterminacy and Falsity membership function graph of B(t, r, 2, +). 


1 
—P,,(tr) 
0.9; J 
—P,,(tr) 
0.8 + ||—P,,"t A) 
eal ||—P,, tt 4) 
—P,,"(t 7) 
ae |p») 
0.5} | 
0.4; 4 
0.3 + J 
0.2/7 al 
0.1 - J 


0 
0.012 0.014 0.016 0.018 0.02 0.022 0.024 
Pi(t, r, B, 7) 


FicurE 4. Membership Function Graph (at t=20). 
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r,B,y | Pai(t,r) | Par(t.r) | Part, B) | Poo(t,8) | Party) | Poo(t,y) 
0 0.017721 | 0.018523 | 0.018298 | 0.017954 | 0.018227 | 0.018026 
0.1 | 0.017803 | 0.018445 | 0.018241 | 0.018012 | 0.018177 | 0.018077 
0.2 | 0.017884 | 0.018366 | 0.018184 | 0.018070 | 0.018127 | 0.018127 
0.3 | 0.017966 | 0.018287 | 0.018127 | 0.018127 | 0.018077 | 0.018177 
0.4 | 0.018046 | 0.018207 | 0.018070 | 0.018184 | 0.018026 | 0.018227 
0.5 | 0.018127 | 0.018127 | 0.018012 | 0.018241 | 0.017976 | 0.018277 
0.6 | 0.018207 | 0.018046 | 0.017954 | 0.018298 | 0.017925 | 0.018329 
0.7 | 0.018287 | 0.017965 | 0.017896 | 0.018355 | 0.017874 | 0.018376 
0.8 | 0.018366 | 0.017884 | 0.017838 | 0.018411 | 0.017823 | 0.018425 
0.9 | 0.018445 | 0.017803 | 0.017780 | 0.018467 | 0.017772 | 0.018474 
1.0 | 0.018523 | 0.017721 | 0.017721 | 0.018523 | 0.017721 | 0.018523 
TABLE 2. Oa is TSVNNs & Ag is Crisp number. 
7,B,y | Parlt,r) | Poo(t.r) | Part, 8) | Paolt, 8) | Pat) | Pae(t. 7) 
0 0.012647 | 0.023643 | 0.023643 | 0.012647 | 0.021800 | 0.014470 
0.1 | 0.013427 | 0.022853 | 0.022537 | 0.013740 | 0.020881 | 0.015382 
0.2 | 0.014209 | 0.022063 | 0.021432 | 0.014834 | 0.019962 | 0.016296 
0.3 | 0.014991 | 0.021275 | 0.020329 | 0.015930 | 0.019044 | 0.017211 
0.4 | 0.015774 | 0.020487 | 0.019227 | 0.017028 | 0.018127 | 0.018127 
0.5 | 0.016557 | 0.019699 | 0.018127 | 0.018127 | 0.017211 | 0.019044 
0.6 | 0.017342 | 0.018913 | 0.017028 | 0.019227 | 0.016296 | 0.019962 
0.7 | 0.018127 | 0.018127 | 0.015930 | 0.020329 | 0.015382 | 0.020881 
0.8 | 0.018913 | 0.017342 | 0.014834 | 0.021432 | 0.014470 | 0.021800 
0.9 | 0.019699 | 0.016557 | 0.013740 | 0.022537 | 0.013558 | 0.022721 
1.0 | 0.020487 | 0.015774 | 0.012647 | 0.023643 | 0.012647 | 0.023643 
TABLE 3. A, is Crisp number & ae is TSVNNs 
Input data: 


~ Ne 
i =| 


0.007, 0.009, 0.011; 0.5, 0.3, 0.2); Ax” = (0.0007, 0.001, 0.0013; 0.7, 0.5, 0.4); t=20-h. 


Output: When we take the value t=20-h the output of a & — are TSVNNs are shown 


in Table-4 and the corresponding membership function shown in Figure-5. 


From the table values and graph, we see that 


Pi(t,r) is increasing function and 


P(t, r) is decreasing function, whereas 
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EH 


78,7 | Parltr) | Prot) | Por(t,8) | Poo(t, 8) | Pai(t7) | Poo(t, 7) 
0 0.012361 | 0.024156 | 0.024156 | 0.012361 | 0.022118 | 0.014253 
0.1 | 0.013188 | 0.023247 | 0.022930 | 0.013493 | 0.021109 | 0.015210 
0.2 | 0.014023 | 0.022345 | 0.021714 | 0.014635 | 0.020108 | 0.016175 
0.3 | 0.014866 | 0.021449 | 0.020508 | 0.015788 | 0.019165 | 0.017147 
0.4 | 0.015715 | 0.020561 | 0.019312 | 0.016952 | 0.018127 | 0.018127 
0.5 | 0.016573 | 0.019681 | 0.018127 | 0.018127 | 0.017147 | 0.019114 
0.6 | 0.017438 | 0.018807 | 0.016952 | 0.019312 | 0.016175 | 0.020108 
0.7 | 0.018310 | 0.017941 | 0.015788 | 0.020508 | 0.015210 | 0.021109 
0.8 | 0.019190 | 0.017083 | 0.014635 | 0.021714 | 0.014253 | 0.022118 
0.9 | 0.020077 | 0.016232 | 0.013493 | 0.022930 | 0.013303 | 0.023134 
1.0 | 0.020971 | 0.015388 | 0.012361 | 0.024156 | 0.012361 | 0.024156 


TABLE 4. Both \:"° & Xo” are TSVNNs 


Truth, Indeterminacy and Falsity membership function graph of B(t, r, 3, 7). 
1 


ns —P,, (t, r) 
f —P, Q(t r) 
0.8 | jj ——P,,'(t 8) 
— |/—P,,"t 3) 
“ mPa" 
a me P(t 7) 
0.5 

0.4 

0.3 

0.2 

0.1 


0 1 1 1 1 
0.012 0.014 0.016 0.018 0.02 0.022 0.024 0.026 
P,(t, r, Bs 7) 


FiGuRE 5. Membership Function Graph (at t=20). 


,Y) are decreasing functions and 


P3(t, 8), PY(t, y) are increasing functions. Hence, the solution is strong solution. 
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9. Conclusion 


e NS is a hot research topic and can be applied for solving the mathematical model of 
uncertainty, vagueness, ambiguity, etc. 
e The mining safety model described in this paper with two parameters which satisfies the 
condition of NDE has got strong solutions. 
e The solutions of the three differential equations of the mining safety model have been de- 
scribed via TSVNNs. 
e The paper has also proposed numerical experiment and graphical representation of truth, 


indeterminacy and falsity membership function. 


This will promote the future study of trapezoidal single valued neutrosophic numbers. 
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Abstract. We define the relation of quasi-coincidence between a neutrosophic point and a neutrosophic set 
as well as between two neutrosophic sets and investigate some properties based on that. We define the quasi- 
neighbourhood of a neutrosophic point and examine some properties. We also study the characterization of 


neutrosophic topological space in terms of quasi-neighbourhoods. 


Keywords: Neutrosophic set ; Neutrosophic point ; Quasi-coincidence ; Quasi-neighbourhood. 


1. Introduction 


The notion of Fuzzy set was brought to light by Zadeh in 1965 and Intuitionistic fuzzy 
set, a generalized version of fuzzy set, was introduced by Atanassov |1| in 1986. After a decade, 
a new branch of philosophy recognised as Neutrosophy was developed and studied by Florentin 
Smarandache 27|. Smarandache proved that neutrosophic set was a generalization 
of intuitionistic fuzzy set. Like intuitionistic fuzzy set, an element in a neutrosophic set 
has the degree of membership and the degree of non-membership but it has another grade 
of membership known as the degree of indeterminacy and one very important point about 
neutrosophic set is that all the three neutrosophic components are independent of one another. 

After Smarandache had brought the thought of neutrosophy, it was studied and taken 
ahead by many researchers (1.1][31])32}[35). In the year 2002, Smarandache added the 
thinking of neutrosophic topology on the non-standard interval and thereafter Lupianez 
studied and investigated many properties of neutrosophic topological space. The author 
also studied the relation between interval neutrosophic sets and topology. Salma et.al. 
studied neutrosophic topological space, generalised neutrosophic topological space and 
neutrosophic continuous functions. In the year 2016, Karatas and Kuru redefined the 
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single valued neutrosophic set operations and introduced a new neutrosophic topology and 
then investigated some important properties of general topology on the redefined neutrosophic 
topological space. Later, various aspects of neutrosophic topology were developed by many 
researchers (2)[1.2)[1.41)/33}. 

Neutrosophy, due to the fact of its of flexibility and effectiveness, is attracting the researchers 
throughout the world and is very useful not only in the developement of science and technology 
but also in various other fields. For instance, Abdel-Basset et.al. studied the applications 
of neutrosophic theory in a number of scientific fields. Pramanik and Roy in 2014 studied 
on the conflict between India and Pakistan over Jammu-Kashmir through neutrosophic game 
theory. Works on medical diagnosis (7\[36], decision making problem (3\(37], image processing 
(10}/13}, social issues (20}/23}, educational problems were also done under neutrosophic 
environment. 

In the year 1995 Coker and Demirci (9| introduced the idea of intuitionistic fuzzy points and 
their quasi-coincident relation. Very recently Ray and Dey introduced the idea of neutro- 
sophic point on single-valued neutrosophic sets and studied various properties. But the relation 
of quasi-coincidence in case of neutrosophic points or neutrosophic sets has not been studied 
so far. In this article, we define the relation of quasi-coincidence between a neutrosophic point 
and a neutrosophic set as well as between two neutrosophic sets and examine some properties 
based on the relation of quasi-coincidence. We then define neutrosophic quasi-neighbourhood 
of a neutrosophic point and investigate some properties. Lastly we study the characterization 


of neutrosophic topological space in terms of neutrosophic quasi-neighbourhoods. 


2. Preliminaries 


In this section we discuss some concepts related with neutrosophic sets. 


2.1. Definition: 


Let X be the universe of discourse. A single valued neutrosophic set A over X is defined as 
A = {(x,Ta(x),Za(x), Fa(x)) : « € X}, where 74,74, Fy are functions from X to [0,1] and 
0< Ta(x) + Ta(x) + Fa(x) < 3. 

The set of all single valued neutrosophic sets over X is denoted by V(X). 

Throughout this article, a single valued neutrosophic set will simply be called a neutrosophic 
set (NS, for short). 


2.2. Definition: 


Let A,B € N(X). Then 
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(i) (Inclusion): If T4(x) < Ta(x),Za(x) > Zp(x), Fa(x) > Fp(ax) for all x € X then A is 
said to be a neutrosophic subset of B and which is denoted by A C B. 
(ii) (Equality): If AC Band BC Athen A= B. 
(iii) (Intersection): The intersection of A and B, denoted by AN B, is defined as AN B= 
{(z, Ta(x) A Ta(x),Za(z) V p(), Fa(x) V Fp(a)) : 2 € Xf. 
(iv) (Union): The union of A and B, denoted by AU B, is defined as AU B = {(x, Ta(x) V 
Tp(x),Za(x) ATp(x), Fa(x) A Fp(x)) : 2 € X}. 
(v) (Complement): The complement of the NS A, denoted by A°, is defined as A° = 
{(x, Fa(x),1 —Za(x), Ta(xz)) : 2 € X} 
(vi) (Universal Set): If T4(x) = 1,Z4(x) = 0, F4(x) = 0 for all x € X then A is said to be 
neutrosophic universal set and which is denoted by X. 
(vii) (Empty Set): If Ta(x) = 0,Z4(x) = 1,F a(x) = 1 for all e € X then A is said to be 
neutrosophic empty set and which is denoted by 0. 


2.3. Definition: 


Let {A; : i €A} C N(X), where A is an index set. Then 
(i) Vien Ai = {(2, Vien Ta, (2), Mien Za; (2), Mien Fa,(Z)) 1 © XF. 
(ii) Nien Ai = {(2, Aiea TA; (2), Vien Za; (X), VieaF a; (x)) : 2 © X}. 


2.4. Neutrosophic topological space: 
2.4.1. Definition: 


Let 7 C N(X). Then 7 is called a neutrosophic topology on X if 
(i) @ and X belong to r. 
(ii) The union of any number of neutrosophic sets in 7 belongs to T. 
(iii) The intersection of any two neutrosophic sets in tT belongs to T. 
If r is a neutrosophic topology on X then the pair (X,7) is called a neutrosophic topological 
space (NTS, for short) over X. The members of 7 are called neutrosophic open sets in X. If 


for a neutrosophic set A, A® € r then A is said to be a neutrosophic closed set in X. 


2.4.2. Theorem: 


Let (X,7) be a neutrosophic topological space over X. Then 
(i) @ and X are neutrosophic closed sets over X. 
(ii) The intersection of any number of neutrosophic closed sets is a neutrosophic closed set 
over X. 


(iii) The union of any two neutrosophic closed sets is a neutrosophic closed set over X. 
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2.5. Definition: 


Let N’(X) be the set of all neutrosophic sets over X. A NS P = {(x, Tp(x),Zp(x), Fp(x)) : 
x € X} is called a neutrosophic point (NP, for short) iff for any element y € X, Tp(y) = 
a,Ip(y) = 8,F p(y) =y for y= 2x and Tp(y) = 0,Zp(y) = 1,F p(y) =1 for y #2, where 
0<a<10<8<1,0<7<1. 

A neutrosophic point P = {(x, Tp(x),Zp(x), Fp(x)) : x € X} will be denoted by Py g. or 
P<2,a,8,y > or simply by rq,g,y. For the NP %q,g,,, x will be called its support. 

The complement of the NP P7,. will be denoted by (Pz.g..)° or by x6. 4,4: 


2.6. Definition: 


Let A be a neutrosophic set over X. Also let rq,g,y and y, al al be two neutrosophic points 


in X. Then 


(i) Xq,g,7 is said to be contained in A, denoted by r,g, C A, iffa < Ta(x), 8 > La(x),y = 


FM): 

(ii) %o,8,, is said to belong to A, denoted by %o,4,, € A, iff a < Ta(x),6 > La(x),7 = 
FAS). 

(iii) %,8,y is said to be contained in Yel ,3/ y/> denoted by Lo,8,y © Yq/g//> WE x = y and 
a<al,p> ply>!. 

(iv) 2,8, is said to belong to You i ris Aenoted by Lab,y © Yo/,e/y/, WE « = y and 


a<al,B>pl,y>7/. 


2.7. Proposition: 


Let {A; : i €A} C N(X), where A is an index set. Let ro,¢, and Yo! ,g/,y/ be any two 
neutrosophic points over X. Then the following hold good. 


O): Gat = [Apia CA} SS tape Ar VtEA. 
(ii) If ta,6y € A; for some i €A then %o,8,4 € U{Ai : i EA}. 
(iii) If te.g.y € U{As : t €A} then there exists a NS A(ro,8,7) such that to,8,7 € A(Xa,8,7) 


Uf{A: 14 EA}. 


For other definitions and results concerning neutrosophic points used in this article, please 


see 
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3. Main Results 
3.1. Definition: 


A NP @a,8,7 € N(X) is said to be quasi-coincident with a NS A € N(X) or 2a,8,, € N(X) 
quasi-coincides with a NS A € N(X), denoted by 2,4,yqA, iff a > Tac(x) or B < Zac(x) or 
y < Fac(x), ie, a > Fa(x) or 8 <1—TZa(x) or y < Ta(z). 

A NS A is said to be quasi-coincident with a NS B at x € X or A quasi-coincides with B at 
x € X, denoted by AgB at «, iff Ta(x) > Tpe(x) or Z4(x) < Tpe(x) or Fa(x) < Fpe(x). We 
say A quasi-coincides with B or A is quasi-coincident with B, denoted by AqB, iff A quasi- 
coincides with B at some point x € X. Thus A quasi-coincides with B or A is quasi-coincident 
with B iff there exists an element x € X such that T4(x) > Tpe(x) or Z4(x) < Tgc(x) or 
Fa(x) < Fpe(xr), i-e., Ta(x) > Fp(x) or L4(x) < 1 —Tp(x) or Fa(x) < Tp(z). 

If the NP xq... is not quasi-coincident with a NS A, we shall denote it by 79,g,¢A. Similarly 
if the NS A is not quasi-coincident with the NS B, we shall denote it by AgB. 

The set of all the points in X, at which AqB, will be denoted by AQB, ie., ANB = {x € 
X : AgB at x}. 


Before proceeding to the results connected to quasi-coincident relation we first prove a 


simple result on neutrosophic sets. 


3.2. Proposition: 
Let A,B €.N(X). Then AC B& BEC A’. 
Proof: 
ACB 
Ta(x) < Tp(x),Za(x) > Tp(x), Fa(x) > Fp(z) for all x c X 
@Fp(xr) < Fa(x),1—TZa(x) < 1—Tp(x), Te(x) > Ta(z) for alla € X 
Tpe(x) < Tac(x), Zpe(x) > Lac(x), Fpe(x) > Fac(x) for all x € X 


= BSC AS 


3.3. Proposition: 


Let A, B,C be three neutrosophic sets and xq,g,y be a neutrosophic point in X. Then 
(i) £0,8,740. 
(ii) tego X. 
(ill) Uae AS ta pag’. 
(iV) tepndA S taga e A®. 
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(v) AC Be AGB’. 
AqB + AG BS 


(vi) 
(vii) 2o,g,,qgA and A C B then ro,¢,,qB. 
(viii) CqA and A C B then CqB. 

(ix) AqB atx & BqA at x. 

(x) AqB = Ba@A. 


Proofs: 
(i) Very obvious. 
(ii) Very obvious. 


(iii) 


Lappy € A 
a < Ta(z), 8 > La(x),y = Fa(z) 
a # Ta(x),8 € La(z),y £ Fa(z) 
Sa % Tacje(2), 8 € Lacye(z),y K Fcacye (2) 


$@0,8 yA 


Lo,ByIA 
a > Tac(x) or B < Lac(x) ory < Fac(x) 
$a £ Tac(x) or 8 % Lac(x) ory 2 Fac(x) 


$Lo,8,7 £ AX 


ACB 
SSI Ot i Se eer 
=Ta(x) # Ta(x),La(z) € Ta(x), Faz) € Fa(z)Vre x 
@Ta(a) # Tipeye(2),Za(2) £ Zepeye(a), Fale) £ Femeye(a) V2 € X 
= AgGB° 
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(vi) 
AqB 
T(x) > Tpe(x) or Z4(x) < Lpe(x) or Fa(x) < Fpe(x) for somex € X 
©Ta(x) £ Tpe(x) or L4(x) % Tpe(x) or Fa(x) # Fpe(x) for somex € X 
eA Z£ Be 


(vii) Since to,6,gA , 80 @ > Tac(x) or 8 < Lac(x) ory < Fac(x). Now 


ACB 
=B°C A 
=>Tpe(x) < Tac(x), Dpe(x) > Lac(x), Fpe(x) > Fac(x) for alla € X 
=>Tae(x) > Tpe(x),Zac(x) < Dpe(x), Fac(x) < Fpe(x) for alla € X 
=a > Tpe(a) or B < Lpe(x) or y < Fpe(z) 
=>2q,8,79B 
(viii) CqA>CZ ASCE Bo[.s AC B> BEC A ]> CqB. 
(ix) 
AgB at x 
<Ta(x) > Tpe(x) or L4(x) < Lge(x) or Fa(x) < Fpe(x) 
=Ta(x) > Fe(x) or L4(x) < 1 — Lp(a) or Fa(x) < Ta(x) 
Tp(x) > Fa(x) or Tp(x) < 1 — Za(x) or Fp(x) < Ta(z) 
©Tp(x) > Tac(x) or Tp(x) < Lac(x) or Fa(x) < Fac(x) 


=BqA atx 


(x) Obvious from (ix). 


3.4. Proposition: 
Let %q,8,, be a NP in X, AE N(X) and {A;:1 €A} C N(X), A is an index set. Then 
(i) £o,8,79 Vien Ai  La,8,79A; for some j CA. 
(ii) Ag Uien Ai AGA; for some j EA. 
(iii) ta,8,yd Mien Ai > La,8,~GAi for all i CA. Converse is not true. 


(iv) Aq Nien Ai = AqA; for all i EA. Converse is not true. 
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Proofs: (i) 


Lo,Byq Vien Ai 
@a,8,7 £ (ies Ai) 
Ba,Byy $ Nien A; 
Xq,8,, € AG for some j €A 


$£q,8,,9A; for some 7 €A 


(ii) 
Aq Vien Ai 
@A € (Vien Ai)® 
eA EZ Men Aj 
A €£ Aj for some j €A 
= AqA; for some j €A 
(iii) 


Le, Byd en Ai 
>a,6,y £ (Nien Ai) 
>2a,8,y $ Vien AG 
>a,8,7 ¢ Aj for alli cA 
=>q,8,y7Ai for alli ECA 
Converse is not true. We establish it by the following counter example. 
Let X = {x,y}. Also let A = {(x,0.3, 0.6, 0.2), (y,0.6,0.7,0.7)},B = {(z,0.3,0.5, 0.6), 
(y, 0.3, 0.8,0.7)} and C = {(x,0.4, 0.5, 0.7), (y, 0.6,0.1,0.7)} be three neutrosophic sets over 
X. Then AN BNC = {(2,0.3, 0.6, 0.7), (y, 0.3, 0.8, 0.7)} Let us consider the neutrosophic 


point 279.3,0.4,0.8- Clearly 20.3,0.4,0.8¢dA , %0.3,0.4,0.89B and 293,0.4,0.89C but 29.3,0.4,0.8 is not 
quasi-coincident with AN BOC. 


(iv) 
Aq Nien Ai 
=A E (Nien Ai)® 
=A Z£ Vien Aj 
=A £ Aj for alli cA 


=> AqA; for alli EA 
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Converse is not true. We establish it by the following counter example. 

Let X = {x,y}. Also let A = {(x,0.3,0.6, 0.2), (y,0.6,0.7,0.7)},B = {(z,0.3,0.5, 0.6), 
(y, 0.3, 0.8,0.7)} and C = {(x,0.4, 0.5, 0.7), (y, 0.6,0.1,0.7)} be three neutrosophic sets over 
X. Then AN BNC = {(x, 0.3, 0.6, 0.7), (y, 0.3, 0.8,0.7)} Let us consider the neutrosophic set 
D = {(x,0.3, 0.4, 0.8), (y, 0.5, 0.7,0.7)}. Clearly DgA , DqB and DqC but D is not quasi- 
coincident with AN BNC. 


3.5. Proposition: 


(i) AQB = BOA. 
(ii) AqB = ADB £0. 
(iii) AC B= ANC C BNC. 
(iv) AQ(Uien Ai) = Usen (AQA,). 
(v) AQ(Nien Ai) © Meg (AQA;). Converse is not true. 


Proofs: 
(i) AQDB={xeEX: AqBatrz}={x eX : BqAatr} = BOA. 
(ii)AgB = AqB at some x€ X Saxe ADB. Therefore AqgB = ANB # 9. 
(iii)A C B => Ta(a) < Ta(x),Za(x) > Ip(x), Fa(x) > F(z) for alla € X. Now 
xz € ANC 
=>AqC at re X 
=>Ta(x) > Toe(x) or LZ4(x) < Zee(x) or Fa(x) < Foe(a) 
=>Tp(x) > Toe(x) or Ip(x) < Iee(x) or Fp(x) < Foe(x) 
=>BqC atxre X 
=x € BOC 
“, AQC C BOC. 


= Agq(Vien Ai) at rE X 


+147 €A such that AqA; at x € X 


= 7 €A such that x € ANA; 
ee AQ(Uien Ai) Cc Vien (AQA;). 
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Again 
= \ (AqAi at x € X) 


icA 
= \/ (AigA at zc € X) 
icA 
= Vy [Ta, (a) > Tac(x) or Za,(x) < Lac(x) or Fa,(x) < Fac(sx)] 
icA 
“pap Ta, (x) > Tac(x) or inf La, (2) <0 Paola or inf Fa,(x) < Fac(x) 
=> TuA;(@) > Tae(#) or Zua,(#) < Lac(#) or Fua; (a) < Fac(x) 
= (Ujen Aj)gA at x € X 
=> Agq(VienA;) at x EX 
=x € AQ (Uien Ai) 
J“. Vien (AQA;) © AO (Vien Ai) 
Hence AQ(Uiea Ai) = Vien (ANA). 
(v) 
£ E AQ(Nien Ai) 
=>Aq(Mien Ai) at rE X 
=> AqA; at x € Xfor alli ECA 
=x € AOA;for alli EA 
=>2z € Nien (AQA;) 
 AO(Men Ai) © Nien (AQA;). 
Converse is not true We establish it by the following counter example. 

Let X = {x,y}. Also let A = {(x,0.3, 0.6, 0.2), (y,0.6,0.7,0.7)},B = {(z,0.3,0.5, 0.6), 
(y, 0.3, 0.8,0.7)} and C = {(x,0.4, 0.5, 0.7), (y, 0.6,0.1,0.7)} be three neutrosophic sets over 
X. Then AN BNC = {(x, 0.3, 0.6, 0.7), (y, 0.3, 0.8, 0.7)} Let us consider the neutrosophic set 
D = {(z, 0.3, 0.4, 0.8), (y, 0.5, 0.7, 0.7) }. Clearly DO.A = {x}, DOB = {x}, DOC = {a, y} and 
DQ(AN BNC) =9. Therefore (DNA) N (DOB) N (DAC) = {x} Z DA(AN BNC). 


3.6. Definition: 


Let (X,7) be a NTS. A neutrosophic set A is called a neutrosophic quasi-neighbourhood or 
simply Q-neighbourhood (Q-nhbd, for short) of a neutrosophic point x ,g,, iff there exists a 
NS B €7 such that rtq,g,,q¢B C A. 
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The family consisting of all the Q-neighbourhoods of the NP %q,g,, is called the system of 
Q-neighbourhoods or Q-neighbourhood system of %q,g,,. This family is denoted by N@(®q,g,7). 


3.7. Proposition: 


Every neutrosophic open set A in a NTS (X,7) is a Q-nhbd of every NP quasi-coincident 
with A. 
Proofs: Obvious because for every NP %q,g,yqA, we have %q,8,yqA C A. 


3.8. Properties of Neutrosophic Q-neighbourhoods : 


Let N@(%a,g,7) be the collection of all Q-neighbourhoods of the NP %q,g,, ina NTS (X,7T). 
Then 


N1) N@(#a,6,7) #9 for every NP 29,6, € N(X). 

N2) PF €No(2a94) > te,e9¢F- 

N3) P € Na(Za,8,7), P € QO > Q € N@Q(Za,8,7)- 

N4) P € Na(#a,g,7) => there exists a Q € Na@(a,g,7) such that Q C P and Q € 
NQ(Ya/,g/,4/) for every NP Yyq/,g/,4/ quasi-coincident with Q. 


Proofs: 

N1) Obviously X is a Q-nhbd of every NP Lq,6,y © N(X). Thus there exists at least one 
Q-nhbd for every NP t9,3,y € N(X). Therefore NaQ(%a,g,7) #0 for every NP to,8,1 € N(X). 
N2) P € Na(£a,s,7) > P is a Q-nhbd of to, > da S € 7 such that rog,qS C P. 


Therefore tq3,yqP. 


N3) P € N@(®a,8,7) > P is a Q-nhbd of %q,g,, = J an open set G such that ro.64qG C 
P = Jan open set G such that %o,4,,q¢G C Q > Q is a Q-nhbd of %y,4,, + Q € N@(a,g,) 
N4) Since P € NQ(%a,g,7) , 80 there exists a T-open set Q such that %,3,4q¢Q C P. Since 
Q is an open set, so Q € NaQ(%a,g,7). Thus Q € N@(%a,s,7) and Q C P. 

Again since @ is an open set, so Q is a Q-nhbd of every NP quasi-coincident with Q. 


Therefore Q € NQ(Ya/,e/,9/) for every NP y,/ g/,y/ quasi-coincident with Q . 


Hence proved. 


3.9. Characterization of NTS in terms of Neutrosophic Q-neighbourhoods: 


Let X be a non-empty set and let « € X. Let N@(%a,g,7) be a family of all neutrosophic 


sets over X satisfying the following conditions : 


N1) P €NaQ(2a,6,7) > 2a,8,79P. 

N2) P,Q € NQ(®a,8,7) = PNQ € NQ(Za,6,7)- 

N3) P € Na(2a,8,7),P €Q > Q € Na(Za,4,7)- 
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Then there exists a neutrosophic topology 7 on X. If, in addition to that, the following 
condition (N4) is also satisfied then N@(%aq,g,) is exactly the Q-neighbourhood system of 
Le,B,y in the NTS (X,7). 


N4) P ©€ No@(ta = there exists a Q € No(ta such that Q C P and Q € 
Qa,8,7 Q\a,8,7 
NQ(Yo/,a//) for every NP y,/ g/,,/ quasi-coincident with Q. 


Proof: We define 7 as follows : 

ANS G €7 iff G € N@(%a,g,7) whenever £o,g,,9G. 

We claim that 7 is a neutrosophic topology on X. 

Tl) @ © 7 as no NP is quasi-coincident with @ . By (N3), X € 7. Thus @,X er. 

T2) Suppose G1,G2 € 7 and %q,g,y9¢(Gi1 N G2). Since %a,8,7¢(G1N G2), so %a,g,7qG1 and 
Le,8,y¢G2. Therefore Gy,G2 € N@(Xa,s,7) and so, by (N2), G1 G2 € N@(a,z,7)- 

T3) Suppose {G; : 7 €A} C7 and 2o.4,4q(UienG;). We show that U{G; : i CA} € 7. Now 
Le,6,yU(VUieraGi) = daj €A such that rg 2,qG; > taj €A such thatG; € Na(tag,7) > 
U{G;:1 EA} € N(za,2,)[by (N3)] > U{G; : 7 EA} Er. 

Therefore 7 is a neutrosophic topology on X. 

Let the condition (N4) be satisfied. Suppose that NQ(2a,8,7); is the family of all Q- 
neighbourhoods of the NP 2q,,, in (X,7). We show that NG (2a,8,7) = N@(®a,8,7):- 

Let N € NQ(#a,g,7). Then by (N4) there exists a M € Na(a,g,7) such that MC N and 


M € NQ(Yq/,g/,7/) for every NP Yq, g/,4/ quasi-coincident with M. Now M € Na@(%a,g,7) > 
Lq,6,ydM [by (N1)]. Therefore M € 7. Thus M is a r-open set such that ta.2,qM CN. 
Therefore N € NO(2a,8,7) and so NQ(2a,8,7) © NQ(®a,,7). Conversely let N € NQ(a,s,7) 
so that N is a Q-nhbd of xq,3,,. Then there exists a t-open set G such that ro,g,,qgG C N. 
Therefore G € N@Q(£q,g,7). But G € N@(%a,g,7) and G C N together imply by (N3) that 
N € NQ(®a,8,7)- Therefore NQ(%a,8,7) © Na@(£a,8,7)-Thus NaQ(%a,6,7) = NQ(£a,8,7): 


Hence proved. 


4. Conclusion 


In this article we have introduced the notion of quasi-coincident relation and established 
some vital properties based on that. We have also defined the quasi-neighbourhood of a neutro- 
sophic point and studied some properties. At last we have thrown light on the characterization 
of neutrosophic topological space through the the quasi-neighbourhoods of the neutrosophic 
points. Hope that the findings in this article will assist the research fraternity to move forward 


for the development of different aspects of neutrosophic topology. 
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Abstract: A single-valued neutrosophic set, an generalization of intuitionistic fuzzy set, is a powerful model to deal with 
uncertainty. In this study we present a method to solve L.R-type single-valued neutrosophic linear programming prob- 
lems by using unrestricted L.R-type single-valued neutrosophic numbers. We propose the ranking function to transform 
LR-type single-valued neutrosophic problems into crisp problems. The arithmetic operations for unrestricted L R-type 
single-valued neutrosophic numbers are introduced. We propose a method to solve the fully single-valued neutrosophic 
linear programming problems with equality constraints having L.R-type single-valued neutrosophic numbers as right 
hand sides, parameters and variables. We describe our proposed method by solving real life examples. 


Keywords: L.R-type single-valued neutrosophic numbers, Ranking function, Arithmetic operations. 


1 Introduction 


First time in the history, Zadeh [53] introduced the theory of fuzzy sets to handel vagueness. Fuzzy logic and fuzzy 
sets have been applied to many real life applications. Atanassove [8] gave the concept of intuitionistic fuzzy sets which 
is an extension of fuzzy set. In intuitionistic fuzzy set, we deal with non-membership function as well as membership 
function. Intuitionistic fuzzy sets are fail to deal with complete information. Intuitionistic fuzzy sets are not able to 
handle inconsistent information and indeterminate information which exist commonly in the belief system. Smarandache 
[46] introduced the concept of neutrosophic set theory. Neutrosophic set is an extension of Intuitionistic fuzzy set, there 
are three independent membership functions namely truth membership, falsity membership and hesitancy membership 
function to deal with vague information. 

Linear programming is a quantitative tool to allocate optimal allocation available sources between competing procedures. 
It is among the popular techniques applied to several areas like marketing, production, advertising, finance and distri- 
bution and so forth. Many problems of science and engineering are modeled in such a way that information about the 
situation is vague, imprecise or incomplete. Many scientists have been worked on linear programming (LP) and fuzzy 
linear programming (FLP). First time Bellman and Zadeh [10] introduced the idea of decision making in fuzzy envi- 
ronment. By using multi-objective function Zimmerman [54] gave a technique to solve LP problem. Behera et al. [9] 
proposed two new methods to solve FLP problems. They solved two types of problems with two different methods. Kaur 
and Kumar [24] gave an introduction to fuzzy linear programming problems. Kumar et al. [28] presented a method to 
solve fully fuzzy linear programming (FFLP) problems. Kaur and Kumar [25] presented a method to find exact fuzzy 
optimal solution of FFLP problems by using unrestricted fuzzy variables. Najafi and Edalatpanah [38] proposed a better 
technique to solve FFLP problem than Kumar et al. [28]. Kaur and Kumar [26] proposed Mehar’s method for solving 
FFLP problems with LR fuzzy parameters. Najafi et al. [39] solved a nonlinear model for FFLP by using unrestricted 
fuzzy numbers. Based on multi objective LP problems and lexicographic method Das et al. [17] proposed a new tech- 
nique to solve FFLP problem with trapezoidal fuzzy numbers. Allahviranloo et al. [6] solved FFLP problem by using 
a kind of defuzzification approach. Lotfi et al. [29] considered FFLP problems in which all parameters and variable are 
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triangular fuzzy numbers. They used the concept of the symmetric triangular fuzzy number and popularized a method 
to defuzzify a general fuzzy quantity. For solving FFLP problems with inequality constraints Prez-Caedo et al. [43] 
suggested a revised version of a lexicographical-based method. 

Later on, in 1983 Atanassove [8] introduced the concept of intuitionistic fuzzy set which is an extension of fuzzy set. 
In intuitionistic fuzzy set there is a non-membership function along with membership function. Many researchers have 
worked at certain techniques to solve LP problems in an intuitionistic fuzzy environment by using intuitionistic fuzzy 
numbers (IFNs) or L.R-type IFNs. In an intuitionistic fuzzy environment Angelov [7] has introduced a new technique to 
the optimization problem. Singh and Yadav [44] introduced the product of L. R-type IFNs and solved L.R-type intuitionis- 
tic fuzzy linear programming (IFLP) problems. Abhishekh and Nishad [2] proposed a new ranking function to obtain an 
optimal solution of fully LR-intuitionistic fuzzy transportation problem by using L.R-type IFNs. Dubey and Mehra [18] 
solved LP problems with triangular intuitionistic fuzzy numbers (TIFNs). Nagoorgani and Ponnalagu [36] introduced 
division of TIFN by using accuracy function, score function, a-cut and $-cut. Edalatpanah [19] designed a model of 
data envelopment analysis with TIFNs and established a strategy to solve it. Kabiraj et al. [23] solved IFLP problems 
by using a method based on a method suggested by Zimmermann [54]. Malathi and Umadevi [30] IFLP problems in 
an intuitionistic fuzzy environment. Prez-Caedo and Concepcin-Morales [42] proposed a method to solve L.R-type fully 
intuitionistic fuzzy linear programming (FIFLP) having inequality constraints in which variables and constrains are unre- 
stricted L R-type IFNs. Pythagorean fuzzy linear programming is an extension of intuitionistic fuzzy linear programming. 
Akram et al. [4, 5] proposed a method to solve pythagorean fuzzy linear programming problems by using pythagorean 
fuzzy numbers and L.R-type pythagorean fuzzy numbers. 

Neutrosophic set is an extension of intuitionistic fuzzy set. In neutrosophic set there are three independent membership 
functions namely truth membership, falsity membership and hesitancy membership function. Smarandache [46] intro- 
duced the concept of neutrosophic set theory. Abdel-Basset et al. [1] suggested a technique to solve the fully neutrosophic 
linear programming (FNLP) problems. Bera and Mahapatra [12] developed the Big-M simplex method to solve neutro- 
sophic linear programming (NLP) problem. Das and Chakraborty [15] considered a pentagonal NLP problem to solve it. 
Das and Dash [16] solved NLP problems with mixed constraints. Edalatpanah [20] presented a direct algorithm to solve 
the linear programming problems. Khalifa et al. [27] solved NLP problem with single-valued trapezoidal neutrosophic 
numbers. Recently, Ahmad et al. [3] have presented a new method to solve LPP using bipolar single-valued neutrosophic 
sets. 

The main contribution of this article is as follows. 


1. We present the concept of L.R-type SNN and arithmetic operations of L.R-type SNNs by using a-cut, 6-cut and 
7y-cut. 


2. We propose the idea of ranking function for LD R-type SNNs. 


3. We promote a technique to solve FSNLPP with equality constraints in which all the parameters and variables are 
unrestricted [ R-type SNNs. 


4. We apply proposed method for solving real life problems. 


This paper is arranged as follows: In Section 2, basic preliminaries and arithmetic operations are discussed. In Sections 3, 
methodology for solving problems are explained. In Section 4, numerical problems are solved. In Section 5, conclusion 
is given. 

For more information, the readers are referred to [11, 13, 14, 21, 22, 31, 32, 33, 34, 35, 40, 41, 45, 46, 47, 48, 49, 50, 51, 
52]. 


2 Preliminaries 
Definition 1. [46] Let X be a nonempty set. A SNS B in_X is an object having the form 
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where the truth membership function T’j/,.. : X —> [0, 1] , indeterminacy membership function I Ba): * > [0, 1] and 
the falsity membership function F’5/,. : X > [0, 1]. 


Definition 2. [11] Let Bobea SNS in X, then its a-cut, 8-cut and 7-cut are defined as BY = {x € X : T(z) > a}, 
B¥ ={ee X: I(x) < Bh and BY ={x2e X: F(x) < y} witha, B,y € [0,1]. 

Definition 3. A SNN B = ((b; 1, r3U',1/31, r); x, 0, ©) br is defined as an LR-type SNN, if its truth membership (Tate), 
Indeterminacy membership (I,(x)) and falsity membership (F'3(x)) functions are defined as: 


ay f (5%), 2 <b> 0, 
Tala) = { R(#=*), 2>b,r>0, 


and 


ne _ L"(®2), r< b, ls 0, 
. R'(S2), >b,r">0, 
wherel <U < I",r <r! <r", Land Rare continues, non-increasing functions on {0,00) and L’, R', L"andR" are 
continuous and non-decreasing functions on [0, 00) such that 


1. L(0) = R(0) =x, 
2, Mitie scat) = Vig ee) =U, 
3. L/(0) = R(0) =n, 

4, Viti sendy Ce) = ig eel (a) =] 4, 
5. L"(0) = R"(0) =6, 

6. lintiggg, BR" (a) = litigate L(x) =1, 


b is called the mean value of B, Land rare the left and right spreads of (T3(a)), Ul! and r' are the left and right spreads 
of (I(a)) and I" and r" are the left and right spreads of (F'3()), respectively. 


Remark 
If we set L(x) = R(x) = max{0, x — rz}, L'(x) = R(x) = min{1,n+ x} and L(x) = R(x) = min{1,¢ + x} then 
B= (bl riU,r'5l",r"]; x, 7, Cte becomes LR-type triangular single-valued neutrosophic number. 


L(e) = Rte) = { Ce 


0, otherwise, 
tay — tay J 2+8, Weel, 
SS a { 1, otherwise, 


" _ pr = Cre, (2 = 1, 
a { 1, otherwise, 


06 = 0A. 


Definition 4. Based on [44], An LR-type SNN B = ((b;l,r3l/,r'3l",r"|; x, 7, Cie is non-negative, if b — 1” > 0 and 
denoted as B > 0. 


Definition 5. Based on [44], An LR-type SNN B = (([b;1, 31,131”, r"]; x, n, ©) ep is non-positive, if b+ r” < 0. 
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Definition 6. Based on [44], An LR-type SNN B = ([b;1,r3l,7/3l,r”]; x,n, C)ip is unrestricted, if b is any real 
number. 


Theorem 7. Let B = ((b;1,r;l/,r'3l,r"|; x,7, OLR be an LR-type SNN, then its a-cut, B-cut and y-cut are BY = 
[bo -—IL-'(a),b + rR-'(a)], Be = [b-—VL'-1(8),b + 7r’R'-1(8)| and BY = [b-U'L"—"(7),b +r" R'—1(q)], with 
a, 8,7 € [0,1]. 

Proof. By using the Definition 2, the theorem can be proved easily. 


Definition 8. Let B = ([b;l,7;U,1'3l",r]; x, 0, OLR be an LR-type SNN, then ranking of B, denoted R(B), can be 
defined as 


B) =4| (fo ))da+( (fo+eR- Va ))de-+( fb — UE'-1(8))db+(f b+ R'-1(B))dB-+( f & — UE"-2())dy+ 
n n ¢ 


(f+ r/R’) an), 
¢ 
Let B, and By be two LR-type SNNs, 
e By ~< Bo if R(B,) < R(B,), 


2.1 Arithmetic Operations 


Theorem 9. Let By = ([bishiyrisl. ris, ri]; x1, S1)or and Bo = ((be3 lo, 72; U4, 743 14, rf]; x2, 02, C2) LR be two 
LR-type SNNs, then By ® By = ((b1 + bast) tle, r1 +73 tbr tres li +irt + 7r9]s x1 A x2.m V 12,4 V Ga) ER 
proof. Let By = (bush ris ris. rts x1. G1) ir and By = ([b23l2, 72; 14,75; 14, 73]; x2, m2, G2) aR be two LR-type 
SNNs, then their a-cut, 3-cut and y-cut are given as; 

Be = [by —L~'(a),b1 +R (a), BY = [be — bL~'(a), bo + r2R-"(a)], 


BY = [b1 - L'-1(8),b1 + R16), es = [bo — LB), be + rh R1(B)) 
BY = ([b. —UL (7), b1 + rf R ~*(y)), BY = [be — IL" ~1 (7), b2 + rg Ro (y))- 
Thus, 
Be + Be = [b1 — 1, L~*(a) + bo — loL*(a), by + r.R+(a) + bo + r2R-*(a)]. (1) 


By taking a = x in equation (1), we have 


(By + By)°™ = by + be. (2) 
By taking a = 0 in equation (1), we have 
(By + Bo)® = [by + bo — ly — Io, by + bo +11 + 19]. (3) 
Now 
By + By = [by — 018) + bp — GLB), by +r RB) + bo + 79R*(8)]. (4) 
By taking B = 1 in equation (4), we have 
(By + Bo)?" = by + bo. (5) 
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By taking B = 1 in equation (4), we have 


(By + By)? = [by + bo — UY — bby tbo +r, +7). (6) 
Further, 
BY + BY = [b. —L (7) +02 GL (9), br tf Ry) +o + rR | ()]. (7) 
By taking y = ¢ in equation (7), we have 
(By + Bg) = by + bo. (8) 
By taking y = 1 in equation (7), we have 
(By + Bo) = [b) + bo - Uf -— Yb + bg tr} +79]. (9) 
By combining the equations (2),(3),(5),(6),(S), and (9), the result follows. 


Theorem 10. Let Bye (lois di, 73 Ui, 7i3 4, rl; xa, G)ir and Bo = (|b; la, 7255, 755 Ur); x2, 2, C2) LR be two 
LR-type SNNs, then By © By = ([by — ba; — ra, 71 — ly; I ron, — 8s — rir] — lls x1 A x2a,m V 12,61 V Ca) oR 
proof. Let By = (fb hrs ris ris xa. 61) ir and By = ([ba; 12, 172515, 795 15,73]; X2, 12, C2) LR be two LR-type 
SNNs, then their a-cut, 3-cut and y-cut are given as; 

Be = [b) — L'a), b1 +1 R-1(a)], BY = [be — la L—"(a), bp + r2R7!(a)}, 

BP = [by — U.L'-1(8),b1 +r R'-1(B)), BE = [bp — L'-"(B), by + 74 R'-1(B)] 

BY = [by — UL), +f (y)), BY = [bo — BL" (7), bs + GR 1). 

Thus, 


By _ Be = [by _ 1, L7*(a) — by - r2R*(a), by + r,R-*(a) —bo+ lnL7*(a)). (10) 


By taking a = x in equation (10), we have 


(B, — By)°=* = by — by. (11) 
By taking a = 0 in equation (10), we have 
(By — By)° = [by — bp — ly — rab) — bo tr $b]. (12) 
Now 
BY — BY = [by - KL (8) —b — rR *(B8),b1 + rR *(8) — bo +L *(8)]- (13) 
By taking B = 1 in equation (13), we have 
(B, — Bg)P=" = by — bo. (14) 
By taking B = 1 in equation (13), we have 
(B, — Bo)? = [b) — bo — Uy, — rh, br — bo +r, + Hh). (15) 
Further, 
BY — BY = [by — UL" 1(y) — by — r$L"*(4) by + ER) — bp + BRN). (16) 
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By taking y = ¢ in equation (16), we have 
(By — By)1$ = by — bo. 


By taking y = 1 in equation (16), we have 


(By — Bo)! = [by — bo — Uf — rg bp — bo +e +). 


By combining the equations (11),(12),(14),(15),(17), and (18), the result follows. 


(17) 


(18) 


Theorem 11. Let B = ((b; 1,7; 1/,r/1;l,r"|; x,, C) Lg be an LR-type SNN and c be any arbitrary real number, then 


Be (chee yeh cr eel er"), 
CD = . : ! I, " j" 
(cb; —cr, —cl; —cr’, —cl’; —cr", —cl"), 


Proof. Let B= ([b rj; 0,7" >X.7,0)iR be an LR-type SNN and c be any arbitrary real number, then 
Be = [b—IL“(a),b+rR-(a)], BY = [b-UL1(8),b +r R-1(8)), BY = [b-UL''(7), b+ rR“). 


Now, if c > 0, then 
cB® = [cb — clL™'(a),cb + erR1(a)]. 
By taking a = x in equation (19), we have 
cB°-X = cb. 
By taking a = 0 in equation (19), we have 
cB°~ = [cb — el, cb + cr]. 
Also, 
cB = [cb — cl/L'~ (8), cb + cr'R~'(8)). 
By taking B = 1 in equation (22), we have 
cBP=" = cb. 
By taking B = 1 in equation (22), we have 
cBP= = [eb — cl, cb + cr’). 


Further, 


cB? = [cb — cl" L"—!(y), cb + cr" R’!(y)]. 


By taking y = ¢ in equation (25), we have 
cBY-S = cb. 
By taking y = 1 in equation (25), we have 


cBY- = [cb — cl”, cb + cr". 


(19) 


(20) 


(21) 


(22) 


(23) 


(24) 


(25) 


(26) 


(27) 
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By combining the equations (20),(21),(23),(24),(26), and (27), the case c => 0 follows. 
If cj0, then 


cB® = [cb + crR7*(a),cb— dL *(a)]. (28) 


By taking a = x in equation (28), we have 


cB = cb, (29) 
By taking a = 0 in equation (28), we have 
cB = [cb + cr, cb — cl]. (30) 
Also, 
cB® = [cb + cr'R'—!(8), cb — cl/L'—1()]. (31) 
By taking B = 1 in equation (31), we have 
cB°=" = cb. (32) 
By taking B = 1 in equation (31), we have 
cBP= = [cb + cr’, cb — cl’). (33) 
Further, 
cB? = [cb + er" R'~1(), cb — el" L"-1(9)]. (34) 
By taking y = ¢ in equation (34), we have 
CBT =. (35) 
By taking y = 1 in equation (34), we have 
cB! = [eb + er”, cb — cl”). (36) 


On combining the equations (29),(30),(32),(33),(35), and (36), the case cj0 follows. thus proof completed. 


Theorem 12. Let By = (busta fist Ast hs xis tis en and By = ([ba; le, 2315, 75319, 73]; x2, N2, C2) LR be two 
non-negative L-type SNNs, then 

Bi, ®B2= ([b1 bo; bylg + baly — lo, birg + bory +1179; byl5 + boli _ bos birs + bor + rts byl5 + bol! _ Wig. bry + 
bord + rig]; x1 A xX2,™ V 12, C1 V G2). - 

Proof. Let By = ((bus hori ris Uris xa, G)ir and By = ((ba3 le, 172515, 753 19, 73]; x2, 2, G2) LR be two non- 
negative LR-type SNNS, their a—cut, 8—cut and y—cut are given as: 

BY = [by _ 1,L-+(a), by + rR-*(a)], BS = [be _ loL—+(a), bo + r2R-"(a)}, 

BP = [by — U,L'-1(B), by +r -"(8)), BE = [by — L'"(8), bo +r, R'-1(8)] 

BY = [b. —UL *(7), 61 +1 Ro (y)), By = [bo — GL (7), 2 + 79 R *())- 

Thus, 


Be BY = [(b, — 4 L71(a@)) (bz — pL (a)), (b) +171. R71 (a))(b2 + r2R1(a))). (37) 
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By taking a = x in equation (37), we have 


(B, By)? = bybo. (38) 
By taking a = 0 in equation (37), we have 
(By By)*° = [bib — bila — belt + Lila, bibs + bire + beri + rir]. (39) 
Now 
By By = ((b1 — YL *(B)) (ba — GE'~"(8)), (b1 + R18) (be + rR’ "(8))) (40) 
By taking B = 1 in equation (40), we have 
(By, Bz)?" = by bo. (41) 
By taking B = 1 in equation (40), we have 
(B, Bo)? = [by by — bil — doll, + 1G, bib2 + bir), + ber, + rir). (42) 
Also 
BY BY = [(by — YL"-*(7))(b — YL"—"(y)), (61 +r R"—¥(7)) (bo + rZR"4())]. (43) 
By taking y = ¢ in equation (43), we have 
(By Bo) 1S = bibe. (44) 
By taking y = 1 in equation (43), we have 
(By By)1* = [bbz — byl — boll! + 1113, bbe + byrg + bor! + rfrg]. (45) 


By combining the equations (38),(39),(41),(42),(44), and (45), the result follows. 

Theorem 13. Let By = (bi;h,, 713 U),745 U1 7]; x1, m; C1) LR be non-negative LR-type SNN, and By = ((b2; 12,172; 15, 
75319, 73]; x2, 12, 62) LR be non-positive LR-type SNN, then B\@ By = ((b1 2; bila —bery +lort, birg—bely —lre; bil — 
bory + gry, birg — bal — Lrg; bilg — bart + gry, birg — balf — Ura]; x1 A x2,m V 2, V Ga) nR- 

Proof, Let By = ([bisli, ris lis i373, m1 CG) LR be non-negative LR-type SNN, and By = 

([ba; le, 2315, 75319, 74]; x2, 12, C2) LR be non-positive LR-type SNN, their a—cut, B—cut and y—cut are given as: 


BY = [by _ L,.E-*(a), by + rR-*(a)], BS = [be = loL—+(a), bg + r2R-'(a)], 
By = [by —hL-*(8), bi +7, R-1(8)), By = [bo — LL’ (8), ba + rR’ (8) 
BY = [b1 — L(y), br + rR *(y)), By = [bo — L(y), ba + 79 R*(y))- 
Thus, 
Be BY = [(b1 +171 R71 (a))(b2 — gL (a), (61 — E71 (a) (bo + r2R7*(a))]. (46) 
By taking a = x in equation (46), we have 
(By, Bz)°*X = bybo. (47) 


By taking a = 0 in equation (46), we have 


(By By)°° = [byby — bila + bery — lary, bby + bir — bel, — lyre]. (48) 
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Now 
BY BD = [(b1 +r, R1(8))(b2 — WL ~1(8)), (61 — YL 1(B))(b2 + 7R—1(8))]- (49) 


By taking B = 1 in equation (49), we have 


(By, Bz)?" = bbe. (50) 

By taking B = 1 in equation (49), we have 
(By, Bz)?! = [by by — by lh + bert, — Igri, bby + bir — bali, — Urs]. (51) 

Also 

BY BY = [(br + rf B+ (y))(b2 — BL" (7), (61 — HL (7)) (02 + 9 R 1 ())]- (52) 

By taking y = ¢ in equation (52), we have 
(By, Bz) = byby. (53) 

By taking y = 1 in equation (52), we have 
(By B2)1*! = [bybo — bilf + bar — Url, bibe + bird — bel — Ufr9]. (54) 


By combining the equations (47),(48),(50),(51),(53), and (54), the result follows. 


Theorem 14. Let B, = ([bisli, nisl ira. CLR be non-positive LR-type SNN, and Bo = ([ba; le, 723 15, 
ne us rf); X2; 72; C2) LR be non-negative LR-type SNN, then B, ® By = ([b1 bo; boly _ bire + lyre, —bdylo + bor _ 
lori; bal — byrg + Uyrg, —bily + bart, — Ugri; bal — birg + lrg, —bilf + bar! — lpr]; x1 A x2,m V ne,4 V Co) LR. 
Proof. Let By = ((bis, 7134, 74514, 77]; x1,m, G1) ur be non-positive LR-type SNN, and Bz = 

([b2; la, 72515, 793.19, 73]; x2, M2, 62) LR be non-negative LR-type SNN, their a—cut, B—cut and y—cut are given as: 

BY = [by _ LLL "(a), by + riR*(a)), BS = [be = loL~"(a), bg + roaR*(a)], 

By = [by — .L'-1(8),b +r, R-1(B)}, BY = [bo — hL'-1(B), by + rpR’-1(8)], 

BY = [br —YL 7 (y),b1 + {Ro (y)), By = [bo — QL (7), b2 +79 R ~*(y)]. 

Thus, 


BoB? = [(b) — 47" (a))(b2 + r2R1(a)), (b1 + 71 R71 (a)) (be — Ip" (a))]. (55) 


By taking a = x in equation (55), we have 


(By, Bz)? = bybo. (56) 
By taking a = 0 in equation (55), we have 
(By By)*° = [bib — bel + dire — lire, bib — bil + bert — lori). (57) 
Now 
BY BY = [(br — WL'-*(8)) (ba + R18), (b1 + rR (B)) (ba — HL *(8))]. (58) 
By taking B = 1 in equation (58), we have 
(By, Bo)? = bybo. (59) 
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By taking B = 1 in equation (58), we have 
(B, Bo)? = [by bz — boll, + birth — Uirg, bib — bylh + ber), — pri). (60) 
Also 
BY BY = [(b1 — U/L"1(7))(b2 + $14), (br + VB") (by — BL" (4). (61) 
By taking y = ¢ in equation (61), we have 
(B,Bo)1-$ = bybo. (62) 
By taking y = 1 in equation (61), we have 
(B, By)! = [by by — bel! + bird — Uf rg, bybe — byly + ber — Yr). (63) 
By combining the equations (56),(57),(59),(60),(62), and (63), the result follows. 


Theorem 15. Let Bi = ([b1; ly, T13 lt, ale i rik X15); Ci)ER and Bo = ([bo; lo, 123 i, 

5319, 74]; x2, 02, 62) LR be two non-positive LR-type SNNs, then B,@ By = ((b1b2; —byrg — ber — Tyre, —byl2 — baly + 
Ilo; birt 7 bor} Pits. byl bali, +15 os bir bart 7 rr. by lS bol + UY13]; x0 A X2;M V 2,61 V G2). 
Proof. Let By = ((bishyris4y ris rt]; x1,m,G)pr and By = ([bo; le, r2315, 17531, 73]; x2, N2, 2) R be two non- 
negative LR-type SNNs, their a—cut, B—cut and y—cut are given as: 

Be = [by _ 1,L-+(a), by + rR-*(a)], BS = [be = loL—+(a), by + r2R-'(a)], 

By = [b1 — U.L1(),b1 +, R-1(8)), By = [bz — L~*(8),b2 + rgR'1()], 

BY] = [by —WL"-1(9), b 4 rf R1(7)], BY = [bo — YL"—1 (9), b2 + YR (y)). 

Thus, 


Be BY = [(b1 + 1 R71 (a)) (bz + r2R7 1 (a), (b1 — E71 (a)) (be — IpL+(a))). (64) 


By taking a = x in equation (64), we have 


(By, Bz)°=*X = bybo. (65) 
By taking a = 0 in equation (64), we have 
(By By)° = [bib + dire + bari + rire, biby — bila — baly + hb]. (66) 
Now 
BY BY = [(b +1, R-\(B))(b2 + rR 18), (by — ULE" (8))(b2 - BE "(8))]. (67) 
By taking B = 1 in equation (67), we have 
(By Bz)?" = bbe. (68) 
By taking B = 1 in equation (67), we have 
(By Bo)? = [bib + burg + bar, + rirg, bib2 — bily — bal, + U1). (69) 
Also 
BY BY = [(b + rT R (7) )(b2 + 72 R*(y)), (br — HL" (7)) (02 — BL" (7))]- (70) 
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By taking y = ¢ in equation (70), we have 
(B,Bo)1=$ = bybo. (71) 
By taking y = 1 in equation (70), we have 
(By Bo) = [bbe + bird + bor) + rf rg, bibs — bily — bol + U5]. (72) 
By combining the equations (65),(66),(68),(69),(71), and (72), the result follows. 


Theorem 16. Let B, = ((b1; 41,11; Uris rf); x4,m, 61) tr be an LR-type SNN in which b, —l{ < 0, bj —l, > 0, and 

Bo = ((b23 12, 172315, 755 18, rf]; x2, n2, C2) LR be an unrestricted LR-type SNN, then B,@ Bz = ((b;1,r3Ur';U",r; x, 0, OLR; 
where b = b1bo,1 = by bg — min{b bo — lgby — Iybg + Ile, by bg — loby + 11 b2 — lori}, r= mazx{b,b2 + rob, +7 b2 + 
T7172, by bg +1r2b1 —11b2—ly1r2}—b1 bo, v= by b2—min{b1b2—15b) —14 ba +14 15, by bo —Ihby +r bo — brits a = max{bybo+ 
rhby +r} be +rirs, by bg +rhb) —I1be —lhr5} — by, ba, = bib —min{byb2 —Ufbe+r9by —fry , 01 b2 +rf "be —1Sby —Ifrt 
andr” = max{b,b2 _ If be ae ISby + bee by bg + {be t ryby t rret by bo. 

here x = X1\X2,.7=™ V 72,6 =G VQ. 

Proof. Let By = ([bas ba ra: ris rts xa, m, C1) ir be an LR-type SNN such that b;—l{ < 0, bi -1, > 0, b1 -l > 0, 
and Bz = ((b2; 12,2; 15, 79319, 73]; x2, "2, 62) LR be an unrestricted LR-type SNN, and their a—cut, B—cut and y—cut 
are eget as: 


= [b} —1,L7 lia), b+7,R71 (a)|, B = [bg — In D7 Ae) acre (a )|, 
BP ost L'-1(B), hea), BE 2 = [ba — GE M(B), bs + 1hR (8), 
BY = [by — YL"-'(y),b1 +f R"(y)), BY = [bo — YL" (y), ba + rZR1(y)] 
Thus, 


BY BY = [min{(by — hL~*(a))(b2 — lL" (a), (b1 +1 R*(a))(b2 + 172R-*(a))}, 


max{(bj + 71. R-'(a)) (bo + reR-+(a)), (by — LL (a)) (bz — pL! (a))}]. (73) 

By taking a = x in equation (73), we have 
(By Bo)°*X = bybe. (74) 

By taking a = 0 in equation (73), we have 


(By Bo)? = [min{b1b — bila — bel, + Lila, bby — bila + beri — lori}, 


max{bib2 + birg + beri + rira, bibs + bire — bali — lir2}}. (75) 


Now 


BY B = [min{(b1 — U.L*(8)) (bo — WL ~*(8)), (1 + UR *(8)) (bo + ER *(8))}, 


maa{ (bi + ry R~*(8)) (bz + r2R*(8)), {(br — WL ~"(8))(b2 — IL 1(8))}. (76) 
By taking B = 1 in equation (76), we have 


(By By)? = bybo. (77) 
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By taking B = 1 in equation (76), we have 


(B,Bo)?= = [min{bb2 — byl — boll, + 1G, bibs — byl + ber), — bri}, 


mazx{byb2 + byrh + ber) + rir), bribe + bir — belt, — Uyr5}). (78) 


Also 


Be BS = [min{(b1 — YL" (7))(b2 + 7g R (7), (1 +17 R*(9))(b2 — BL), 


mar{{(by — YL") (bz — BE), (61 + 7 Ry) (bo + 73") HI. (79) 

By taking y = ¢ in equation (79), we have 
(B,Bo)I=$ = bybo. (80) 

By taking y = 1 in equation (79), we have 


(By Bo) =! = [min{bybe + biry — bel) — Uf rh, bbz — bly + ber! — ri}, 


mazx{b bz = bly _ bol + ee by bg + biry + bor + iT) i; (81) 


By combining the equations (74),(75),(77),(78),(80), and (&1), the result follows. 
By using similar method as used in the above theorem the following theorems can be proved easily. 


aid 17. Let Bi = ([b1; li,71; ie re Le ris X1,™; Ci)b LR be an LR-type SNN in which b; — li <0, 61 —, > 0, and 

= ([bo3 12, 72305, 755 Uf 4]; x2, n2, C2) LR be an unrestricted L R-type SNN, then B,@ Bz = ((b;1,r3Ur'3l",r]; x,, ©) LR; 
2 b = by bo, 1 = by bg — min{b bo — lgby — Iybg + Ile, by bg — loby + 11 b2 — lori}, r= mazx{b1b2 + rob, +7 b2 + 
rr, bbo+reb1 —l1 bo lira} bi b2, — bybo—min{bbo—l} bg+rhbi lh r5, bybo +r} bo—lhb1 — lor} }, 1’ = mazx{b1bo— 
li, bo = Ib by +1405, by bp +rbe +riby +rjiro}— by, bo, ("= = fl ia _ Ibe +rfby _ ire, by bg +r{be —13by = ry 
andr” = max {b,b2 _ If be = ISby + ue, by bg + rf "bo t val t rar by bo. 
here x = X1\ X29 =m V2.6 = VQ. 
Theorem 18. Let By = ([bi;h ris rir; x1. G) ir be an LR-type SNN in which b, — 1, < 0, b; > 0, and 
Bo = ([ba; le, 72315, 75; UY, rf]; x2, n2, C2) LR be an unrestricted LR-type SNN, then B,® By = ([b;1,r3Ur',U", r"|; xn, OLR; 
where b = b1b2,1 = bi bg — min{b be — I,bg + roby — Ihre, b1b2 + 11b2 — lab, — lari}, r= ace ie — Iybp — lob, + 
Iylo, by b24 T ribo T r2b4 +ryr2} by be, l! = = by bg— min{b,b2— ‘iE i be+rhbi— Litas Vibe Tha bb, Ihr‘ }, a = max{b1b2— 
i bo — ie by +1 nls bbe +r‘ be +rhb1 +riro}— b1b2, [! = = bi bo —min{byb2 _— I/be +r !by _— irs ; bi bo +r} "bo —1Sby _— ry 
andr" = max {b,b2 _ Ibo a 9b, + Wy Oy b2 + rf "be 4 rs yb, 4 rirs by bo. 
here x =xX1\x2.9=mV 12,60 = 4 VO. 
oe 19. Let By = ((b13 01,713 4,743 4, rt]; x1,m, 61) LR be an LR-type SNN in which b, < 0, b1 +71 > 0, and 

= ([bo3 lo, 72305, 755 U4, 4]; x2, ne, C2) LR be an unrestricted L R-type SNN, then B1@ Bo = ((b;1,r3 Ur; Ur; x,, OLR; 
oe b = by bg, 1 = by bg — min{b be — I,bg + roby — Ihre, b1b2 + 1b — lab, — lori}, r= max{byb2 — Iybp — Ib, + 
Ilo, by b2+11b2+reb1+rir2}—bibe, v= bi bg—min{byb2—l)bet+rhbi—lir5, bibe+r}b2—lhb1 —lhr} }, r= maz{b1b2— 
Ii, be = [bby +1415, by, b2 +r} be +r5b1 +riro}— by, bo, — bibs —min{bybe = Ibe +rgby = rss by b2 +ribe — 13 by = ort} 
andr" = max {b,b2 _ If be a [by + ties bybp +r" {be t ry Jb, 4 pits by bo. 
here x = x1 \ X29 =m V 12,6 = VG. 
Theorem 20. Ler By = (Josh ris ris x1, C1) br be an LR-type SNN in which by +r < 0, bi +r = 0, and 
Bo = ([bo3 le, 725.14, 75514, 79]; x2, N2, C2) tr be an unrestricted L R-type SNN, then B,@ Bz = ([b; 1, 73151", r"|;.x,.0, OLR, 
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where b = b1b2,1 = by bg — min{b b2 — 1169 + raby — lyre, by bg + roby +71 b2 + ryrg}, — mazx{b,b2 + ryb2 — Igb1 — 
fara, baba— aby —Liba-+ Lila} ~ Diba, = biba—miin{b1bo—Uhba-br 9a —Uhr5, bibs br ba— Ubi —lar}r! = maz {bib 
Uf by — ip by +1) filos by be +r} be +rhby +riro}— by, b2, — bibs —min{bybe _ If/be +r} by = [irs , 01 b2 +r{ "bo —13by _ er 
andr! = mazx{b1b2 — If be _ ISby + ge ,b1b2 + is ‘bo +9 gb1 re by be. 

here x = x1 A xX2.9=™ V 12,6 = 1 V Ce. 


Theorem 21. Let By = ([bi3h1, 713 U,. 7,34), 74|;x01, m, C1) Le be an LR-type SNN in which b, +r, < 0, b} +r’ > 0, and 


Bo = ([ba; lo, 123 lb, 19; ie: r3]; X2, 12; C2) LR be an unrestricted LR-type SNN, then B,@By _ ([(b; l, ry ioe ae | Xo; ¢)LR, 


where b = b1b2,1 = by bg — min{b,b2 —11,b9 + roby — lyre, bib + 179by +1 1b9 + ryrg}, — ia oa. + ryb2 — Igb1 — 
lorz, b1b2 lob, —l,b244 Iyl2} by be, l/ = = bybo— min{b,b2— Ui (bo+rhbi—li rh, bibe+rgbi tr} botrirs}, — = max{bybo+ 
rb —Igbr — tyr baba — labs —Ihbo + Ul} —biba, I” = by ba —mnin {baba —1Ybo +r br — Urs, bib +r bo — Igor — srt 
andr! = max {b,b2 _ If be _ IY, + race by bg + ry ‘bo +r by Tits by bo. 

here x = X1\X2,7=M™V 72,6 =9 VQ. 


Theorem 22. Let B,; = (disdain rsUr{lsxa,m,61)pr be an LR- type SNN in which by + r{ <0, and By = 
([b2; la, 723 U4, 74; 4, 4]; x2, 12, C2) LR be an unrestricted LR-type SNN, then By, ® By = ((b;1,r3U'r'; a rr’) ¥,, C) BR; 
where b = b1b2,1 = by bg — min{b,b2 —|14b2 + r2b1 — lyre, by bo + 19by +11b9 + ryrg}, (o— ae (abs + ryb2 — Igb1 — 
lory, b1b2—l2b1 —l, b24 Iyl2} by bo, l! = = bybo— min{b,b2— U ‘botrhbi—li rh, bibotrgbi tr} botrir5}, — max {b,b2+ 
14 bg —15b1 — Uhr}, bbe bob i 024 t i ilod by be, 1!” = = by bg —min{byb2—1} bo try 9b, —Uf rh, bibe +73 bj try bo try ry 
andr"! = max {bib2 + 1 "bo = Ib, _ Let , b1b2 — lob, — If be + 115} — by bo. 

here x =X1 \xX2.7=™M™V 12,0 = G1 VG. 


Theorem 23. Let By = ([bishy rity rior; x1,m,1)iR be an LR-type SNN in which b, — U! > 0, and By = 
([ba; la, r23 Uh, 755 UY 4]; x2, N2, C2) LR be an unrestricted LR-type SNN, then By ® By = ((b;1,r3Ur'3l",r); x,n, OR; 
where b = b1b9,1 = by bo — min{b bo — Igby — Iyb2 + Iyle, by bg — loby + 11 b2 — lori}, r= mazx{b,b2 + roby +7ybo + 
T1172, by bg +1r2b1 —11b2—lyr2}—b1b2, i by b2—min{b1b2—1hb —14 bo +14 15, bybo—lhby +r bo—lhr}}, r= max{b,b2+ 
roby +r be +rirs, by bo44 roby i bo heat by be, = by bo —min{bybe —1%by —Ifbo +1415, by bo —1Sby +r{be —1f rt! 
and r" = max{byb2 + rb + rb + ri rh, bib + rfby — Ube — rg} — bybe. 

here x =X1\X2,.07=MV 72,6 =9 VQ. 


3 Methodology 


In this section, a new method is presented to find the single-valued neutrosophic optimal solution of FSNLP problems 
with equality constraints, in which all the parameters are represented by LD R-type SNNs. 


n 
Maximize/ Minimize Cj @ Xj; (82) 
j=l 


subject to 


n 
S > Aj @ Xj = By, Vi = 1,2,3,--+ m 
j=l 
where C;, A;;, B; and X; are LR-type SNNs. 
Step 1. Assuming Cj = ([ej375,955 Pj, Gi Pp Gb Xj CLR XG = (Vp Ys, 275 Yj, 25 Yj 27] 7, 7, Kj LR, Aig = 


(Laigs lj, rg 5, G3 YF, r) bij, bij, Lig) ir, and By = ([bi; 87, t35 81,5 sf, tf]; €j, €7, 63), the FSNLP problem can be trans- 
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formed as follows; 


Maximize/ Minimize ( 74 ([ej3 95,493 Pj. 53 Pts Gs Xs My Ci LR ® (Legs Uj. 253 Yjs 253 fs 2715 07,94, Ka )ER ) (83) 


subject to 


n 


Seria ri]; big, Wigs Tig) tn @ ([255 51 255 V5s 243 Yj» Gs Oy, 99, Ky ER 
j=l 
= (bis 85, B93 Sb Bp Oy €j,€5, Pj) LR, Vi = a ,™m 


where (lags U5, Zi Yi i Yj zi]; $;,9;,%;)LR are LR-type SNN, Vj = 1,2,3- 
Step 2. Using product of L.R-type SNNs defined in Section (2.1) and assuming 


(laigs dy, ry. 753 Uy, rh 85 Dis, ees 
= ([a ee oe eet V5 ea i LR 

Here 

bij NQj = bi5, Wig V 9; = Wij, Tig V 63 = Ti. 


The FSNLP problem (83) can be transformed as follows; 


Maximize/ Minimize ( 377, (less pj, 4734 Gi PY Gs Xin My GER ® (gs Uy, 255 Yj 25, 2; bj, 03, Ry )LR ) ; 
(84) 


subject to 


({a eer eee j ; [ ; rj a Cvs LR = ([ba; 83, ty; 8;, ti; AL €7, £3; 07) ER, Vt = 1, 2,3, 5m 


where ([253 45,253 Yj> 243 Yj» 2713 $5, Oj, Kj) LR are LR-type SNN, Vj = 1,2,3--- ,n 
Step 3. Using arithmetic operations defined in Section (2.1), above problem becomes: 


Maximize/ Minimize ( 74 ([ej3 Pj, 4735.53 PY, Gs Xjs Mis Gi ER ® (Legs Ys, 255 Uhr 253 Vf 24]5 7,9), KER ) 3 
(85) 


subject to 


a 
Day 1 ij =i Dag i j= 83 j= "5 =i 1G = 85 j=l y= ty aja 15 us = ty, 


| il = = ej, ViVi] = = €;, VT; ‘= Qj; 


wets), B-wyel, 2-720) yaewyet, = 2, 20,17 H=1,2,3,.% 

and $;,0;,«; € [0, 1]. 

Step 4. ey vs ae ito ue LR-type single-valued neutrosophic feasible solution 

xXk= ((a* ay ez z ad 123 See a); ¢;,9;,%;)LR- By applying ranking, the FSNLP problem can be solved 


Maximize/ Minimize R ( S731 ([ey3P3, 953 Pj. G3 Pes Gs X51 M9 GER ® ([@ 55 Yjs 255 Yjs i Yj» 2] O97, KA ER ) 5 
(86) 
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subject to 


ye 1%; = 05) 4; = 85, 0j=1 ta LG = 8) - 1 ry =a) 45 = sf au = ty, 
A| i) = 2 ej, ViVi] = a Ej, VTi = ’); 


yj 20,2320, yy-yy 20, 4-220, yp-y, 20, 27-2, 20,Vj =1,2,3,---,n 
and pj, 95, Kj € (0, 1]. 
Step 5. Assuming ([¢j37;, 953,953 P}.G]s XI.) G)LR ®@ [Pps js i535 245 YF» 2715 G7, 95, Ky ER 


= ([xF; y3, 233 ys'j, 2873 ys" 7, 28" 5]; OF, OF, KG) LR the problem (86) can be written as: 


Maximize/Minimize ® ( 3054 ([z33 yj, 273 ys'j, 28'53 ys" 3, 28" 9); 3, OF, KF) LR ) ; (87) 
subject to 


ye 1 ai =) do 1 Uy = 892 j= 1 5 = 1p, D7 1 ui = r= t= 1 Ui a = ty, 
Agi] = ej, ViVi] = Ej, VT; ‘l= Pj 


yj 2 0,2; = 0, ¥; — ¥j 29, z.— 2; >0, y, =y, 2 0, t= 2, 2 0, V9 = 12,3, 40 


j j 
and Pj, 05, Kj € [0, 1]. 
Step 6. As ranking function is linear thus the problem (87) can be written as: 


Maximize/Minimize ( yojai Re TUR 235 YS 5,283 ys" ‘Gyee a 07,93, KL LR iF (88) 


subject to 


2 1 ij =, D7 Gj = 85: j= "5 =e = 1G = Sy jel w= ty je if = ae = ty, (89) 
A| i) = 63> VME] = €7,V I; ‘1 = Q); 


y20.24 20, Yowed, B47 20, yom-y 20, 27=—2, 20,V7=1,2,3 .n 
and $;,0;,«; € [0, 1]. 
Step 7. Using the definition of ranking function defined in Section (2.1), the problem can be converted into: 


LX x 
let 2; =yL )+(f aj ~ z8R-\(a)da)+ 
Maximize/Minimize Pa5- if * L—1(B)dB) + (f o 28 R'-1(8)dB) 
n 


1 1 
+ yf L'Hy Tidy) + (f9§ — 2 


; (90) 


subject to 


uw 


38 1 ij = bi, a7 145 = 83125 175 =i d= = = y= thy Dag 15 a; = ty, 
A| iy) = 63> VIVE] = €7,V I; ‘= 5; 


yi 20,2;20, yy—yy 20, 23-2420, yp—y, 20, 27-2, 20,Vj =1,2,3,--- ,n 

and pj, 05, Kj € (0, 1]. 

Step 8 Solve the crisp linear programming problem (90) by proposed method to find the optimal solution x, y;, z;, Vi zi, 
Yi 24X52, Gj- Step 9 Find the LR-type single-valued neutrosophic optimal solution X; of the FSNLP problem by 
substituting the values of 25, yj, 25, Yj. js Yj» 2j > Xj and Cj in Xy = ([q5 yy, 255 Yj, 23 Yj» 24 ]5 XG> M4» GER: 

Step 10 Find the L.R-type single-valued neutrosophic optimal solution of the FSNLP problem (82) by substituting the 
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values of Xj in }0_) Cj @ Xj. 
Theorem 24. The solution of FSNLP problem with L.R-type SNNs 
nm n 
Maximize/ Minimize SC; @ Xj subjectto SY Ai; @ Xj = Bi, Vi = 1,2,3,--+ ,m. (91) 
j=l j=l 


where Cj, Ajj, Bi and X; are LR-type SNNs, exists when the solution of the associated crisp LPP 


Maximize/ Minimize ¥t ( Se qi le UES YG 235 YS 5,28 55 Ys" pes a 05,95 p Ki) LR iF 


subject to 
n n / n ” 
Dejan Hy = dis Deja UF = 85s Dijea Rat yaG ay = lay =f pay =e 
AEF] = 67, Vidig] = €7, V I; i] = 2}, 
yj 2 0,2; 2 0, ¥; — ¥j =, 24 — 23 = 0, Yi — Yj 29, zj — 23 2 0,Vj = 1,2,3,--- ,n 


and $;,0;,%; € [0,1], exists. Otherwise, there is no guarantee that the LR-type single-valued neutrosophic optimal 
solution exists. 


Proof. Straightforward. 


4 Numerical Examples 


Example 1. A Company Manufacturing Problem. A company manufactures two types of face mask: cotton face 
mask and wool face mask. Each face mask has to pass through two different machines: Md; and Mo. Mj, ma- 
chine can work for ([50; 26, 62; 38, 101; 49.2, 192]; 0.7,0.6, 0.5); minutes per week and M2 machine can work for 
([68; 41, 94; 54, 133; 67.8, 262]; 0.6, 0.5, 0.3) minutes per week. Ten hundred cotton face masks required ([5; 2, 3; 3, 5; 

4.7, 6]; 0.9, 0.6, 0.3) minutes on M; machine and ([6; 1, 2; 2,3; 5.5, 5]; 0.8, 0.3, 0.2), minutes on My, machine. Ten 
hundred wool masks required ([7; 3, 4; 4, 5; 6.9, 7]; 0.6, 0.1, 0.2), minutes and ([8; 3, 4; 4, 5; 7.9, 8]; 0.7, 0.5, 0.2) ,z min- 
utes on My, and Mg, respectively. The profit is Rs. ({12; 5,6; 7,8; 10, 11]; 0.6, 0.2, 0.3) per thousand for cotton face 
masks and Rs. ((14; 4, 7; 6, 9; 8, 13]; 0.8, 0.5, 0.4), r per thousand for wool face masks. The company wants to maximize 
the profit. 

We apply the method discussed in Section (3). 


Masximize(|12; 5, 6; 7, 8; 10, 11]; 0.6, 0.2,0.3)rr © X1 @ ((14; 4, 7; 6, 9; 8, 13]; 0.8, 0.5,0.4)7R @ Xe 
subject to 


([5; 2, 3; 3, 5; 4.7, 6]; 0.9, 0.6, 0.3)p2 @ X1 @ (6; 1, 2; 2, 3; 5.5, 5]; 0.8, 0.3, 0.2)p @ Xe 
= ([50; 26, 62; 38, 101; 49.2, 192]: 0.7, 0.6, 0.5) rR 
([7; 3, 4; 4, 5; 6.9, 7]; 0.6, 0.1, 0.2),2 ® X1 © ([8;3, 4; 4, 5; 7.9, 8]; 0.7, 0.5, 0.2) rR ® Xo 
= ([68; 41, 94; 54, 133; 67.8, 262]: 0.6, 0.5, 0.3) rR 


where ((%15 01,715 04,745 07,7]; X15 m1, 61) and ([29; lo, ra; 15,175 13, rz]; x2, 72, ¢2)LR are LR-type SNNs. 
X1; 71; 61, X2, 12; 2 € (0, I}, 
Step 1: Let X1 = ([tishyrisl{. ris U7, 7]; x1,m,0) ir and X2 = ((x95 12, 725 15,1793 15, 9]; x2, N2, C2) LR, then prob- 
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lems can be written as 


Maszximize((12; 5, 6; 7, 8; 10, 11]; 0.6, 0.2,0.3)rr ® (ais, ris ris rt); x1, m1, G)cr® 
({14; 4, if 6, 9; 8, fol 0.8, 0.5, 0.4)rR & ((x9; lo, 12; is 19} oS rol; X25 772; ¢2)LR 


subject to 
([5; 2,3; 3,5; 4.7, 6]; 0.9, 0.6, 0.3)zR ® ( [ag hh, TL; Ls ie I, rid; X15 1, C1)LR @ (6; 1, 2; 2,3; 5.5, 5); 0.8, 0.3, 0.2)rR 
@ ([x9; lo, 723 ly, 753 o 73]; X25 12, C2)ER = ([50; 26, 62; 38, 101; 49.2, 192]; 0.7, 0.6, 0.5)iR 


((7; 3, 4; 4, 5; 6.9, 7];0.6,0.1,0.2)rRr ® (lash, rit, ri3 lf, ri]; x1,m, C1) Le ® ([8; 3, 4; 4, 5; 7.9, 8]; 0.7, 0.5, 0.2) rR 
® ([x9; le, ra; 1h, 75515, 75]; x2, 2, Co)tR = ((68; 41, 94; 54, 133; 67.8, 262]; 0.6, 0.5,0.3)zR 


where ([@13 01, 71304,743 U4, 7713 x1, G) and ([x9; le, 725 15,1755 15, 73]; x2, N2, C2) LR are LR-type SNNs. 


X15 Ci, X25 125 C2 € (0, 1. 
Step 2: Using product defined in Section (2.1), the FSNLP, problem obtained in step 1, can be written as: 


Maximize((12x,; 1221 — min{7x1 — 711, 1821 — 181,}, max{18x, + 18r1, 7x1 + 7r1} — 1221; 1221 
—min{5x1 — 51, 20x, — 201}, mar{20x, + 20r}, 521 + 5r)} — 1221;1221, — min 

{2x1 — 211, 2321 — 231/}, max{23x1 + 23r], 2x1 + 2r{} — 1224];0.6 A x1,0.2V m,0.3 V G)iR 
@((14x9; 1422 — min{10xr2 — 1012, 21x — 21l2}, max{21xre + 21re, 1022 + 10r2} — 14x; 1422 
—min{8x_q — 815, 2322 — 2315}, max{23x_ + 23r5, 8x2 + 8r5} — 1429; 142 — min 

{6xq — 615, 27xq — 2715}, max{27xq + 27ry, 6xq + Gry} — 142x9];0.8 A yo, 0.5 V 72,0.4 V Co) rR 


subject to 


((521; 521 — min{3x1 — 311, 821 — 811}, max{8x1 + 8r1, 3x1 + 3r1} — 524; 524 

—min{2x, — 21,1021 — 101}, mar{10x1 + 10r}, 2x1 + 2r)} — 521;521 — min 

{0.321 — 0.317, 1141 — 1117}, mar{1121 + 11rf,21 + r7{} — 521];0.9 A x1, 0.6 V 71, 0.3 V C1)ER 
@([622; 6x2 — min{5x2 — 5l2, 8x2 — Blo}, max{8xrq + 8re, 5x2 + 5ro} — 6x9; 6x2 

—min{4re — 415, 9x2 — 915}, max{9x2 + Orb, dro + 4r5} — 6x2; 622 — min 

{0.542 — 0.515, 11a — 1115}, max{11x + 11rf, 222 + 2r}} — 6x2]; 0.8 A x2, 0.3 V 72, 0.2 V Co) LR 
= ([50; 26, 62; 38, 101; 49.2, 192]: 0.7, 0.6, 0.5) zr 

((721; 721 — min{4a, — 4l,, lla, — 114}, mar{1la, + 11171, 4x) + 4r1} — 7x1; 721 

—min{3x1 — 31,1201 — 1215}, mar{12x1 + 12r), 321 + 3r,} — 721; 721 — min 

{0.1a1 — 0.117, 1421 — 1417}, maxr{1421 + 14r},21 +r{} — 721];0.6 A x1, 0.1 V m1, 0.2 V C1) ER 
@([8x2; 8%2 — min{5x2 — 5lg, 12x49 — 12lg}, mar{12xr_ + 12r2, 5x2 + 5ro} — 829; 8x2 

—min{4rg — 415, 1322 — 1315}, mar{132_q + 13r), 422 + 4rg} — 829; 822 — min 

{0.1x2 — 0.114, 1622 — 1619}, max{16xr2 + 16rg, 2rq + 2rh} — 8x9]; 0.7 A x2, 0.5 V 72, 0.2 V Ca) ER 
= ((68; 41, 94; 54, 133; 67.8, 262]; 0.6, 0.5, 0.3) zr 


where ([@1301,71304,743 07, 77]; x1, G1) and ([x9; le, 725 15, 793 15, 73]; x2, N2, 2) LR are LR-type SNNs. 


X15 1501, X2572,¢2 € [0,1]. 
Step 3: Using the arithmetic operations which are defined in Section (2.1), the FSNLP, problem obtained in step 2, can 
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be rewritten as: 


Maximize((1221 + 142%; 1221 — min{7x1 — 71, 18x, — 181,} + 1422 — min{10x2q — 1012, 21x2 — 2112}, 
+ max{18x1 + 18971, 721 + Try} — 1221, + mar{21xe + 2172, 10x%2 + 10r2} — 14x92; 122; 
— min{5x1 — 51, 20x, — 2014} + 14r9 — min{8x_q — 815, 2322 — 2315}, mar{20zx1 + 20r}, 
5a, + dr} — 1221 + max{23rq + 23rh, 8x2 + Brg} — 1479; 1221 — min{2x, — 211, 2321 — 231} 
+ 14% — min{6x_ — 615, 27x — 2715}, max{23x, + 23r], 2x1 + 2r{} — 1221 + max{27x_q + 27ry 
Garg + 6r3} — 149]; A[(0.6 A x1) A (0.8A x2), V[(0.2 V m) V (0.5 V 2)], V[(0.3 V 1) V (0.4 V Ca)lzr 


subject to 


5x1 + 6X2 = 50, 7x1 + 8x2 = 68, 

5a, — min{3x,1 — 3l, 8x1 — 811} + 6x2 — min{5x2 — 5lg, 8x2 — Blo} = 26, 

max{8x1 + 8r1, 3x1 + 3r1} — 521 + max{8x2 + Bre, 5x2 + 5ro} — 6x2 = 62, 

5a, — min{2ax, — 214, 10x, — 1014} + 6x2 — min{4x2 — 415, 9x2 — 915} = 38, 

max{10x1 + 10r}, 221 + 2r,} — 521 + max{9xe + Or}, dro + 4r4} — 6x2 = 101, 

5e1 — min{0.3a1 — 0.30, 1lay — 111”} + 622 — min{0.5a2 — 0.5%, 1129 — 111%} = 49.2, 
mazx{1lxy + 11r}{,21+ rf} — 521 + mar{1lx2 + 11rh, 2x2 + 2rf} — Gre = 192, 

A[(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.6 V 71) V (0.3 V n2)] = 0.6, V[(0.3 V C1) V (0.2 V ¢2)] = 0.5, 
7x1 — min{4x, — 41), 11a, — 111,} + 8x2 — min{5xq — 5g, 12%2 — 12/2} = 41, 

max{lla, + 1171, 4a, + 4r1} — 7a, + mar{12r2 + 12re, 5x2 + 5re} — 8x2 = 94, 

7x, — min{3ax1 — 31), 122, — 1214} + 82 — min{4x2 — 415, 13x22 — 1315} = 54, 

max{12x, + 12r},3a1 + 3r,} — 721 + max{132_ + 13r), 42 + 4rh} — 822 = 133, 

7x, — min{0.1x2, — 0.117, 1421 — 141} + 822 — min{0.1r2 — 0.119, 16x — 1615} = 67.8, 
mazx{14r, + 14r},21 + rf} — 721 + mar{16x2 + 16ry, 2x2 + 2rh} — 8xq = 262, 

A[(0.6 A x1) A (0.7 A x2)] = 0.6, V[(0.1 V 71) V (0.5 V n2)] = 0.5, V[(0.2 V C1) V (0.2 V ¢2)] = 0.3, 
4h >0,r >0,4 -—h >0,r,-—m > 0,lf- > 0,r{ —r) > 0,le > 0, re > 0,15 — le > 0,75 — re > 0, 
If —1, >0,rg — rh > 0, x1, m, G, x2, 72, C2 € [0, 1]. 


Step 4: Using the ranking function which are defined in Section (3), the FSNLP, problem obtained in step 3, can be 
rewritten as: 


MaximizeR([1221 + 14%; 124%, — min{7x, — 7, 1821 — 181,} + 1422 — min{10xr2q — 1012, 2142 — 212}, 
+ maxr{18x1 + 18971, 721 + Try} — 122, + mar{21xe + 2112, 10x%2 + 10r2} — 14x92; 1221 
— min{5x1 — 51}, 20x, — 201} + 14% — min{8xrq — 815, 23x — 2315}, max{20x1 + 20r}, 
5x1 + Sry} — 1221 + max{23xq + 23rh, 8x9 + Bry} — 14x79; 1221 — min{2ax1 — 211, 232, — 2311 
+ 14x — min{6x2q — 615, 27xq — 2715}, max{23a, + 23r{, 2x, + 2rf{} — 1221 + max{27xq + 27ry 
6a + 6r>} — 1429]; A[(0.6 A x1) A (0.8 A x2)], V[(0.2 V m) V (0.5 V n2)], V[(0.3 V Gi) V (0.4 V @)))zr 
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subject to 


5x1 + 6X2 = 50, 7x1 + 8x2 = 68, 

5a, — min{3x, — 3l, 8x1 — 84} + 6x2 — min{5x2 — 5lg, 8x2 — 812} = 26, 

max{8x1 + 8r1, 3x1 + 3ry} — 521 + max{8x2 + 8r2, 5x2 + 5ro} — 6x2 = 62, 

5ay — min{2ax1 — 21/,, 102, — 101} + 6re — min{4x2 — 41h, 9x2 — 915} = 38, 

max{10xr1 + 10r}, 271 + 2r{} — 521 + max{9rq + 9rh, dr + 4r5} — 6x2 = 101, 

5x21 — min{0.321 — 0.317, 1lay — 1111} + 6x2 — min{0.52x2 — 0.515, 1la2 — 1119} = 49.2, 
max{11x, + lr{,21 +7{} — 5a + mar{1lae + 11rh, 2x2 + 2rh} — Gre = 192, 

A[(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.6 V m1) V (0.3 V n2)] = 0.6, V[(0.3 V C1) V (0.2 V C)] = 0.5, 
7x1 — min{4x, — 41), 1121 — 1111} + 8x2 — min{5x2q — 5le, 12r2 — 12/2} = 41, 

max{lla, + 1171, 4x1 + 4r1} — 7a, + mar{12r2 + 12r2, 5x2 + 5re} — 8x2 = 94, 

7x1, — min{3ax1 — 3l{,, 122, — 121} + 8x%_ — min{4ax2 — 4lh, 13x22 — 1315} = 54, 

max{12xr, + 12r), 321 + 3r,} — 721 + max{13zrq + 137), 422 + 4r5} — 822 = 133, 

7x, — min{0.1x; — 0.117, 1421 — 1417} + 822 — min{0.1xr2 — 0.114, 1622 — 1615} = 67.8, 
max{l4x, + 14r],21 +71} — 721 + mar{16r2 + 16rh, 2x2 + 2rh} — 8rq = 262, 

A[(0.6 A x1) A (0.7 A x2)] = 0.6, V[(0.1 V 7) V (0.5 V n2)] = 0.5, V[(0.2 V ¢1) V (0.2 V ¢2)] = 0.3, 
h>0,72>0,8-4 >0,r,-71 20,4 -— 20,7] —17, 20, 20,72 50,6 -b>0,r,-—1r2 > 0, 
Ig — ly > 0,173 — rp > 0, x1, m1, C1, X2, M2, C2 € [0, 1]. 


Step 5: Using min{a,b} = %4° — |%5*|, max{a,b} = “8 + |45°|, the FSNLP, problem obtained in step 4, can be 
rewritten as: 


(96 + 48x — 48n — 48¢ + x? + (n — 1)? + (€ — 1)?) 


Maximize([ 3 xy+ 
EA eat E83 = 1)? oC Wy) 25 2, aaa hl 3h 
sak lea bl + xen + ke tril + Sper + Chee + ral — Sn 1H 
= n= 1P es =) = 7 = 2 = S20 = Pee =H + = Wh + = Pen +h 
| sn rh 4 sn 1)*|2o + r5 (6 1) aC 1)2\2, — 0! - F¢-1) 
— B= 1oo - Bl + Bee — yet + AC —Pler + of] + BCC — 10h + 22 — Plan + hl) 
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5x1 + 6X2 = 50, 7x1 + 8x = 68, 
1 11 5 t 13 3 
44 l l = 26, 
sti tah 5lt1 1| ar a+ 5|2 In| = 26 
11 5 tg 13 3 
X41 ait slertril+ > + ore t 5le2 + ral = 62, 
13 5 
6, +4 ! v2 ! ry 
13 5 
zy + 6r, + 4|x1 4 ml+ > 52 5lt2 + rh} = 101, 
1.3 11.3 10.7 0.5 11.5 10.5 
[!’ " " i = ; 
pot 9 1 5 |z1 — | 3 2 5 ly 5 |v — I5| = 49.2, 
13 9 
ay + 6r! +5, +r4| 4 S + rf + Sla2 +r3| = 192, 
A[(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.6 V 71) V (0.3 V 2)] = 0.6, V[(0.3 V G1) V (0.2 V ¢2)] = 0.5, 
1 15 7 tq 17 7 
yd l l Io| = 41, 
i oa sit 1| 5 ale 5 a+ 5|2 2| 
15 7 tq 17 7 
X41 ait sleartril+ > + ore t glee + ral = 94, 
15 9 tq 17 9 
m+ Sh+sla-hl-> + pet sle2— bl = 54, 
5 9 tz. 17 9 
ryt afl 5 Fe tri| + = 52 + —|ro + rh] = 133, 
0.1 14.1 13.9 0.1 16.1 15.9 
5) rc 9 Hd 9 |xy If | 9 v2.44 5) es 5) |x 15 | = 67.8, 
1 15 13 
tit 5 ret 5 lay tr{| +224 9rg +722 + r$| = 262, 
A[(0.6 A x1) A (0.7 A x2)] = 0.6, V[(0.1 V 71) V (0.5 V n2)] = 0.5, V[(0.2 V C1) V (0.2 V ¢2)] = 0.3, 
4 >0,71 >0,4-—4 >0,r,—71 > 0,0] -—U, > Or] — ry > 0, le > 0,72 > 0,15 — lo > 0, 7g — 12 > 0, 
Ig — ly > 0,73 — ry = 0, x1, m5 C1, X2, M25 C2 € [0, 1]. 
Step 6:By solving the crisp mathematical problem obtained in step 5, we get the optimal solution 7; = 4,/; = 1,71 
21 =o = 3b SH 8 = Lae a 0b a 25 = 8 Se a a a = Oi = 0 a = 05. = 


0.4, Xj = 0.9, 2 = 0.4, ©) = 0.5. 


Step 7: Substituting the values of 71,11, 71,14,7, 11,71, v2, la, 72,14, 75,19, 73, x1, m1, G1, X2, ne and ¢2 in Xy = ([rish, 
rors lyr{)sx1,m, O) or and X2 = (x9; le, 72315, 175519, 13]; x2, n2, C2) LR the exact L.R-type single-valued neutro- 
sophic optimal solution is X1 = ([4; 1, 2; 2,3; 3, 7]; 0.7, 0.5, 0.4)7R, X2 = ([5; 2, 3; 3, 4; 4, 6]; 0.9, 0.4, 0.5) rR. 

Step 8: By substituting the values of X; and X2, obtained in Step 7, into the objective function, the LR-type single- 
valued neutrosophic optimal value is ({118; 67, 158; 92, 229; 110, 432]; 0.6, 0.5, 0.5) rR. 


Example 2. 


Minimize((10; 3, 5; 4, 6; 7, 8]; 0.8, 0.4,0.5)rr © X1 & ([16; 4, 6; 8, 10; 12, 14]; 0.7, 0.3, 0.2) rr ® Xe 
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subject to 


([7; 3, 4; 4, 6; 5, 7]; 0.6, 0.5, 0.4) pp @ X1 ® ([9; 4, 5; 6, 7;8, 9]; 0.7, 0.1, 0.3)pR @ Xo 

= ([87;56, 149; 75, 216; 84, 297]; 0.6, 0.5, 0.4) pr 

(10; 4, 6; 8, 9; 9, 10]; 0.9, 0.2, 0.1), ® X1 @ ((11; 4, 6;6, 8; 9, 10]; 0.8, 0.3, 0.4) pp ® Xo 
= ([115; 70, 198; 101, 284; 112, 377]; 0.7, 0.5, 0.4) rr 


Step 1: Let X1 = ((tishyrisli. ris. 7i)s x1, Gor and Xq = (x93 le, 72515, 79319, 75]; x2, 12, 62) bR, then prob- 
lems can be written as 
Minimize((10; 3, 5; 4, 6; cf 8]; 0.8, 0.4, 0.5)zR & (leas ae 13 li, rr: Ay ri]; X15 715 C1) tR® 
((16; 4, 6; 8, 10; 12, 14]; 0.7, 0.3, 0.2),z ® ([29; le, ra; 1h, 79313, 75]; x2, 72, C2) LR 


subject to 

([7;3, 4; 4, 6; 5, 7]; 0.6, 0.5,0.4)7r @ ([eisdi, rast, ris ls ri); x11, C1) oR © ([9; 4, 5; 6, 7; 8, 9]; 0.7, 0.1, 0.3) 2r® 
((x9; lo, 723 15, 79515, 75]; X2, N2, C2) LR = ([87; 56, 149; 75, 216; 84, 297]; 0.6, 0.5,0.4)rR 

((10; 4, 6; 8, 9;9, 10]; 0.9, 0.2, 0.1) rr ® ([r13 hi, 71504, 745 11, 71]; x1,m, C1) LR ©& (([11; 4, 6; 6, 8; 9, 10]; 0.8, 0.3, 0.4); R® 
((x2; le, 723 15, 79515, 75]; X2, 2, C2) LR = ([115; 70, 198; 101, 284; 112, 377]; 0.7, 0.5,0.4)zR 


where (x13 11,7130), 743 17, 7]; x1, m1, G1) and ([x9; la, ra; 15, 79; 13, 73]; x2, N2, C2) LR are LR-type SNNS. 
Nis Mig ig X92; Go € [0,1]. 
Step 2: Using product defined in Section (2.1), the FSNLP, problem obtained in step 1, can be written as: 


Minimize({10x1; 1021 — min{7x, — 71,1521 — 15}, maxr{15x, + 15r1, 7x1 + 7r1} — 1021; 1024 
—min{6x, — 61, 16x, — 161}, max{1621 + 16r}, 6x1 + 6r,} — 1021; 1021 — min 

{3x1 — 311, 182, — 1811}, mar{18x, + 18r/, 321 + 3r/} — 10x3];0.8 A x1, 0.4 V m1, 0.5 V G1) tr 
@([16x2; 16x2 — min{12xq — 12l2, 22x — 2212}, max{22xrq + 2272, 1279 + 12r2} — 1622; 16x 
—min{ 82 — 815, 2622 — 2615}, max{26req + 26r5, 8x2 + 8r5} — 16x2; 1622 — min 

{429 — 415, 3022 — 3015}, mar{30r_q + 30r), 4x2 + 4r5} — 1629]; 0.7 A x2, 0.3 V 72, 0.2 V Co) rR 
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subject to 


((721; 721 — min{4a, — 411, lla, — 111,}, mar{1la, + 1117, 4x) + 4r1} — 721; 721 

— min{3a1 — 31,1321 — 131}, max{132, + 13r}, 321 + 3r,} — 721; 721 — min 

{2x1 — 217, 142, — 141}, mar{14a, + 14rf, 201 + 2r{} — 721];0.6 A y1,0.5V m,0.4V C1)eR 
® ([9x2; 9x2 — min{5xr2 — 5le, 14xq — 14lo}, mar{14re + 14re, 5x2 + 5ro} — 9x9; 9x2 

— min{3xrq — 315, 16x2 — 1615}, max{16x_q + 1675, 3x2 + 3r4} — 9x2; 9x2 — min 

{xq — 19, 182 — 1815}, maxr{18x2 + 18r9, x2 + ry} — 9x9]; 0.7 A x2, 0.1 V 72,0.3 V C2)rR 

= ([87; 56, 149; 75, 216; 84, 297]; 0.6, 0.5, 0.4) rR 

((1021; 1021 — min{621 — 611, 1621 — 1611}, max{1621 + 16r1, 621 + 6ri} — 1021; 1021 

— min{2x, — 21,1921 — 191}, max{19x1 + 197}, 271 + 2r}} — 1021; 1021 — min 

{a, —1{,20x1 — 2011}, max{20x, + 20ry, 21 + r{} — 1021];0.9A x1,0.2V m,0.1V Ci)eR 

® (1x9; 1lae — min{ 7x2 — Tle, 17x2q — 172}, max{17xr2q + 17re, 7x2 + Tre} — 1149; 1122 

— min{5x_q — 515, 19x2 — 1915}, max{19x2 + 19r), 5x + 5r4} — 11x; 11ar2 — min 
{2x9 — 219, 21x — 2119}, max{2laxq + 21rf, 2xo + 2rh} — 112x9];0.8 A x2, 0.3 V 72, 0.4 V C)ER 
= ([115; 70, 198; 101, 284; 112, 377]; 0.7, 0.5, 0.4) rR 


where (21311, 71304, 74317, r'7]; X15 m1, C1) and ([295 la, ra; 15,793 13, 3]; x2, N2, C2) LR are LR-type SNNS. 
Nis M15 Gig x2, 72,2 © [0.1]. 


Step 3: Using the arithmetic operations which are defined in Section (2.1), the FSNLP, problem obtained in step 2, can 
be rewritten as: 


Minimize((10x1 + 1622; 1021 — min{7x1 — 7h, 1541 — 154} + 1622 — min{12x2 — 12], 22%2 — 22}, 
max{15a1 + 151, 721 + 7r1} — 10a1 + mar{22x2 + 22re, 1242 + 12r2} — 16x29; 1021 

— min{6x; — 61, 16x21 — 161} + 16x — min{8xr2 — 815, 26x2 — 2615}, max{1621 + 16r}, 6x1 + 6r} — 1021 
+ maxr{26x2 + 26r), 8rq + 8rh} — 16x2; 10x, — min{3x, — 31], 1821 — 181} + 16x_ — min{4z2 — Alf, 
3022 — 3015}, mar{1821 + 18r{, 321 + 3r{} — 1021 + max{30zx2 + 30rg, 4x2 + 4r9} — 16x]; A[(0.8 A x1) 

A (0.7 Ax2)], V{(0.4 Vm) V (0.3 V m)], V0.5 V Ga) V 0.2 Gl) nr 
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subject to 


7x1 + 9x9 = 87,1021 + lla = 115, 

7x1 — min{4x, — 41), 112, — 111,} + 9x2 — min{5xq — 5le, 14% — 141g} = 56, 

max{1lx, + 117, 4a, + 4r1} — 7x1 + mar{14re + 14re, 5x2 + 5ro} — 9xq = 149, 

7x1 — min{3z1 — 31}, 1321 — 131} + 92q — min{3x2q — 315, 16x — 1615} = 75 

maz{13x1 + 13r}, 321 + 3r,} — 721 + max{16xq + 16r5, 3x9 + 3r5} — 9rq = 216, 

7x1 — min{2zx, — 21,142, — 1411} + 9x2 — min{axe — If, 1829 — 1815} = 84, 

maz{14x1 + 14rf, 221 + 2r/} — 721) + max{18x2 + 18r$, 272 + rf} — 9x2) = 297, 

A{((0.6 A x1) A (0.7 A x2)| = 0.6, V[(0.5 V m1) V (0.1 V n2)] = 0.5, V[(0.4 V C1) V (0.3 V C2)] = 0.4, 
1021 — min{6a21 — 6l,, 16x21 — 1611} + lla — min{7x2 — Tle, 17x2 — 1712} = 70, 

max{16x1 + 16r1, 621 + 6r1} — 10”, + mar{17xr2 + 17re, Tro + Tro} — lla = 198, 

10x21 — min{2x, — 21), 1921 — 191) } + 1la2 — min{5xr2 — 515, 1922 — 1915} = 101, 

max{19x1 + 19r}, 271 + 2r} — 1021 + max{19rq + 1975, 522 + 5rh} — 1lag = 284, 

102, — min{x, — l{, 20x, — 2011} + 11lxq — min{2x2 — 219, 2129 — 2115} = 112, 

max{20x1 + 20r{, v1 + r{} — 10x, + mar{2lxq + 21rf, 2x2 + 2rf} — [1x2 = 377, 

A[(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.2 V 7) V (0.3 V n2)] = 0.5, V[(0.1 V ¢1) V (0.4 V ¢2)] = 0.4, 
i >0,71 20,4 -—4 >0,r,-—71 20, -, > 0,r{ —r > 0, le > 0, re > 0,15 — ly > 0,79 — ro > 0, 
I — 1 > 0,72 — 1p > 0, x1, 61, X2,72, C2 € [0, 1]. 


Step 4: Using the ranking function which are defined in Section (3), the FSNLP, problem obtained in step 3, can be 
rewritten as: 


MinimizeR([10x1 + 1622; 10x, — min{7x, — 71), 1521 — 151, } + 16x2 — min{12x_ — 1212, 22x%2 — 22Io}, 
max{15x, + 15r1, 721 + Tri} — 10x, + mar{22x + 22r2, 12% + 12r2} — 16x92; 1021 

— min{6x; — 61, 162, — 161} + 16xr2 — min{8xr2 — 815, 26x2 — 2615}, maxr{1621 + 16r}, 6x1 + 6r} — 1024 
+ maxr{26x2 + 26r), 8rq + 8r5} — 1622; 10x, — min{3x, — 317, 1821 — 181} + 16x_ — min{4r2 — Alf, 
30x2 — 3015}, max{18x, + 18r}, 3x1 + 3r{} — 102] + mar{30zx2 + 30ry, 4x2 + 4r5} — 1629]; A[(0.8 A x1) 

A (0.7 \x9)],V{(0.4 Vm) V (0.3 V m)], VIO-5V Gi) V (0.2V G)))ir 
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subject to 


max{1la, +1117, 4a, + 4r1} — 7x14 


7x, + 9x2 = 87,10x%1; + llx2 = 115, 
721 —- min{4x, — 4l,, 11a, — 111,} + 9x2 — min{5x2 — 5lo, 1422 — 1412} = 56, 


7x1 — min{3a, — 31,1321 
1 


maz{13x, + 13r},3a21 + 3r,} — 7214 


7x, — min{2x, — 211, 1421 


max{14ar, + 14r], 2x1 + 2r7} 


131', } 9x2 


1417} 9x2 


+ max{14x2 + 14r2, 5x2 4 


min{3x2 — 31h 


| max{16x2 + 16rh, 3x24 


: MW 
min{x2 — Io, 


7x1) + max{18a_ 4 18rh, x2 4 


+ 5ro} — 9rq = 149, 
, 16x2 — 1615} = 75 
+ 8rh} — Oxo = 216, 
18a — 1815} = 84, 
+ rh} — 9x) = 297, 


A[((0.6 A x1) A (0.7 A x2)| = 0.6, V[(0.5 V m1) V (0.1 V n2)] = 0.5, V[(0.4 V C1) V (0.3 V C2)] = 0.4, 


1021 — min{6a21 — 611, 16x21 — 1611} + lla — min{7x2 — Tle, 17x2 — 1712} = 70, 
max{16x1 + 16r1, 6x1 + 6r1} — 10a, + mar{17xr2 + 17re, 7x2 + Tro} — llag = 198, 
1021 — min{2x1 — 21,1921 — 191} + llae — min{5a2 — 51h, 1922 — 1915} = 101, 
max{19r, + 19r}, 221 + 2r{} — 10r] + mar{19x2 + 1975, 529 + 575} — 11x = 284, 


10x, — min{x, — U{, 20x, — 2011} + 11axg — min{2x2 — 219, 2129 — 2115} = 112, 
max{20r, + 20r],21 + r{} — 102, + mar{21x2 + 21rh, 2x2 + 2rg} — 11x2 = 377, 

A{(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.2 V m1) V (0.3 V n2)] = 0.5, V[(0.1 V C1) V (0.4 V )] = 0.4, 
h>0n>04-h>0r-m1 50, -4 >0,rf-r, > 0, > 0,72 > 0,15 —lky > 0,75 — 12 > 0, 


Ig —1h > 0,r3 — rg > 0,x1,m, G1, X2, 2; C2 € [0, 1]. 


a+b 


Step 5: Using min{a,b} = S$ 


rewritten as: 


— |5 "|, max{a,b} = “4% + |%5°|, the FSNLP, problem obtained in step 4, can be 


Minimize ( {80+ 40x 40n — 40¢ 4 x + 2(n ied (Sos ae 
(64 + 32x — 329 — 32¢ pe Uae ee eee) sh ar ih| Th 
one Io| 4 sen ar Eri] + ere + elm + r9| ln 1)70, 
= 2 (9-1 lor - | — 9-1 - BW lea — H+ Gn Vr + Sn Pl + r4 
pn Pr + Sl Pee + 4 — 6 — 2h — PC — 1P le — | - Ee - 4 
- 5-17 I 4 (6 1)?rt 4 a 1)?|1 +744 aaG 1)?rf 4 (6 1)?|x2 + ri) 
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440 


subject to 


7x1 + 9x2 = 87,10x%1; + llx2 = 115, 


ie: 9% zw 19 9 
po i i B= 56. 
571 9 1 5lt1 1| 5 ate 5 a+ 5|2 2| 
1 157 19 9 
he ae ae 5% + ry|4 > ge alte + rg] = 149, 
Hop) 19 13 
m4 81, + 5) 24 | 9 + 9 b+ 9 |x2 15 = 75 
19, 13 
a + 8r) + 5|21 + 4/4 D 50 + lee +74] = 216, 
19, 17 
29, 438i! +6ley = B= 2 el 0 SB, 
59 2 
19°40. 19 
ay + 8ri + 6la,+r7| + > b Sr + lea +3] = 297, 


AI((0.6 A x1) A (0.7 A X2)] = 0.6, V[(0.5 Vm) V (0.1 V np)] = 0.5, V[(0.4 V G1) V (0.3 V G)] = 0.4, 
v1, +11, 4 5x1 1, | vq +12lo + 5lae _ lo| = 70, 


vy+1iry + 5x1 +r| +%9+12re4 5x2 i) 

1 21 17 
571 + 5 A } 5 \xy li | v4 121, f 7x2 is 

21 17 
m+s 14 5 be try|+22+12r54+7\r2+75 

21 19 vw 23 19 

mts t+ sles : a tglt 5 le 
1 Oi a 19, my 4 2 23-5, 19, , 
e114 r, +t ey+r } T5 4 toter 
a Es ee ie vee Spe aoa ae 


= 198, 
= 101, 
= 284, 
= 112, 


= 377, 


A{(0.9 A x1) A (0.8 A x2)] = 0.7, V[(0.2 V m) V (0.3 V 72)] = 0.5, V[(0.1 V 1) V (0.4 V )] = 0.4, 
>0,71 250, -h >0,r,-71 >0,1f -, > O,rf — 1 > 0,le > 0,72 > 0,15 —le > 0,75 —r2 > 0, 
Ig — ly > 0,73 — ry > 0, x1, 1, 61, X25 725 C2 € [0, 1]. 


Step 6:By solving the crisp mathematical problem obtained in step 5, we get the optimal solution x 


6, l; 


2, Ty 


A SAS Sn Say a 0, = 2 a are = ee ae = a = Oar SH 0 = 


0.3, x2 = 0.9, m2 = 0.3, Go = 0.4. 


Step 7: Substituting the values of 11,11,71,1,, 71,11, 71, £25 l2, 72,15, 79,13, 79, X15 Ms C1, X2s M2 and C2 in X1 = ([x15 hh, 
rors lyr{lsx1,m, O)or and X2 = ([x93 le, r2315, 75519, 79]; x2, 02, 62) br the exact LR-type single-valued neutro- 
sophic optimal solution is X1 = (|6; 2, 4; 4, 5; 5, 6]; 0.7, 0.5, 0.3)7Rr, X2 = ([5; 2, 4; 3, 5; 4, 7]; 0.9, 0.3, 0.4) rR. 
Step 8: By substituting the values of X, and X2, obtained in Step 7, into the objective function, the L R-type single-valued 


neutrosophic optimal value is ([140; 76, 208; 112, 296; 133, 436]; 0.7, 0.5, 0.5) rR. 


5 Conclusion 


In this paper, we have applied the concept of neutrosophic sets to the LPPs. We have defined unrestricted [ R-type SNNs 
and their arithmetic operations. We have developed ranking function of the L.R-type SNN. We have proposed a method 
to solve the FSNLP problems with equality constraints having unrestricted L.R-type SNNs as right hand side, parameters 


and variables. We have solved numerical examples to explain it which satisfies the given constraints. 
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Abstract. Algebraic concepts and structures are enriched with the special types of operations and axioms 
known as NeutroOperations and NeutroAxioms. Various types of NeutroAlgebras are studied using several such 
defined concepts. The objective of this paper is to introduce the concept of NeutroNearrings. Several interesting 
results and examples of NeutroNearrings, NeutroSubRings, NeutroQuotientNearrings and NeutroNearringHo- 


momorphisms are presented. 
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1. Introduction 


The NeutroDefined and AntiDefined Laws, as well as the NeutroAxioms and AntiAxioms 
was first time introduced in 2019 by Smarandache (3}(5). This concept has given birth to new 
fields of research called NeutroStructures and AntiStructures. For basic and recent results on 


Neutrosophy, NeutroAlgebraic structures and AntiAlgebraic structures we refer [4}{8}. 


In [2}, Agboola formally presented the notion of NeutroGroups. In this he showed that in 
general, Lagrange’s theorem and first isomorphism theorem of the classical groups do not hold 
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in the NeutroGroups. Also in (2), Agboola studied NeutroRing, NeutroSubring, NeutroQuo- 
tientRings and he proved the Ist isomorphism theorem of the classical rings for this class of 
NeutroRing. 


The present paper will be concerned with the introduction of NeutroNearrings. 


2. Preliminaries 


Definition 2.1. 


(i) A classical operation is an operation well defined for all the set’s elements while a 
NeutroOperation is an operation partially well defined, partially indeterminate, and 
partially outer defined on the given set. An AntiOperation is an operation that is outer 
defined for all the set’s elements. 

(ii) A NeutroAlgebra is an algebra that has at least one NeutroOperation or one Neu- 
troAxiom ( axiom that is true for some elements, indeterminate for other elements, 
and false for other elements), and no AntiOperation or AntiAxiom. An AntiAlgebra 


is an algebra endowed with at least one AntiOperation or at least one AntiAxiom. 
Definition 2.2. A NeutroGroup is a nonempty set G with binary operation * satisfying 


following conditions: 


(i) The « is NeutroAssociative if there exists atleast one triplet (a,b,c) € G such that 


a*(b*c) =(ax*b)*c 


and there exists atleast one triplet (x, y, z) € G such that 


rx*(y*z) A (waxy) *2 


(ii) There exists a NeutroNeutral element in G if at least one of the below statements 
occurs: 
e There exists at least one element x that has no unit-element. 
e There exists at least one element b € G that has at least two distinct unit-elements 


€1,€2 € G,e, # e2 such that: 
bee, =e, xb=b 
b*xeg =e2*b=) 


e There exists at least two different elements r,s € G,r # s, such that they have 
different unit elements e,,e, € G,e, # es, with e, er =rxe, =rande,*s = 


Sk*€s, = 8 
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(iii) There exists a NeutroInverse element in G if there is an element a € G that has 


an inverse b € G with respect to a unit element e € G that is 
bka=axb=e 


or there exists atleast one element 6b € G that has two or more inverses c,d € G with 


respect to some unit element u € G that is 
bkc=cxb=u 


bxd=dxb=u 


In addition, if « is NeutroCommutative that is there exists atleast a duplet (a,b) € G 
such that 


axb=bxa 


and there exists atleast a duplet (c,d) € G such that 
cxd#dxc 


then (G,*) is called a NeutroCommutative group or NeutroAbelian group. 
If condition (7) is satisfied, then (G,*) is called a NeutroSemiGroup and if conditions (7) and 
(iz) are satisfied, then (G,*) is called a NeutroMonoid (1). 


Definition 2.3. Let R be a nonempty set and let +,-: R x R — R be binary operations of 
ordinary addition and multiplication on R. Then - is both left and right NeutroDistributive 
over + that is there exists atleast a triplet (a,b,c) € R and atleast a triplet (d,e, f) € R such 
that 

a.(b+c)=a.b+a.c 

d.(e+f)Adet+df 


then . is left NeutroDistributive over + on a setR. 


Suppose if there exists atleast a triplet (p,q,r) € R and atleast a triplet (x,y, z) € R such that 
(p+q).r=pr+qr 


(c+ty)zA#uzt+y.z 


then the binary operation . is said to be right NeutroDistributive over + on a set R. 


A right Nearring is a set N together with two binary operations + and - such that: 


(1) (N,+) is a group (not necessarily abelian) 
(2) (N,-) is a semigroup 
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(3) For all n1,n2,n3 € N: (ni + ne) -n3 = 71-73 + n2-n3 (right distribution law). 


If ny - (ng + ng) = 1 -n2+ 1+ ng instead of condition (3) then set N isa left Nearring. 


NeutroNearring and their properties 


A NeutroNearring is a Nearring that has either a Neutro-operation or a Neutro-axiom. In 


this paper we define NeutroNearing as below. 


Definition 2.4. Let N be a nonempty set and let +,-: Nx N — N be binary operations of or- 
dinary addition and multiplication on N. The triple (V,+,-) is called a left NeutroNearring 


if the following conditions are satisfied: 


(i) (NV, +) is a NeutroGroup (not necessarily abelian) 
(ii) (V,-) is a NeutroSemiGroup 
(iii) the left NeutroDistributive law holds in N: that is there exists atleast one triplet 
(a,b,c) € N and atleast one triplet (d,e, f) € N such that: 
ea-:(b+c)=a-b+a-c 
ed-(e+f)#d-e+d-f 


Remark 2.5. If right NeutroDistributive law holds in N: that is there exists atleast one 
triplet (p,q,r) € N and atleast one triplet (s,t,u) € N such that: 


e(ptg)-r=p rt+q-r 
e(s+t)-uFs-u+t-u 


then N is called right NeutroNearring. 


Example 2.6. Let X = Zj2 and let © and © be two binary operations on X defined by 
criy=x+2yandrOy=2+4 4y for all x,y € X where “+” is addition modulo 12. Then 
(X,,©) is a NeutroNearring. 


Example 2.7. Let X = {a,b,c} with “+” and “-” be binary operations defined on X as 
shown in the Cayley tables below: 


+}a/bjec a/blc 
alc) c]b alb/jajla 
bic/blie alcl|a 
c}c|e]b c}/ajalb 


It is clear from the table that : 
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(a+b)+c=a+(b+c)=b, 
(c+a)+b=c, butc+(a+b)=bFc 
This shows that (X,+) is a NeutroSemiGroup. 
Next, let N, and I, represent additive neutral and additive inverse element respectively with 
respect to any element x € X. Then 
Np=b 
i=) 
Ng does not exist, 
Ty does not exist. 
Hence, (X,+) is a NeutroGroup. 


Next, consider 


b(cb) = (bc)b 
a(bc) = b but (able =a Fb 
This shows that (X,-) is NeutroAssociative. 


Lastly, consider 


b.(b+b) =b.b+b.b=c, 
a.(b+c)=a,butab+tac=c#a 
This shows that “.” is left distributive over “+”. Hence, (X,+,-) is a left NeutroNearring. 


Note 2.8. Every NeutroRing is a NeutroNearring. 


Notation: Let N be a NeutroNearring d € N is called NeutroDistributive if there exist 
atleast two pairs (n1,n2) and (m1,mz2) € N such that (nj + n2)d = nid + nod and 
(my + m2)d 4 mid + med. Let Na = {d € N|d is NeutroDistributive }. 


Remark 2.9. Let (V,+,-) be left NeutroNearring 
(i) If (NV, +) is NeutroAbelian, then N is a NeutroAbelian NeutroNearring. 

ii) If (N,.) is NeutroCommutative then N is a NeutroCommutative NeutroNearring. 

iii) If N = Ny then N is said to be NeutroDistributive. 

iv) If (N*,-) where N* = N \ {0} is a NeutroGroup then N is called NeutroNearfield. 


Theorem 2.10. Let (N;,+,),i=1,2,...,n be a family of NeutroNearrings. Then 
(1) N=N_4N; is a NeutroNearring. 
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(2) N=[[j_, Ni is a NeutroNearring. 
(1) Proof. Obvious 


(2) Proof. Proof is by induction on n. 
For n = 1 result is trivial. Let n = 2. Consider N = Nj x No then is closed with respect 
to coordinate wise addition and coordinate wise multiplication. Note that there exist 
ny € Ny, such that n; + e; =n, and there exist no € No such that ng + eg = no. 
Also, there doesnot exist additive identity for ni, € N; and ny € No. 
But (n1,n2) € N such that (ni, n2) + (e1, e2) = (m1, 2) and there doesnot exist addi- 
tive identity for (nj,ny) € N. 
Similarly one can observe the existence of NeutroAdditive inverse in JN. 
Since (Nj,+) and (No2,+) are NeutroAssociative, there exist ay, b1, C1, 01,04, ¢ eN 
and a2, be, C2, Ay, bo, Cy € No such that a; + (6b: +1) = (a1 +01) +1 
az + (bz + c2) = (a2 + b2) + e2 
ay + (b, +e) A (a, +) +e, 
dy + (by + Cy) F (ag + by) + cy 
Now, (a1, a2), (b1, 62), (c1, €2), (a1, 45), (b;, by), (Cy, €>) € N such that 
(a1, a2) + [(b1, b2) + (C1, €2)|=(a1, a2) + [(b1 + €1, bz + c2)|=(a1 + (01 + €1), a2 + (2 + €2)) 
=((a1 + b1) + c1, (a2 + be) + €2)=(a1 + bi, a2 + b2) + (€1, €2) 
= [(a1, @2) + (61, b2)] + (e1, 2) 
and (44,49) + (1/62) + (¢1,€2)] F [(a,@2) + (1, b3)] + (C1, €2) 


Similarly we prove (N,.) is NeutroAssociative. 


Further there exist 71, y1, 21,2154); Zz € N, and 22, y2, 22, Lo, Yo Zo € Nz such that 
r1.(y1 + 21) = 21-Y1 $21.21 
©9.(y2 + 22) = £2-Yo + 22.29 
2(y, +24) A 2H + 2% 
9.(Yg + 2) # €9-Yy + £9.24 


But then, (11,22), (y1, y2); (21, 22), (21, x), (YY): (a4; zy) € N such that 


(11, ©2).[(y1, ya) + (21, 22)] = (1, £2).(y1 + 21, yo + 22) 

= (a1(y1 + 21), G2(yo + 22)) = (21-y1 + 11.21, £2-y2 + £2.22) 

= (£1-Y1, £2-Y2) + (1.21, £2-22) = (£1, £2)-(y1, Ya) + (#1, F2)-(21, 22) 

and (ay, 2)-[(Yi, ¥2) + (21, 29)] F (v1, 22)-(Y1, Yo) + (@1, @2)-(21, 29) 

., N is a NeutroNearring for n = 2. 

Let n > 2. Assume the result for n—1. Note that M = [|| N; forms a NeutroNear- 
ring with respect to coordinate wise addition and coordinate wise multiplication. 


But then, N = M x N,, forms a NeutroNearring with respect to coordinate wise 


addition and coordinate wise multiplication. 
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Definition 2.11. Let (NV,+,.) be a NeutroNearring. A nonempty subset S of N is called a 
NeutroNearSubring of N if (S,+,.) is also a NeutroNearring. The only trivial NeutroNear- 
Subring of N is N. 


Theorem 2.12. Let (N,+,.) be a NeutroNearring and let {5;},i = 1,2,...,n be a family of 
NeutroNearSubrings of N. Then 

(1) S=nr_,S; is a NeutroNearSubring of N. 

(2) S=[]j_, Si is a NeutroNearSubring of N. 


Proof. Both result follows directly from Theorem 


Definition 2.13. Let (NV,+,.) be a NeutroNearring. A nonempty subset I of R is called a 
left NeutroNearIdeal of N if the following conditions hold: 

(1) I is a NeutroNearSubring of N. 

(2) There exist x € I such that ar € I,Vr Ee N. 


Definition 2.14. Let (NV,+,.) be a NeutroNearring. A nonempty subset I of N is called a 
right NeutroNearIdeal of N if the following conditions hold: 

(1) Lis a NeutroNearSubring of N. 

(2) There exist x € I such that rx € I,Vr Ee N 


Definition 2.15. Let (NV,+,.) be a NeutroNearring. A nonempty subset I of N is called a 
NeutroNearlIdeal of N if the following condition hold: 

(1) Lis a NeutroNearSubring of N. 

(2) There exist x € I such that xr,rz EI,vVreN 


Theorem 2.16. Let (N,+,.) be a NeutroNearring and let {I;},i = 1,2,...,n be a family of 
NeutroNearIdeals of N. Then 

(1) [= J; is a NeutroNearIdeal of N. 

(2) I= Soy, ki is NeutroNearIdeal of N. 


(1) Proof. Since each [;,1 <i <n is a NeutroNearSubring of N, it follows from Theorem 
1.8 that J = "_,J; is a NeutroNearSubring of N. 


Note that there exist x; € J; such that ar,rxv; © lj, Vr © N and Vi,1 <i<n. 
Let y = vfz2---22. Then y €I;, Vi, 1 <i<n. 
For anyrEe N ry yr € Lj, Vi, 1<i<n 


“.y € I with ry,yr € I. 
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(2) Obivous. 


Definition 2.17. Let (V,+,.) be a NeutroNearring and let I be a NeutroNearIdeal of N. The 
set N/I is defined by 


N/l={x+I:2eEN} 


for x+I,y+I€ N/I with at least a pair (x,y) € N, let © and © be binary operations on 
N/I defined as follows: 


(e+ Ne(yt+ND=(c+y)t+!I 
(c+ lTO(ytl)=ayt+l 


Then it can be shown that the tripple (N/I,®, ©) is a NeutroNearring which we call Neutro- 


Quotient Nearring. 


Theorem 2.18. Let I be a NeutroNearIdeal of the NeutroNearring (N,+,.). Suppose N is 


NeutroCommutative NeutroNearring with Neutro unity then so is N/I. 


Proof. There exist a,b,c,d € N such that ab = ba and cd F dc. 

But thena+J,b+J,c+J,d+I€ N/I such that (a+ I)(b+ J) =ab4TI 
=ba+I=(b+ 2D (a+) and (c+ D(d+)=ced+lAde+iI=(d+D(ct+]h 
Let e, be a Neutro unity of N. Then there exist y ¢ N such that yey = eyy = y 
But then y+J € N/I such that (y+J)(e, +I) = yey +I 
=ytl= (yt Dy+l 


.. N/I is NeutroCommutative NeutroNearring with Neutro unity e, + J. 


Definition 2.19. Let (NV,+,.) and (S,@,©) be any two NeutroNearrings. The mapping 
o: N + Sis called a NeutroNearringHomomorphism if ¢ preserves the binary operations of 


N and S that is if for at least a pair (2, y) € N, we have: 


o(x + y) = o(x) ® oy) 
o(x-y) = o(x) © oly) 
The kernel of ¢ denoted by ker@ is defined as ker@ = {x € N : ¢(x) = en} 
Where ey € JN is a neutral element for at least one n € N. The image of ¢ denoted by Im@ 
is defined as 
Img = {ye S:y = o(x)} 
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for at least one x € N. If in addition ¢ is a NeutroBijection, then ¢ is called a NeutroNearringl- 
somorphism and we write N = S. NeutroNearringEpimorphism, NeutroNearringMonomor- 
phism, NeutroNearringEndomorphism and NeutroNearringAutomorphism are defined simi- 


larly. 


Theorem 2.20. Let R and S be two NeutroNearrings. Let Nx = er for at least one x € R and 
let Ny = eg for at least one y € S. Suppose that 6: R > S is a NeutroNearHomomorphism. 
Then: 

(1) d(eR) is not necessarily equals eg. 
(2) Ker ¢ is a NeutroNearSubring of R. 
(3) Im ¢ is not necessarily a Neutro Near Subring of S. 
(4) ¢ is NeutroInjective if and only if Ker 6 = {er} for at least one er € R. 


Theorem 2.21. Let I be a NeutroNearldeal of a NeutroNearring (N,+,.). Then the mapping 
@:N—>N/I defined by ¢(x) = x+TI is a NeutroNearringlsomorphism with Kergé = I 


Proof. For atleast one pair x,y in N, 
oet+y)=(t+y)+l=(a+1)+(yt+D = oe) + oy) 

and (xy) = ay +I =(x+I)(y+ J) = o(x) oly) 

Kerg = {x € N|¢(x) = enyr}, where ey; € N/I such that N, = en; for atleast one r € N/T 
~={xEN[xt+lI=en}={reEN|lxeI}=lI 


Theorem 2.22. Let ¢: R > S be a NeutroNearringHomomorphism and let K = Kerd. Then 
the mapping ©: R/K — Im@ defined by a(a + K) = $(x) is a NeutroNearringIlsomorphism. 


Proof. For atleast one pair 7,y € R 

p(e+K)+ yt K))=V((et+y) + K) = oe +y) = 9x) + oy) 

=U(x+K)+ (y+ K) and p((a+ K)(y+ K)) = ¥((2y) + K) = (xy) = (x) oly) 
=U(r+K)vy +k) 

Also Kerw = {a+ K € R/K : (x + K) = ermg}where e7mg € Imd such that N; = erm¢ for 
atleast r © Imo. 

={x+K € R/K : $(2) = erme} = {er/K} 


Thus w is a NeutroBijectiveNearringHomomorphism. 


Note 2.23. The above map ¢ is an epimorphism. So, we can treat 6 as NeutroNearringEpi- 


morphism. 


Theorem 2.24. NeutroNearringlsomorphism of NeutroNearrings is an equivalence relation. 
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Proof. Define a relation ~ as follows: 

For any two NeutroNearrings N and N’, we say N ~ N’ iff there exist a NeutroNearringIso- 
morphism between N and N’. Clearly ~ is reflexive. 

Suppose NeutroNearrings N,N’ are such that N ~ N’, let f : N > N’ be NeutroNearringl- 
somorphism. 

Then there exist x,y € N such that f(x +y) = f(x) + f(y) and f(xy) = f(x) f(y). 

Now, f(x), f(y) € N’ and 

FUF@)+ FY) =f Fe@+y) =e +y= fF) + fF) 

fF (e) FY) = FF (ey) = ty = FF @)) FTF) 

~,N'~N and f~! is a NeutroNearringlsomorphism. 

Let f: NN’ andg: N’ - N” be NeutroNearringlsomorphisms. 

Then go f :N— N’ is bijective and there exist x,y’ € N’ such that g(a +y') = g(a ) +g(y') 
and g(x'y’) = g(x )g(y’) 

Now, x = f(x),y = f(y) for some x,y € N with f(x+y) = f(x)+f(y) and f(xy) = f(x) f(y) 
Consider, 

9° f(x +y) = 9(f(@+y)) = 9( f(x) + Fy) =9@ +y) = oe’) + oly’) = 9(f (x) + 9(F(Y)) 
=90 f(x) +90 fly) 

and go f(xy) = 9(f(#y)) = 9(f(@) f(y) = 9(@'y’) = o(@')a(y) = 9(f(@)) 9S) 

=90 f(a)go fly) 

NAN" 


3. Conclusion 


We have introduced in this paper the concept of NeutroNearrings by considering three 
NeutroAxioms(NeutroGroup(additive)), NeutroSemigroup(multiplicative) and left and right 
NeutroDistributive laws(multiplication over addition). Several intresting results and exam- 
ples on NeutroNearrings, NeutroSubrings, NeutroQuotientNearrings and NeutroNearringHo- 
momorphisms are presented. 
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Abstract 

In this paper we extend the NeutroAlgebra & AntiAlgebra to the geometric spaces, by founding 
the NeutroGeometry & AntiGeometry. 

While the Non-Euclidean Geometries resulted from the total negation of one specific axiom 
(Euclid’s Fifth Postulate), the AntiGeometry results from the total negation of any axiom or even of more 
axioms from any geometric axiomatic system (Euclid’s, Hilbert’s, etc.) and from any type of geometry 
such as (Euclidean, Projective, Finite, Affine, Differential, Algebraic, Complex, Discrete, Computational, 
Molecular, Convex, etc.) Geometry, and the NeutroGeometry results from the partial negation of one or 
more axioms [and no total negation of no axiom] from any geometric axiomatic system and from any 
type of geometry. Generally, instead of a classical geometric Axiom, one may take any classical 
geometric Theorem from any axiomatic system and from any type of geometry, and transform it by 
NeutroSophication or AntiSophication into a NeutroTheorem or AntiTheorem respectively in order to 
construct a NeutroGeometry or AntiGeometry. Therefore, the NeutroGeometry and AntiGeometry are 
respectively alternatives and generalizations of the Non-Euclidean Geometries. 

In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to 
NeutroAlgebra & AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to 
NeutroStructure & AntiStructure that naturally arise in any field of knowledge. At the end, we present 
applications of many NeutroStructures in our real world. 


Keywords: Non-Euclidean Geometries, Euclidean Geometry, Lobachevski-Bolyai-Gauss Geometry, 
Riemannian Geometry, NeutroManifold, AntiManifold, NeutroAlgebra, AntiAlgebra, NeutroGeometry, 
AntiGeometry, NeutroAxiom, AntiAxiom, NeutroTheorem, AntiTheorem, Partial Function, 
NeutroFunction, AntiFunction, NeutroOperation, AntiOperation, NeutroAttribute, AntiAttribute, 
NeutroRelation, AntiRelation, NeutroStructure, AntiStructure 


1. Introduction 


In our real world, the spaces are not homogeneous, but mixed, complex, even ambiguous. And 
the elements that populate them and the rules that act upon them are not perfect, uniform, or complete - 
but fragmentary and disparate, with unclear and conflicting information, and they do not apply in the 
same degree to each element. The perfect, idealistic ones exist just in the theoretical sciences. We live in a 
multi-space endowed with a multi-structure [35]. Neither the space’s elements nor the regulations that 
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govern them are egalitarian, all of them are characterized by degrees of diversity and variance. The 
indeterminate (vague, unclear, incomplete, unknown, contradictory etc.) data and procedures are 
surrounding us. 


That’s why, for example, the classical algebraic and geometric spaces and structures were 
extended to more realistic spaces and structures [1], called respectively NeutroAlgebra & AntiAlgebra 
[2019] and respectively NeutroGeometry & AntiGeometry [1969, 2021], whose elements do not 
necessarily behave the same, while the operations and rules onto these spaces may only be partially (not 
totally) true. 


While the Non-Euclidean Geometries resulted from the total negation of only one specific axiom 
(Euclid’s Fifth Postulate), the AntiGeometry results from the total negation of any axiom and even of 
more axioms from any geometric axiomatic system (Euclid’s five postulates, Hilbert’s 20 axioms, etc.), 
and the NeutroAxiom results from the partial negation of one or more axioms [and no total negation of 
no axiom] from any geometric axiomatic system. 

Therefore, the NeutroGeometry and AntiGeometry are respectively alternatives and generalizations of 
the Non-Euclidean Geometries. 

In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to NeutroAlgebra & 
AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to NeutroStructure & 
AntiStructure that naturally arise in any field of knowledge. At 
the end, we present applications of many NeutroStructures in our real world. 

On a given space, a classical Axiom is totally (100%) true. While a NeutroAxiom is partially true, 
partially indeterminate, and partially false. Also, an AntiAxiom is totally (100%) false. 


A classical Geometry has only totally true Axioms. While a NeutroGeometry is a geometry that 
has at least one NeutroAxiom and no AntiAxiom. Also, an AntiGeometry is a geometry that has at least 


one AntiAxiom. 


Below we introduce, in the first part of this article, the construction of NeutroGeometry & 
AntiGeometry, together with the Non-Euclidean geometries, while in the second part we recall the 
evolution from paradoxism to neutrosophy, and then to NeutroAlgebra & AntiAlgebra, culminating with 
the most general form of NeutroStructure & AntiStructure in any field of knowledge. 


A classical (100%) true statement on a given classical structure, may or may not be 100% true on 
its corresponding NeutroStructure or AntiStructure, it depends on the neutrosophication or 
antisophication procedures [1 — 24]. 


Further on, the neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) was restrained or 
extended to all fuzzy and fuzzy extension theories (FET) triplets of the form (Algebra, NeutrorerAlgebra, 
AntirerAlgebra), where FET may be: Fuzzy, Intuitionistic Fuzzy, Inconsistent Intuitionistic Fuzzy (Picture 
Fuzzy, Ternary Fuzzy), Pythagorean Fuzzy (Atanassov’s Intuitionistic Fuzzy of second type), q-Rung 
Orthopair Fuzzy, Spherical Fuzzy, n-HyperSpherical Fuzzy, Refined Neutrosophic, etc. 


1.1. Concept, NeutroConcept, AntiConcept 
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Let us consider on a given geometric space a classical geometric concept (such as: axiom, postulate, 
operator, transformation, function, theorem, property, theory, etc.). 


We form the following geometric neutrosophic triplet: 
Concept(1, 0, 0), NeutroConcept(T, 1, F), AntiConcept (0, 0, 1), 
where (T, I, F) € {(1, 0, 0), (0, 0, 1)}. 


{ Of course, we consider only the neutrosophic triplets (Concept, NeutroConcept, AntiConcept) 
that make sense in our everyday life and in the real world. } 


Concept(1, 0, 0) means that the degree of truth of the concept is T = 1, 1= 0, F =0, or the Concept is 
100% true, 0% indeterminate, and 0% false in the given geometric space. 


NeutroConcept (T, I, F) means that the concept is T% true, 1% indeterminate, and 0% false in the 
given geometric space, with (T, I, F) € [0, 1], and (T, I, F) € {(1, 0, 0), (0, 0, 1)}. 


AntiConcept (0, 0, 1) means that T = 0, 1=0, and F = 1, or the Concept is 0% true, 0% indeterminate, 
and 100% false in the given geometric space. 


1.2. Geometry, NeutroGeometry, AntiGeometry 


We go from the neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) to a similar 
neutrosophic triplet (Geometry, NeutroGeometry, AntiGeometry), in the same way. 


Correspondingly from the algebraic structuires, with respect to the geometries, one has: 


In the classical (Euclidean) Geometry, on a given space, all classical geometric Concepts are 100% 
true (i.e. true for all elements of the space). 


While in a NeutroGeometry, on a given space, there is at least one NeutroConcept (and no 
AntiConcept). 


In the AntiGeometry, on a given space, there is at least one AntiConcept. 
1.3. Geometric NeutroSophication and Geometric AntiSophication 


Similarly, as to the algebraic structures, using the process of NeutroSophication of a classical 
geometric structure, a NeutroGeometry is produced; while through the process of AntiSophication of a 
classical geometric structure produces an AntiGeometry. 


Let S be a classical geometric space, and <A> be a geometric concept (such as: postulate, axiom, 
theorem, property, function, transformation, operator, theory, etc.). The <antiA> is the opposite of <A>, 
while <neutA> (also called <neutroA>) is the neutral (or indeterminate) part between <A> and <antiA>. 


The neutrosophication tri-sections S into three subspaces: 
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- the first subspace, denoted just by <A>, where the geometric concept is totally true [degree of truth T = 1]; 
we denote it by Concept(1,0,0). 


- the second subspace, denoted by <neutA>, where the geometric concept is partially true [degree of truth 
T], partially indeterminate [degree of indeterminacy I], and partially false [degree of falsehood F], 
denoted as NeutroConcept(T,1,F), where (T, I, F) € {(1,0,0), (0,0,1)}; 


- the third subspace, denoted by <antiA>, where the geometric concept is totally false [degree of falsehood F 
= 1], denoted by AntiConcept(0,0,1). 


The three subspaces may or may not be disjoint, depending on the application, but they are exhaustive 
(their union equals the whole space S). 


1.4. Non-Euclidean Geometries 


1.4.1. The Lobachevsky (also known as Lobachevsky-Bolyai-Gauss) Geometry, and called Hyperbolic 
Geometry, is an AntiGeometry, because the Fifth Euclidean Postulate (in a plane, through a point outside a 
line, only one parallel can be drawn to that line) is 100% invalidated in the following AntiPostulate (first 
version) way: ina plane through a point outside of a line, there can be drawn infinitely many parallels to 
that line. Or (T, I, F) = (0, 0, 1). 


1.4.2. The Riemannian Geometry, which is called Elliptic Geometry, is an AntiGeometry too, since 
the Fifth Euclidean Postulate is 100% invalidated in the following AntiPostulate (second version) way: in 
a place, through a point outside of a line, no parallel can be drawn to that line. Or (T, I, F) = (0, 0, 1). 


1.4.3. The Smarandache Geometries (SG) are more complex [30 — 57]. Why this type of mixed non- 
Euclidean geometries, and sometimes partially Non-Euclidean and partially Euclidean? Because the real 
geometric spaces are not pure but hybrid, and the real rules do not uniformly apply to all space’s 
elements, but they have degrees of diversity — applying to some geometrical concepts (point, line, plane, 
surface, etc.) in a smaller or bigger degree. 


From Prof. Dr. Linfan Mao’s arXiv.org paper Pseudo-Manifold Geometries with Applications [57], Cornell 
University, New York City, USA, 2006, https://arxiv.org/abs/math/0610307 : 


“A Smarandache geometry is a geometry which has at least one Smarandachely denied axiom (1969), i.e., an 
axiom behaves in at least two different ways within the same space, i.e., validated and invalided, or only 
invalided but in multiple distinct ways and a Smarandache n-manifold is a n-manifold that support a 


Smarandache geometry. 


Iseri provided a construction for Smarandache 2-manifolds by equilateral triangular disks on a plane and a 
more general way for Smarandache 2-manifolds on surfaces, called map geometries was presented by the 


author (...). 
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However, few observations for cases of n 23 are found on the journals. As a kind of Smarandache 
geometries, a general way for constructing dimensional n pseudo-manifolds are presented for any integer n 
22 in this paper. Connection and principal fiber bundles are also defined on these manifolds. Following 
these constructions, nearly all existent geometries, such as those of Euclid geometry, Lobachevshy-Bolyai 
geometry, Riemann geometry, Weyl geometry, Kahler geometry and Finsler geometry, etc. are their sub- 


geometries.” 


Iseri ((34], [39 - 40]) has constructed some Smarandache Manifolds (S-manifolds) that topologically are 
piecewise linear, and whose geodesics have elliptic, Euclidean, and hyperbolic behavior. An SG geometry 


may exhibit one or more types of negative, zero, or positive curvatures into the same given space. 


1.4.3.1) If at least one axiom is validated (partially true, T > 0) and invalidated (partially false, F > 
0), and no other axiom is only invalidated (AntiAxiom), then this first class of SG geometry is a 
NeutroGeometry. 


1.4.3.2) If at least one axiom is only invalidated (or F = 1), no matter if the other axioms are 
classical or NeutroAxioms or AntiAxioms too, then this second class of SG geometry is an AntiGeometry. 


1.4.3.3) The model of an SG geometry that is a NeutroGeometry: 


Bhattacharya [38] has constructed the following SG model: 


Fig. 1. Bhattacharya’s Model for the SG geometry as a NeutroGeometry 
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The geometric space is a square ABCD, comprising all points inside and on its edges. 
“Point” means the classical point, for example: A, B, C, D, E, N, and M. 


“Line” means any segment of line connecting two points on the opposite square sides AC and BD, for 
example: AB, CD, CE, (u), and (v). 


“Parallel lines” are lines that do not intersect. 


Let us take a line CE and an exterior point N to it. We observe that there is an infinity of lines passing 
through N and parallel to CE [all lines passing through N and in between the lines (u) and (v) for 
example] — the hyperbolic case. 


Also, taking another exterior point, D, there is no parallel line passing through D and parallel to CE 
because all lines passing through D intersects CE — the elliptic case. 


Taking another exterior point M € AB, then we only have one line AB parallel to CE, because only one 
line passes through the point M — the Euclidean case. 


Consequently, the Fifth Euclidean Postulate is twice invalidated, but also once validated. 


Being partially hyperbolic Non-Euclidean, partially elliptic Non-Euclidean, and partially Euclidean, 
therefore we have here a SG. 


This is not a Non-Euclidean Geometry (since the Euclid’s Fifth Postulate is not totally false, but only 
partially), but it is a NeutroGeometry. 


Theorem 1.4.3.3.1 


If a statement (proposition, theorem, lemma, property, algorithm, etc.) is (totally) true (degree of truth T = 
1, degree of indeterminacy I = 0, and degree of falsehood F = 0) in the classical geometry, the statement 
may get any logical values (i.e. T, I, F may be any values in [0, 1]) ina NeutroGeometry or in an 
AntiGeometry 


Proof. 


The logical value the statement gets in a NeutroGeometry or in an AntiGeometry depends on what 
classical axioms the statement is based upon in the classical geometry, and how these axioms behave in 
the NeutroGeometry or AntiGeometry models. 


Let’s consider the below classical geometric proposition P(L1, L2, L3) that is 100% true: 


In a 2D-Euclidean geometric space, if two lines L1 and L2 are parallel with the third line L3, then 
they are also parallel (i.e. L1 // L2). 


In Bhattacharya’s Model of an SG geometry, this statement is partially true and partially false. 


For example, in Fig. 1: 
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- degree of truth: the lines AB and (u) are parallel to the line CE, then AB is parallel to (u); 
- degree of falsehood: the lines (u) and (v) are parallel to the line CE, but (u) and (v) are not parallel 
since they intersect in the point N. 


1.4.3.4) The Model of a SG geometry that is an AntiGeometry 


Let us consider the following rectangular piece of land PORS, 


Indeterminate Zone 


| Determinate Zone 


Fig. 2. Model for an SG geometry that is an AntiGeometry 


whose middle (shaded) area is an indeterminate zone (a river, with swamp, canyons, and no bridge) that 
is impossible to cross over on the ground. Therefore, this piece of land is composed from a determinate 


zone and an indeterminate zone (as above). 


“Point” means any classical (usual) point, for example: P, Q, R, S, X, Y, Z, and W that are determinate 
well-known (classical) points, and li, Iz that are indeterminate (not well-known) points [in the 
indeterminate zone]. 
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“Line” is any segment of line that connects a point on the side PQ with a point on the side RS. For 
example, PR, QS, XY. However, these lines have an indeterminate (not well known, not clear) part that is 
the indeterminate zone. On the other hand, ZW is not a line since it does not connect the sides PQ and RS. 


The following geometric classical axiom: through two distinct points there always passes one single line, is 
totally (100%) denied in this model in the following two ways: 


through any two distinct points, in this given model, either no line passes (see the case of ZW), or only 
one partially determinate line does (see the case of XY) - therefore no fully determinate line passes. Thus, 
this SG geometry is an AntiGeometry. 


1.5. Manifold, NeutroManifold, AntiManifold 
1.5.1. Manifold 


The classical Manifold [29] is a topological space that, on the small scales, near each point, 
resembles the classical (Euclidean) Geometry Space [i.e. in this space there are only classical 
Axioms (totally true)]. Or each 
point has a neighborhood that is homeomorphic to an open unit ball of the Euclidean Space 
R" (where R is the set of real numbers). Homeomorphism is a continuous and bijective 
function whose inverse is also continuous. 


“In general, any object that is near ‘flat’ on the small scale is a manifold” [29]. 
1.5.2. NeutroManifold 


The NeutroManifold is a topological space that, on the small scales, near each point, resembles 
the NeutroGeometry Space [i.e. in this space there is at least a NeutroAxiom (partially true, partially 
indeterminate, and partially false) and no AntiAxiom]. 


For example, Bhattacharya’s Model for a SG geometry (Fig. 1) is a NeutroManifold, since 
the geometric space ABCD has a NeutroAxiom (i.e. the Fifth Euclidean Postulate, which is 
partially true and partially false), and no AntiAxiom. 


1.5.3. AntiManifold 


The AntiManifold is a topological space that, on the small scales, near each point, resembles the 
AntiGeometry Space [i.e. in this space there is at least one AntiAxiom (totally false)). 


For example, the Model for a SG geometry (Fig. 2) is an AntiManifold, since the 
geometric space PORS has an AntiAxiom (i.e., through two distinct points there always passes a 
single line - which is totally false). 


2. Evolution from Paradoxism to Neutrosophy then to NeutroAlgebra/AntiAlgebra and now to 
NeutroGeometry/AntiGeometry 
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Below we recall and revise the previous foundations and developments that culminated with the 
introduction of NeutroAlgebra & AntiAlgebra as new field of research, extended then to NeutroStructure 
& AntiStructure, and now particularized to NeutroGeometry & AntiGeometry that are extensions of the 
Non-Euclidean Geometries. 


2.1. From Paradoxism to Neutrosophy 


Paradoxism [58] is an international movement in science and culture, founded by Smarandache in 
1980s, based on excessive use of antitheses, oxymoron, contradictions, and paradoxes. During three 
decades (1980-2020) hundreds of authors from tens of countries around the globe contributed papers to 
15 international paradoxist anthologies. 

In 1995, he extended the paradoxism (based on opposites) to a new branch of philosophy called 
neutrosophy (based on opposites and their neutral) [59], that gave birth to many scientific branches, such 
as: neutrosophic logic, neutrosophic set, neutrosophic probability, neutrosophic statistics, neutrosophic 
algebraic structures, and so on with multiple applications in engineering, computer science, 
administrative work, medical research, social sciences, etc. 

Neutrosophy is an extension of Dialectics that have derived from the Yin-Yan Ancient Chinese 
Philosophy. 


2.2. From Classical Algebraic Structures to NeutroAlgebraic Structures and AntiAlgebraic 
Structures 


In 2019 Smarandache [1] generalized the classical Algebraic Structures to NeutroAlgebraic Structures 
(or NeutroAlgebras) {whose operations (or laws) and axioms (or theorems ) are partially true, partially 
indeterminate, and partially false} as extensions of Partial Algebra, and to AntiAlgebraic Structures (or 
AntiAlgebras) {whose operations (or laws) and axioms (or theorems) are totally false} and on 2020 he 
continued to develop them [2,3,4]. 


Generally, instead of a classical Axiom in a field of knowledge, one may take a classical Theorem in 
that field of knowledge, and transform it by NeutroSophication or AntiSophication into a 
NeutroTheorem or AntiTheorem in order to construct a NeutroStructure or AntiStructure in that field of 
knowledge. 


The NeutroAlgebras & AntiAlgebras are a new field of research, which is inspired from our real world. As 
said ahead, we may also get a NeutroAlgebra & AntiAlgebra by transforming, instead of an Axiom, a 
classical algebraic Theorem into a NeutroTheorem or AntiTheorem; the process is called 
NeutroSophication or respectively AntiSophication. 


In classical algebraic structures, all operations are 100% well-defined, and all axioms are 100% true, but in 
real life, in many cases these restrictions are too harsh, since in our world we have things that only 
partially verify some operations or some laws. 


By substituting Concept with Operation, Axiom, Theorem, Relation, Attribute, Algebra, Structure etc. 
respectively, into the above (Concept, NeutroConcept, AntiConcept), we get the below neutrosophic 
triplets: 
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2.3. Operation, NeutroOperation, AntiOperation 


When we define an operation on a given set, it does not automatically mean that the operation is well- 
defined. There are three possibilities: 

1) The operation is well-defined (also called inner-defined) for all set's elements [degree of truth T = 1] 
(as in classical algebraic structures; this is a classical Operation). Neutrosophically we write: 
Operation(1,0,0). 

2) The operation if well-defined for some elements [degree of truth T], indeterminate for other elements 
[degree of indeterminacy I], and outer-defined for the other elements [degree of falsehood F], where 
(LLF) is different from (1,0,0) and from (0,0,1) (this is a NeutroOperation). Neutrosophically we write: 
NeutroOperation(T,I,F). 

3) The operation is outer-defined for all set's elements [degree of falsehood F = 1] (this is an 
AntiOperation). Neutrosophically we write: AntiOperation(0,0,1). 


An operation * on a given non-empty set S is actually a n-ary function, for integern 21, f:S" 3S. 


2.4. Function, NeutroFunction, AntiFunction 


Let U be a universe of discourse, A and B be two non-empty sets included in U, and f bea 
function: f: A+B 


Again, we have three possibilities: 


1) The function is well-defined (also called inner-defined) for all elements of its domain A [degree of 
truth T = 1] (this is a classical Function), ie. Vx € A, f (x) € B. Neutrosophically we write: 
Function(1,0,0). 

2) The function if well-defined for some elements of its domain, i.e. Ix € A, f(x) € B [degree of truth 
T], indeterminate for other elements, i.e. Ax € A, f (x) = indeterminate [degree of indeterminacy I], and 
outer-defined for the other elements, ie. Tx € A, f(x) ¢ B [degree of falsehood F], where (T,I,F) is 
different from (1,0,0) and from (0,0,1). This is a NeutroFunction. Neutrosophically we write: 
NeutroFunction(T,LF). 

3) The function is outer-defined for all elements of its domain A [degree of falsehood F = 1] (this is an 
AntiFunction), ie. Vx € A, f(x) ¢ B (all function’s values are outside of its codomain B; they may be 


outside of the universe of discourse too). Neutrosophically we write: AntiFunction(0,0,1). 
2.5. NeutroFunction & AntiFunction vs. Partial Function 


We prove that the NeutroFunction & AntiFunction are extensions and alternatives of the Partial 
Function. 


Definition of Partial Function [60] 


Florentin Smarandache, NeutroGeometry & AntiGeometry are alternatives and generalizations of the Non-Euclidean 
Geometries 


Neutrosophic Sets and Systems, Vol. 46, 2021 466 


A function f: AB is sometimes called a total function, to signify that f(a) is defined forevery a€ 
A. If Cis any set such that C 2 A then f is also a partial function from C to B. 


Clearly if f is a function from A to B then it is a partial function from A to B, but a partial function 
need not be defined for every element of its domain. The set of elements of A for which f is 
defined is sometimes called the domain of definition. 


From other sites, the Partial Function means: for any a € A one has: f(a) € B or f(a) = undefined. 
Comparison 


i) “Partial” is mutually understood as there exist at least one element a1 € A such that f(a1) € B, 
or the Partial Function is well-defined for at least one element (therefore T > 0). 
The Partial Function does not allow the well-defined degree T = 0 (i.e. no element is well- 
defined), while the NeutroFunction and AntiFunction do. 
Example 1. 
Let’s consider the set of positive integers Z = {1, 2, 3, ...}, included into the universe of 
discourse R, which is the set of real numbers. Let’s define the function 


f2ZS7Z, fC) =, forall x €Z. 


Clearly, the function fi is 100% undefined, therefore the indeterminacy I=1, while T = 


0 and F=0. 
Hence fi is a NeutroFunction, but not a Partial Function. 
Example 2. 


Let’s take the set of odd positive integers D = {1, 3, 5, ...}, included in the universe of 


x 
discourse R. Let’s define the function f, :D — D, f,(x)= a for allx ED. 


Xx 
The function f2 is 100% outer-defined, since 3 ¢ D for all x ED. Whence F = 1, T =0, and 


I= 0. Hence this is an AntiFunction, but not a partial Function. 

ii) The Partial Function does not catch all types of indeterminacies that are allowed ina 
NeutroFunction. Indeterminacies may occur with respect to: the function’s domain, 
codomain, or relation that connects the elements in the domain with the elements in the 
codomain. 

Example 3. 
Let’s consider the function g: {1, 2, 3, ..., 9, 10, 11} — {12, 13, ..., 19}, about whom we only 
have vague, unclear information as below: 
g(1 or 2) = 12, ie. we are not sure if g(1) = 12 or g(2) = 12; 
g(3) = 18 or 19, i.e. we are not sure if g(3) = 18 or g(3) = 19; 
g(4 or 5 or 6) = 13 or 17; 
g(7) = unknown; 
g(unknown) = 14. 
All the above values represent the function’s degree of indeterminacy (I> 0). 
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g(10) = 20 that does not belong to the codomain; (outer-defined, or degree of falsehood F 
> 0); 
g(11) = 15 that belongs to the codomain; (inner-defined, or degree of truth, hence T > 0). 
Function g is a NeutroFunction (with I > 0, T > 0, F > 0), but not a Partial Function since 
such types of indeterminacies are not characteristic to it. 
iii) The Partial Fraction does not catch the outer-defined values. 
Example 4. 
Let S = {0, 1, 2, 3} be a subset included in the set of rational numbers Q that serves as universe 


pi 
of discourse. The function h: S — S, h(x) =— is a NeutroFunction, since h(0) = 2/0 = 
x 


undefined, and h(3) = 2/3 ¢S (outer-defined, 2/3 € O—S ), but is not a Partial Function. 
2.6. Axiom, NeutroAxiom, AntiAxiom 


Similarly for an axiom, defined on a given set, endowed with some operation(s). When we define an 
axiom on a given set, it does not automatically mean that the axiom is true for all set’s elements. We have 
three possibilities again: 

1) The axiom is true for all set's elements (totally true) [degree of truth T = 1] (as in classical algebraic 
structures; this is a classical Axiom). Neutrosophically we write: Axiom(1,0,0). 

2) The axiom if true for some elements [degree of truth T], indeterminate for other elements [degree of 
indeterminacy I], and false for other elements [degree of falsehood F], where (T,LF) is different from 
(1,0,0) and from (0,0,1) (this is NeutroAxiom). Neutrosophically we write NeutroAxiom(T,LF). 

3) The axiom is false for all set's elements [degree of falsehood F = 1](this is AntiAxiom). 
Neutrosophically we write AntiAxiom(0,0,1). 


2.7. Theorem, NeutroTheorem, AntiTheorem 


In any science, a classical Theorem, defined on a given space, is a statement that is 100% true (i.e. true for 
all elements of the space). To prove that a classical theorem is false, it is sufficient to get a single counter- 
example where the statement is false. Therefore, the classical sciences do not leave room for partial truth 
of a theorem (or a statement). But, in our world and in our everyday life, we have many more examples 
of statements that are only partially true, than statements that are totally true. The NeutroTheorem and 
AntiTheorem are generalizations and alternatives of the classical Theorem in any science. 


Let's consider a theorem, stated on a given set, endowed with some operation(s). When we construct the 
theorem on a given set, it does not automatically mean that the theorem is true for all set’s elements. We 
have three possibilities again: 

1) The theorem is true for all set's elements [totally true] (as in classical algebraic structures; this is a 
classical Theorem). Neutrosophically we write: Theorem(1,0,0). 

2) The theorem if true for some elements [degree of truth T], indeterminate for other elements [degree 
of indeterminacy I], and false for the other elements [degree of falsehood F], where (T,I,F) is different 
from (1,0,0) and from (0,0,1) (this is a NeutroTheorem). Neutrosophically we write: 
NeutroTheorem(T,LF). 

3) The theorem is false for all set's elements (this is an AntiTheorem). Neutrosophically we write: 
AntiTheorem(0,0,1). 
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And similarly for (Lemma, NeutroLemma, AntiLemma), (Consequence, NeutroConsequence, 
AntiConsequence), (Algorithm, NeutroAlgorithm, AntiAlgorithm), (Property, NeutroProperty, 
AntiProperty), etc. 


2.8. Relation, NeutroRelation, AntiRelation 


1) A classical Relation is a relation that is true for all elements of the set (degree of truth T = 1). 
Neutrosophically we write Relation(1,0,0). 


2) A NeutroRelation is a relation that is true for some of the elements (degree of truth T), indeterminate 
for other elements (degree of indeterminacy J), and false for the other elements (degree of falsehood F). 
Neutrosophically we write Relation(T,L,F), where (T,LF) is different from (1,0,0) and (0,0,1). 


3) An AntiRelation is a relation that is false for all elements (degree of falsehood F = 1). 
Neutrosophically we write Relation(0,0,1). 


2.9. Attribute, NeutroAttribute, AntiAttribute 


1) A classical Attribute is an attribute that is true for all elements of the set (degree of truth T = 1). 
Neutrosophically we write Attribute(1,0,0). 


2) A NeutroAttribute is an attribute that is true for some of the elements (degree of truth T), 
indeterminate for other elements (degree of indeterminacy I), and false for the other elements (degree of 
falsehood F). Neutrosophically we write Attribute(T,LF), where (T,LF) is different from (1,0,0) and (0,0,1). 


3) An AntiAttribute is an attribute that is false for all elements (degree of falsehood F = 1). 
Neutrosophically we write Attribute(0,0,1). 


2.10. Algebra, NeutroAlgebra, AntiAlgebra 


1) An algebraic structure who’s all operations are well-defined and all axioms are totally true is called a 
classical Algebraic Structure (or Algebra). 

2) An algebraic structure that has at least one NeutroOperation or one NeutroAxiom (and no 
AntiOperation and no AntiAxiom) is called a NeutroAlgebraic Structure (or NeutroAlgebra). 

3) An algebraic structure that has at least one AntiOperation or one Anti Axiom is called an 
AntiAlgebraic Structure (or AntiAlgebra). 

Therefore, a neutrosophic triplet is formed: <Algebra, NeutroAlgebra, AntiAlgebra>, 
where “Algebra” can be any classical algebraic structure, such as: a groupoid, semigroup, monoid, group, 
commutative group, ring, field, vector space, BCK-Algebra, BCI-Algebra, etc. 


2.11. Algebra, NeutrorerAlgebra, AntirerAlgebra 


The neutrosophic triplet (Algebra, NeutroAlgebra, AntiAlgebra) was further on restrained or 
extended to all fuzzy and fuzzy extension theories (FET), making triplets of the form: (Algebra, 
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NeutrorerAlgebra, AntirerAlgebra), where FET may be: Fuzzy, Intuitionistic Fuzzy, Inconsistent 
Intuitionistic Fuzzy (Picture Fuzzy, Ternary Fuzzy), Pythagorean Fuzzy (Atanassov’s Intuitionistic Fuzzy 
of second type), q-Rung Orthopair Fuzzy, Spherical Fuzzy, n-HyperSpherical Fuzzy, Refined 
Neutrosophic, etc. See several examples below. 


2.11.1. The Intuitionistic Fuzzy Triplet (Algebra, NeutrorAlgebra, AntirAlgebra) 
Herein “IF” stands for intuitionistic fuzzy. 
When Indeterminacy (I) is missing, only two components remain, T and F. 


1) The Algebra is the same as in the neutrosophic environment, i.e. a classical Algebra where all 
operations are totally well-defined and all axioms are totally true (T = 1, F = 0). 

2) The NeutrowAlgebra means that at least one operation or one axiom is partially true (degree of 
truth T) and partially false (degree of partially falsehood F), 
with T, F €[0,1],0<7+F <1, with (7, F’) 4 (1,0) that represents the classical Axiom, and 


(T, F) # (0,1) that represents the AntiAxiom, 


and no AntiOperation (operation that is totally outer-defined) and no AntirAxiom. 
3) The AntirAlgebra means that at least one operation or one axiom is totally false (T = 0, F=1), no 
matter how the other operations or axioms are. 


Therefore, one similarly has the triplets: (Operation, NeutrorOperation, AntirOperation) and (Axiom, 
NeutrorAxiom, AntiirAxiom). 


2.11.2. The Fuzzy Triplet (Algebra, NeutroruzzyAlgebra, AntiFuzzyAlgebra) 
When the Indeterminacy (I) and the Falsehood (F) are missing, only one component remains, T. 


1) The Algebra is the same as in the neutrosophic environment, i.e. a classical Algebra where all 
operations are totally well-defined and all axioms are totally true (T = 1). 

2) The NeutroruzyAlgebra means that at least one operation or one axiom is partially true (degree 
of truth T), with T € (0,1), 
and no AntiruzzyOperation (operation that is totally outer-defined) and no AntifuzyAxiom. 

3) The AntirAlgebra means that at least one operation or one axiom is totally false (F = 1), no 
matter how the other operations or axioms are. 


Therefore, one similarly has the triplets: (Operation, NeutrorwzyOperation, AntiruzzyOperation) and 
(Axiom, NeutroruzzyAxiom, AntiFuzzyAxiom). 


2.12. Structure, NeutroStructure, AntiStructure in any field of knowledge 
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In general, by NeutroSophication, Smarandache extended any classical Structure, in no matter what 
field of knowledge, to a NeutroStructure, and by AntiSophication to an AntiStructure. 


i) A classical Structure, in any field of knowledge, is composed of: a non-empty space, populated by 


some elements, and both (the space and all elements) are characterized by some relations among 
themselves (such as: operations, laws, axioms, properties, functions, theorems, lemmas, consequences, 
algorithms, charts, hierarchies, equations, inequalities, etc.), and by their attributes (size, weight, color, 
shape, location, etc.). 


Of course, when analysing a structure, it counts with respect to what relations and what attributes we 
do it. 


ii) A NeutroStructure is a structure that has at least one NeutroRelation or one NeutroAttribute, and 
no AntiRelation and no AntiAttribute. 


iii) An AntiStructure is a structure that has at least one AntiRelation or one AntiAttribute. 
2.13. Almost all real Structures are NeutroStructures 


The Classical Structures in science mostly exist in theoretical, abstract, perfect, homogeneous, idealistic 
spaces - because in our everyday life almost all structures are NeutroStructures, since they are neither 
perfect nor applying to the whole population, and not all elements of the space have the same relations 
and same attributes in the same degree (not all elements behave in the same way). 


The indeterminacy and partiality, with respect to the space, to their elements, to their relations or to 
their attributes are not taken into consideration in the Classical Structures. But our Real World is full of 
structures with indeterminate (vague, unclear, conflicting, unknown, etc.) data and partialities. 


There are exceptions to almost all laws, and the laws are perceived in different degrees by different 
people. 


2.14. Applications of NeutroStructures in our Real World 


(i) In the Christian society the marriage law is defined as the union between a male and a female 
(degree of truth). 


But, in the last decades, this law has become less than 100% true, since persons of the same sex were 
allowed to marry as well (degree of falsehood). 


On the other hand, there are transgender people (whose sex is indeterminate), and people who have 
changed the sex by surgical procedures, and these people (and their marriage) cannot be included in the 
first two categories (degree of indeterminacy). 


Therefore, since we have a NeutroLaw (with respect to the Law of Marriage) we have a Christian 
NeutroStructure. 
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(ii) In India, the law of marriage is not the same for all citizen: Hindi religious men may marry only one 
wife, while the Muslims may marry up to four wives. 


(iii) Not always the difference between good and bad may be clear, from a point of view a thing may be 
good, while from another point of view bad. There are things that are partially good, partially neutral, 
and partially bad. 


(iv) The laws do not equally apply to all citizens, so they are NeutroLaws. Some laws apply to some 
degree to a category of citizens, and to a different degree to another category. As such, there is an 
American folkloric joke: All people are born equal, but some people are more equal than others! 


- There are powerful people that are above the laws, and other people that benefit of immunity with 
respect to the laws. 


- For example, in the court of law, privileged people benefit from better defense lawyers than the lower 
classes, so they may get a lighter sentence. 


- Not all criminals go to jail, but only those caught and proven guilty in the court of law. Nor the 
criminals that for reason of insanity cannot stand trail and do not go to jail since they cannot make a 
difference between right and wrong. 


- Unfortunately, even innocent people went and may go to jail because of sometimes jurisdiction 
mistakes... 


- The Hypocrisy and Double Standard are widely spread: some regulation applies to some people, but 
not to others! 


(v) Anti-Abortion Law does not apply to all pregnant women: the incest, rapes, and women whose life 
is threatened may get abortions. 


(vi) Gun-Control Law does not apply to all citizen: the police, army, security, professional hunters are 
allowed to bear arms. 


Etc. 
Conclusion 


In this paper we have extended the Non-Euclidean Geometries to AntiGeometry (a geometric 
space that has at least one AntiAxiom) and to NeutroGeometry (a geometric space that has at least one 
NeutroAxiom and no AntiAxiom) both in any axiomatic system and any type of geometry), similarly to 
the NeutroAlgebra and AntiAlgebra. Generally, instead of a geometric Axiom, one may take any 
classical geometric Theorem in any axiomatic system and in any type of geometry and transform it by 
NeutroSophication or AntiSophication into a NeutroTheorem or AntiTheorem in order to construct a 
NeutroGeometry or AntiGeometry respectively. 
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A NeutroAxiom is an axiom that is partially true, partially indeterminate, and partially false in 
the same space. While the AntiAxiom is an axiom that is totally false in the given space. 


While the Non-Euclidean Geometries resulted from the total negation of one specific axiom 
(Euclid’s Fifth Postulate), the AntiGeometry (1969) resulted from the total negation of any axiom and even 
of more axioms from any geometric axiomatic system (Euclid’s, Hilbert’s, etc.) and from any type of 
geometry such as (Euclidean, Projective, Finite, Affine, Differential, Algebraic, Complex, Discrete, 
Computational, Molecular, Convex, etc.) Geometry, and the NeutroGeometry resulted from the partial 
negation of one or more axioms [and no total negation of no axiom] from any geometric axiomatic system 
and from any type of geometry. 


Therefore, the NeutroGeometry and AntiGeometry are respectively alternatives and 
generalizations of the Non-Euclidean Geometries. 
In the second part, we recall the evolution from Paradoxism to Neutrosophy, then to NeutroAlgebra & 
AntiAlgebra, afterwards to NeutroGeometry & AntiGeometry, and in general to NeutroStructure & 
AntiStructure that naturally arise in any field of knowledge. 
At the end, we present applications of many NeutroStructures in our real world. 


Further on, we have recalled and reviewed the evolution from Paradoxism to Neutrosophy, and 
from the classical algebraic structures to NeutroAlgebra and AntiAlgebra structures, and in general to the 
NeutroStructure and AntiStructure in any field of knowledge. Then many applications of 
NeutroStructures from everyday life were presented. 
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